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Foreward  and  Introduction 


Computational  Fluid  Dynamic  (CFD)  methods  based  on  the  Euler  equations  have  been  a  subject  of  intensive  research  and 
development  over  the  past  10  to  IS  years  They  have  now  reached  a  stage  where  applications  are  an  almost  routine  matter  in 
most  aerospace  industries,  research  laboratones  and  universities. 

After  the  pioneering  work  of  Lax  and  Wendroff  in  the  early  sixties  there  was  a  first,  relatively  short  burst  of  activities 
involving  Euler  methods  in  the  late  sixties  and  early  seventies.  These  activities  were  closely  related  to  the  reviving  interest  in 
transonic  flow  and  supercritical  wing  technology  in  particular;  they  were  soon  to  be  overtaken  by  developments  in  transonic 
potential  flow  methods  triggered  by  the  work  of  Murman  and  Cote. 

The  main  reasons  for  this  shift  of  attention  were  an  apparent  lack  of  rcdrustness  of  the  Euler  methods  that  had  evolved  so  far 
but  in  particular  the  fact  that  potential  flow  methods  offered  an  almost  order-of-magnitude  reduction  of  computational  effort. 
Given  the  level  of  computer  technology  at  'he  time,  the  latter  was  mandatory  if  computational  transonics  were  to  become  a 
practical  tool  for  the  aerospace  industry. 

While  the  concentrated  efforts  on  transonic  potential  flow  methods  of  the  seventies  and  early  eighties  led  to  widespread  u.se 
of  such  methods  in  aerospace  applications,*  a  revival  of  interest  in  Euler  methods  was  bound  to  happen  and  indeed  did  take 
place  around  1980,  in  particular  through  the  interest  created  by  the  works  of  Rizzi  and  Jameson.  The  main  driving  factors  for 
this  revival  were: 

—  the  inherent  limitations  of  potential  flow  theory,  in  particular  the  inability  to  model  vorticity; 

—  the  fact  that  computer  power  had  increased  by  a  factor  10  to  IS  since  around  1970; 

—  the  fact  that  a  new  generation  of  more  efficient  discretization  schemes  and  algorithms  held  promise  for  future 
practical  applications. 

Research  on  discretization  schemes  and  algorithms  for  the  Euler  equations  continues  today;  not  in  the  least  because  of  the 
fact  that  the  convective  (i.e  "Euler”-)  fluxes  play  a  dominant  role  in  CFD  methods  at  the  next  highest  level  in  mathematical 
flow  modeling,  that  i.s,  the  Navier-Stokes  equations.  At  the  same  time  however.  Euler  “codes”  have  reached  a  level  of 
proliferation  in  the  aerospace  aerodynamic  community  that  justifies  a  review  of  the  state  of  the  art.  It  is  worth  noting  that 
Euler  methods  not  only  are  being  used  for  the  simulation  of  flows  for  which  the  modeling  of  vorticity  is  mandatory,  such  as 
leading-edge  vortex  flows  and  flows  involving  propulsion  simulation,  but  that  they  are  also  being  used  for  non-vortical  flows 
around  complex  geometries,  sitKe  transonic  potential  flow  methods  for  complex  configurations  did  not  fully  mature. 

The  objective  of  this  AGARDograph,  then,  is  to  provide  a  survey  of  the  state-of-the-art  in  Computational  Aerodynamics 
Based  on  the  Euler  Equations.  In  terms  of  technology  application,  it  concentrates  on  the  numerical  simulation  of  external 
flows  about  aerospace  vehicles. 

Internal  flows  and  turbomachinery  applications  are  not  extensively  treated  but  touched  upon  where  considered  appropriate.  In 
terms  of  “audience”  this  AGARDograph  is,  in  the  first  place,  aimed  at  the  applied  computational  aerodynamicist  who  wants 
to  get  started  in  this  field.  However,  it  might  also  assist  the  aerodynamic  engineering  manager  in  judging  whether  his  CFD- 
tools  are  sufficiently  “state-of-the-art”  and,  if  not.  in  what  direction  improvement  or  extension  of  capabilities  shoud  be 
sought.  Finally,  it  might  also  help  the  research  community  to  identify  niches  for  further  research.  For  those  readers  who 
would  like  to  consult  basic  text  books  on  CFD  and  Euler  methods,  some  general  references  are  suggested  at  the  end  of  this 
Foreword  and  Introduction. 

Chapter  I  is  intended  to  provide  a  background  of  the  fluid  and  thermodynamic  theory  required  for  understanding  the  physics 
modelled  by  the  Euler  equations.  Chapter  2  describes  numerical  schemes  and  algorithms.  Although  this  is  done  from  a  CFD 
specialist's  point  of  view,  the  reader  should  be  able  to  identify  the  algorithm  descriptions  given  in  this  chapter  with  the 
methods  given  in  the  following  chapter.  In  order  to  meet  the  objectives  for  this  report,  it  was  felt  that  the  core  of  the 
AGARDograph  should  consist  of  a  survey  and  description  of  numerical  schemes  and  algorithms,  capabilities,  and  limitations 
of  the  major  Euler  codes  that  are  currently  in  use  in  the  NATO  countries.  For  that  purpose,  requests  for  information  were  sent 
to  institutions,  industries  aixl  individuals  who,  to  the  authors'  knowledge,  were  or  had  been  active  in  this  area.  The  response 
has  been  collected  in  Chapter  3.  with  examples  of  application  given  in  Chapter  4. 
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*  A  survey  can  be  found  in  AGARDograph  266  “Applied  Computational  Transonic  Aerodynamics”  by  T.  Holst,  et  al.  1982. 
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Avant-propos  et  introduction 


Les  mithodes  de  I'a^rodynamique  numirique  (CFD)  bas£e$  sur  les  Equations  d'Euler  onl  fait  I'ohjet  de  recherches  et 
(Mveloppement  intensifs  depuis  une  quinzaine  d'ann^es.  Aujourd’hui  ces  mdihodes  sont  appliques  de  fa^on  quasi-courante, 
dans  la  ptupan  des  industries  adrospatiales,  des  laboratoires  de  recherche  et  des  university. 

Les  travaux  d’ avant-garde  de  Lax  et  Wendroff  du  d^but  des  ann^s  soixante  ont  it€  suivis  d'une  premise  p^riode  d’activit^s, 
relativement  courte,  concemant  les  mithodes  d'Euler,  i  la  fin  des  ann^s  soixante  et  au  d^but  des  ann£e$  soixante-dix.  Ces 
activity  yaient  ^Iroitement  lifes  au  regain  d'int^rel  qu'il  y  avail  ^  I'^poque  pour  les  youlemenis  transsoniques  et  les 
technologies  de  profil  d'aile  supercritique  en  particulier.  Cependant,  eiles  furent  rapidemeni  d^passtes  par  le  d^veloppement 
des  mdthodes  de  calcul  des  dcoulements  potentiels  transsoniques  engendtdes  par  les  travaux  de  Murnian  et  Cole. 

Les  principales  raisons  de  ce  changement  de  direction  furent  le  manque  de  robustesse  apparent  des  mdthodes  d'Euler  de 
I'^poque  et  en  particulier  le  fait  que  les  mithodes  de  calcul  des  youlements  potentiels  permettaient  la  reduction  du  temps  de 
calcul  d' environ  un  ordre  de  grandeur.  Consitkrant  le  niveau  des  technologies  de  I'informatique  k  I'^poque,  cette  ryiuction 
s'imposait  si  Ton  voulait  que  I'a^iodynamique  transsonique  num^rique  puisse  devenir  un  outil  pratique  pour  I'industrie 
a^rospatiale. 

£tant  donne  que  les  efforts  consacr^s  aux  mithodes  de  calcul  des  youlements  potentiels  uanssoniques  dans  les  annys 
soixante-dix  et  au  ddbut  des  annys  quatre-vingts  ont  conduit  <1  la  banalisation  de  ces  m^thodes  dans  les  applications 
a^rospatiales,  un  regain  d'intyet  pour  les  mdthodes  d'Euler  £tait  inevitable  et  ceci  s'est  produit  en  1980,  grace,  en  particulier, 
k  I'interet  suscite  par  les  travaux  de  Rizzi  et  Jameson.  Les  principaux  elements  moteur  de  ce  renouvcau  furent : 

—  les  limitations  propres  it  la  theorie  de  I'youlement  potentiel  et,  en  particulier,  la  non-faisabilite  de  la  modeiisaiion  du 
rotationnel; 

—  le  fait  que  la  puissance  de  calcul  avail  augmente  d'un  facteur  de  I’ordre  de  10  &  15  depuis  1970; 

—  le  fait  qu'une  nouvclle  generation  de  methodes  de  discretisation  el  d'algorithmes  plus  efficaces  semblaient  promettre 
des  applications  pratiques  it  I'avenir. 

Les  travaux  de  recherche  sur  les  methodes  de  discretisation  et  les  algorithmes  pour  les  equations  d'Euler  se  poursuivent 
aujourd'hui,  principalement  it  cause  du  fait  que  les  flux  convectifs  (c'est-i-dire  «d'Euler»)  Jouent  un  r6Ie  predominant  dans 
les  methodes  de  I'aerodynamique  numerique  au  niveau  immediatement  superieur  de  la  modeiisation  mathemalique  de 
I'youlement,  c’est-i-dire  au  niveau  des  equations  Navier-Stokes.  Paralieiement  a  ces  developpements  pourtant,  les  «codes» 
Euler  ont  atteint  un  niveau  de  proliferation  au  sein  de  la  communaute  de  I'aerodynamique  aerospatiale  qui  justifie  une  revue 
de  retat  de  I'art. 

II  convient  de  noter,  ici,  que  les  methodes  d'Euler  ne  sont  pas  utilisys  uniquement  pour  la  simulation  d'youlements  pour 
lesquels  la  modeiisation  du  rotationnel  est  obligaloire,  tels  que  les  youlements  tourbillonnaires  de  bord  d'attaque  et  les 
youlements  avec  simulation  de  la  propulsion  car,  en  raison  du  fait  que  les  methodes  de  calcul  des  ecoulements  potentiels 
transsoniques  ne  sont  jamais  arrivees  it  maturite,  les  codes  d’Euler  sont  utilises  aussi  pour  les  ecoulements  non 
tourbillonnaires  autour  de  geometries  complexes. 

L’objectif  de  cette  AGARDographie  est,  done,  de  donner  un  aper(u  de  fetal  de  fart  dans  le  domaine  de  I'aerodynamique  it 
partir  des  equations  d'Euler.  ^  matiere  d’application  de  la  technologie  faccent  est  mis  sur  la  simulation  numerique 
d’ecoulements  extemes  autour  de  vehicules  aerospatiaux.  Les  flux  internes  et  les  applications  turbomachines  ne  sont  pas 
traites  en  profondeur,  mais  simplement  abordy,  le  cas  yheant. 

En  matiere  de  «public»,  cette  AGARDographie  est  destiny,  en  premier  lieu,  e  faerodynamicien  concemd  par  le  CFD  qui 
souhaite  se  familiariser  avec  ce  domaine.  Cependant,  elle  est  susceptible  d'interesser  aussi  le  manager  d'dtude  et  de 
conception  en  matiire  d’airodynamique  de  gyie  a^rodynamique  et  de  lui  faire  savoir  si  ses  outils  CFD  correspondent  it 
«f£tat  de  fart*  ou  sinon,  quelles  sont  les  ameliorations  et  quelles  sont  les  nouvelles  capacitfs  &  rechercher.  Enftn,  elle 
pourrait  apporter  une  aide  ^  la  communautd  des  chercheurs  dans  f  identification  de  projets  futurs.  Pour  ceux  qui 
souhaiteraient  consulter  des  ouvrages  de  caractfere  gendral  sur  I'aerodynamique  numerique  et  les  methodes  d’Euler,  un  certain 
nombre  de  references  sont  proposys  i  la  fin  de  cette  Introduction  el  avant-propos. 


Le  chapitre  I  pr^sente  I’essentiel  <le  la  tMorie  «le  la  themiodynamique  et  des  fluides  n£cessaire  i  la  comprihen&ton  tte  la 
physique  models  par  les  Equations  d’Euler.  Le  chapitre  2  donne  la  description  de  m^thodes  numiriques  et  d'algorithmes. 
Bien  que  cette  description  soit  donn^  du  point  de  vue  du  spdcialiste  CFD,  le  lecteur  devrait  pouvoir  identiHer  les  descriptions 
des  al^rrithmes  donnfes  dans  ce  chapitre  en  $e  servant  des  m^thodes  donnas  dans  le  chapitre  suivant.  Compte  lenu  de  ces 
objectifs.  les  auteurs  partageaient  I'avis  que  I'essentiel  de  TAGARDographie  devait  consister  en  un  tour  d'horizon  et  un 
descriptif  des  thteries  num^riques  et  des  algorithmes,  ainsi  que  des  capacit£s  et  des  limitations  des  principaux  codes  d' Euler 
actuellement  utilises  par  les  pays  membres  de  I’OTAN.  Ayant  cet  objectif  en  vue,  des  demandes  ont  adress^es  aux 

£tablissements,  aux  industries  et  aux  particuliers,  qui,  i  la  connaissance  des  auteurs,  £taient,  ou  avaient  actifs  dans  ce 
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Nomenclature 


The  objective  has  been  to  define  all  symbols  locally  in  the  text. 
The  main  symbols  and  notations  are  summarised  below. 

(jcneral 

BoU 

vectors  of  variables  indicated  in  bold 
matrices  indicated  in  BOLD  capitals 
overbar 

geometrical/physical  vectors  indicated  by  an  overbar 

Bold 

tensors  indicated  in  Bofcl  with  overbar 

A  , 

circumflex 

indicates  quantity  expressed  in  generalized  cixirdinates 


denotes  quantity  obtained  through  averaging  process 


Ax.Ay.Az 

A4^rt.As 

S 


velocity  of  mov  ing  surlacc 
volume 

specific  volume 

velixity  vector  w  iih  cartesian  components 
u.v.w 

vectw  of  conserved  variables 
cartesian  cixirdinales 


angle  of  attack 

angle  of  side  slip 

ciaulalion 

ratio  of  specific  heals 


lime  step 


spatial  steps 


liniie  difference  (operator! 


vorticitv  (vector) 


speed  of  sound 

drag  coefficient 

lilt  coefficient 

side  force  coefficient 

rolling  moment  coefficient 

pressure  coefficient  (p-p.  )/0.5»p  .  L! ; 

Courant  number 

specific  heat  at  constant  pressure 
specific  heat  at  constant  volume 
dissipation  flux  tensor 
=  (p-p.)/p. 

loial  energy  per  unit  volume 

internal  energy  per  unit  mass 

Rux  vectorAensor  with  components  f,g,h  (or 

F,G,H) 

force  (vector) 

gravitational  constant 

total  enthalpy 

enthalpy  per  unit  mass 

cartesian  unit  vectors 

Jacobian  of  coordinate  transformation 

reduced  frequency 

Mach  number 

normal  vector 

Prandtl  number 

pressure 

vector  of  primilivc  variables 
universal  gas  constant,  residual 
Riemann  variables 
Reynolds  number 
position  (vector) 
discontinuity  surface 
entropy  per  unit  mass 
temperature 
time 

contra-variant  velocity  components 


Subscripts 


weighing  factor  in  generalized  explicit/ 
implicit  difference  scheme  (section  2. 1 1 
spectral  radius  or  eigenvalue 
averaging  operator 
kinematic  viscosity 

weighting  factor  in  generalized  forward/ 
backward  difference  formulae  (section  2. 1 ) 
curvilinear  coordinates 
density 

boundary  of  domain  G 
=  At/8x 

compressibility  of  a  gas  or  fluid,  artificial 
lime 

stream  function 

volume  of  a  domain 

angular  velocity,  relaxation  factor 


refers  to  spatial  mesh  point  location 

minimum  value 

maximum  value 

mean  value 

normal  (component) 

stagnation  value 

at  constant  temperature 

tangential  component,  time  derivative 

components  in  x,y.z,/^.T|.^  directions 

derivatives  with  respect  to  .x.y.z/^.ti.^ 
freestream  value 


Superscripts 


iterationAime  level 
transposed  (matrix) 
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Chapter  1 


Basic 


1.1  FLUID,  GAS  AND  THERMO  DYNAMICS 

A  general  definition  of  a  fluid  is  any  material  that  cannot  sustain 
a  tangential,  or  shearing  force  when  at  rest  and  that  undergoes  a 
continuous  change  in  shape  when  subjected  to  a  stress.  This 
continuous  and  irrecoverable  change  of  position  of  one  part  of 
the  material  relative  to  another  part  when  under  shear  stress 
constitutes  flow,  a  characteristic  property  of  fluids.  In  contrast, 
the  shearing  forces  in  a  solid,  held  in  a  twisted  or  flexed 
position,  are  maintained;  the  solid  undergoes  no  flow  and  can 
spring  back  to  its  original  shape. 

Various  simplifications,  or  models,  of  fluids  have  been  devised 
to  analyze  fluid  flow.  The  simplest  model,  and  the  one  primarily 
of  interest  in  this  document,  called  a  perfect,  or  ideal  fluid  is  one 
that  is  unable  to  conduct  heat  or  to  offer  any  internal  resistance 
to  one  portion  flowing  over  another.  A  perfect  fluid  cannot 
sustain  a  tangential  force,  that  is,  it  lacks  viscosity  and  is  called 
an  inviscid  fluid. 

The  study  of  the  effects  of  forces  and  energy  on  liquids  and 
gases  is  known  as  fluid  mechanics.  Like  other  branches  of 
classical  mechanics,  the  subject  subdivides  into  statics  (often 
called  hydrostatics)  and  dynamics  (fluid  dynamics, 
hydrodynamics,  or  aerodynamics).  Hydrostatics  is  a 
comparatively  elementary  subject  with  a  few  classical  results  of 
importance  but  little  scope  for  further  development.  Fluid 
dynamics,  in  contrast,  is  a  highly  developed  branch  of  science 
that  has  been  the  subject  of  continuous  and  expanding  research 
activity  from  around  1 800  to  the  present  day. 

The  development  of  fluid  dynamics  has  been  strongly  influenced 
by  its  numerous  applications.  In  the  area  of  aeronautical 
engineering  and  the  study  of  flight  the  importance  of  fluid 
dynamics  is  obvious. 

Traditionally,  fluid  dynamics  has  been  studied  both  theoretically 
and  experimentally.  The  phenomena  of  fluid  motion,  as  will  be 
described  in  the  following  sections,  are  governed  by  known 
laws  of  physics  -  conservation  of  mass,  the  laws  of  classical 
mechanics  (Newton's  laws  of  motion),  and  the  laws  of 
thermodynamics.  As  will  be  demonstrated,  these  can  be 
formulated  as  a  set  of  nonlinear  panial  differential  equations, 
and  in  principle  one  might  hope  to  infer  all  the  phenomena  from 
these.  In  practice,  this  has  not  been  possible;  the  mathematical 
theory  is  difficult  and  the  nonlinear  nature  of  the  equations  are 
no:  amenable  to  classical  mathematical  approaches.  More 
recently,  with  the  advent  of  high  speed  computers,  the  science 
of  computational  fluid  dynamics  has  emerged  which  aims  to 
solve  the  governing  fluid  flow  equations  with  the  use  of 
numerical  techniques  which  are  carried  out  in  the  computer. 
However,  the  complexity  of  the  problems  as.sociated  with  either 
the  mathematical  or  computational  approaches  to  fluid  dynamics 
necessitates  the  continuing  research  in  observations  of  fluid 
motion  both  in  the  laboratory  and  in  nature. 

Traditionally,  liquids  and  gases  are  classified  together  as  fluids 
because,  over  a  wide  range  of  situations,  they  have  identical 
equations  of  motion  and  thus  exhibit  the  same  phenomena. 
However,  in  the  applications  to  be  discussed  here,  flow  speeds 
are  comparable  with  that  of  the  speed  of  sound,  where  the 
density  of  the  fluid  changes  significantly.  This  phenomena  is  of 
practical  importance  only  for  gases.  However,  throughout  the 
document  the  term  fluid  will  be  a.ssumed  to  be  used  in  a  generic 
sense,  with  the  implied  assumption  of  application  to  gases. 


Theory 

Some  of  the  issues  alluded  to  in  this  introduction  will  now  be 
considered  in  further  detail.  The  intention  is  that,  within  this 
chapter,  the  basic  formulations  required  in  the  study  of 
computational  inviscid  aerodynamics  will  be  presented. 


I.I.l  Compressibility  of  Gases 


In  general  terms,  a  compressible  flow  is  one  in  which  there  is  a 
variation  in  density  of  the  fluid.  This  rather  vague  definition 
must  be  enhanced  if  it  is  to  be  of  value.  Consider  a  small 
element  of  fluid  of  volume  V,  in  which  the  pressure  exerted 
upon  it  is  p.  If  the  pressure  is  increased  by  a  small  amount  5p, 
the  volume  of  the  element  will  be  compressed  by  an  amount  6V. 
Hence  the  compressibility  of  the  fluid  t.  can  be  defined  as 


t 


iSV 

%■ 


which,  in  the  limit,  can  be  expressed  in  derivative  form  as. 


IdV 
^  ‘  Vdp 


(1  1.1) 


The  negative  sign  indicates  a  decrease  in  volume  for  an  increase 
in  pressure. 

Compressibility  is,  therefore,  the  fractional  change  in  volume  of 
the  fluid  per  unit  change  in  pressure.  However,  this  description 
is  not  adequate,  since  when  a  gas  is  compressed  the  temperature 
will,  in  general,  change.  Hence,  it  is  necessary  to  introduce  the 
idea  of  an  isothermal  compressibility  in  which  the  temperature 
is  held  constant.  The  definition  is  now  extended  to 


where  the  subscript  T  denotes  that  the  change  in  volume  takes 
place  at  constant  temperature. 

Alternatively,  if  no  heat  is  added  to,  or  taken  away  from,  the 
fluid  element  (i.e.  the  compression  is  adiabatic)  then  the 
compressibility  is  isentropic  and  is  defined  as 

ts=-y(^)3  (1.1.3) 

where  now  the  subscript  S  denotes  that  the  change  in  volume 
takes  place  at  constant  entropy.  If  the  fluid  element  is  assumed 
to  have  a  unit  mass,  v  is  then  the  specific  volume  and  the  density 

p  =  ^.  Eq.  (1.1.1)  can  then  be  expressed  in  terms  of  the  density 
in  the  form 


r  = 


I 

P 


dp 


(1.1.4) 


It  is  evident  from  Eq.  ( 1 . 1 .4)  that  whenever  a  fluid  experiences 
a  change  in  pressure,  dp.  the  corresponding  change  in  density 
will  be  dp,  where 


dp  =  pidp  (1.1,5) 

From  this  .statement,  it  is  clear  that  all  fluids  are  compressible  to 
some  extent.  However,  some  fluids  have  very  low  values  of 


t 
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compressibility.  For  water,  t  j  =  5  x  10  m  /N  at  1 
atmosphere(atm).  whereas,  gases  have  a  high  compressibility. 
-5  2 

typically,  for  air  r  -j-  =  5  x  10  m  /N  at  I  atm.  The  concept  of 

an  incompressible  fluid  is  an  assumption  which  is  only  true  if 
density  changes  are  negligibly  small.  Primarily,  in  this 
document  flow  conditions  are  such  that  changes  in  density  are 
significant  and  the  approximation  of  an  incompressible  fluid 
cannot  be  made. 

1.1.2  Gas  Laws 

The  relationships  between  the  volume  of  a  gas  and  its 
temperature  and  pressure  are  fundamental  properties  of  gases. 
These  relationships  are  described  in  the  so-called  gas  laws. 

The  first  law  is  due  to  Boyle  and  states  that  the  volume  of  a 
given  quantity  of  gas.  V.  varies  inversely  with  the  pressure 
exened  on  it.  if  the  temperature  is  constant.  From  experiment  the 
constant  of  proponionality  can  be  found  and  then  Boyle's  law 
can  be  written 

V=k,/p. 


The  second  law  is  due  to  Charles  and  .states  that  the  volume  of 
gas  varies  directly  as  its  absolute  temperature,  if  the  pressure  is 
kept  constant.  Again  the  constant  of  proportionality  can  be 
determined  from  experiment  and  then  Charles's  law  written  as 

V=k2T. 

If  both  pressure  and  temperature  are  changed  at  the  same  time, 
both  these  equations  must  be  used  to  calculate  the  change  in 
volume,  pre.ssure  or  temperature.  A  single  equation  can  be 
derived  from  Boyles's  and  Charles's  laws:  the  product  of  the 
pressure  and  the  volume  equals  the  product  of  the  temperature 
and  a  constant,  called  the  universal  gas  constant,  R.  This  can  be 
written  as 


pV'  =  RT.  (1.1.6a) 

where  V  is  the  volume  of  one  mole  of  gas. 

It  is  possible  to  also  derive  this  fundamental  gas  relationship 
from  the  kinetic  theory  of  gases.  It  is  known  that  molecules 
possess  a  force  field  which  interacts  with  neighbour  molecules. 
A  perfect  gas  is  one  in  which  these  intermolecular  forces  are 
negligible.  From  this  assumption  it  is  possible  to  derive  from 
kinetic  theory  the  equation  of  state  for  a  perfect  gas. 
Historically,  the  equation  of  state  was  derived  in  the  form 

pV  =  MRT  (l.l.6b) 

where  V  is  the  volume  of  the  system,  M  is  the  mass  of  the 
system,  and  is  equivalent  to  (1.1.6a).  Many  different  forms  of 
this  equation  can  be  derived.  It  follows  that,  on  dividing  by  the 
mass  of  the  system,  (1.1.6)  can  be  expressed  as 


pv  =  RT  (1.1.7) 

where  v  is  the  specific  volume,  or,  alternatively,  using  the  fact 
that  p  =  ^.  as 


p  =  pRT  . 


(1.1.8) 


Otlier  expressions  are  also  possible. 

It  is  worth  considering  the  accuracy  of  the  assumption  of  a 
perfect  gas.  Experimentally,  it  has  been  determined  that,  at  low 
pressures  (near  1  atm  or  less)  and  at  high  temperatures  (27.^ 
Kelvin(K)  and  above),  the  value  pv/RT  for  most  pure  gases 
deviates  from  unity  by  less  than  1  percent. 

An  ideal  gas.  or  perfect  gas  obeys  the  gas  relation. 


However,  at  very  low  temperatures  and  high  pressures, 
molecules  are  more  closely  packed  and  intermolecular  effects 
can  be  significant.  Under  these  conditions,  the  gas  is  defined  as 
a  real  gas.  In  such  cases  the  perfect  gas  relations  (1.1.6-  1 .  1 .8) 
are  replaced  by  more  accurate  relations. 

The  first  serious  attempt  to  understand  the  behaviour  of  real 
gases  was  made  by  van  der  Waals  in  187.1.  The  van  der  Waals 
equation. 


(p  +  ^)(vb)  =  RT  (1.1.9) 

V 

contains  the  two  adjustable  parameters  a  and  b  which  are 
dependent  upon  the  gas.  Eq.  (1.1.9)  shows  that,  with  molecular 
attraction,  the  pressure  p  is  incremented  by  the  term  a/v^,  whilst 
the  finite  volume  occupied  by  the  molecules  reduces  from  v  to 
(v-b).  There  are  now  over  KX)  emperical  thermal  equations  of 
state  available  for  a  whole  range  of  gases.  Of  the  two  best 
known,  one  contains  S  adjustable  parameters  whilst  the  other 
contains  8  such  parameters.  These  equations  can  reproduce  the 
complete  range  of  pressure,  volume  and  temperature  behaviour 
from  gas  phase  to  condensation.  The  main  use  of  such  relations 
is  that,  through  interpolation,  the  behaviour  of  the  gas  at  non- 
measured  values  can  be  approximated. 

One  of  the  most  convenient  ways  of  expressing  the  thermal 
equation  of  state  for  a  real  gas  is  to  use  the  virial  equation  of 
state.  This  can  be  expressed  as 

RT'  '  V  ■■■ 

The  quantities  B(T).  C(T).  D(T),  etc.  are  called  the  second,  third 
and  founh  virial  coefficients,  the  first  virial  coefficient  being 
unity.  They  are  all  independent  of  the  gas  pre.ssure  and  density, 
and  dependent  upon  the  temperature  only.  Clearly  for  a  perfect 
gas  this  reduces  to  the  ideal  gas  law. 

In  the  microscopic  view  of  a  gas,  individual  molecules  are  in 
random  motion,  colliding  with  other  molecules.  Evidently,  there 
are  many  forms  of  energy  inherent  to  motion  of  this  type.  The 
internal  energy,  e,  of  a  gas  is  the  total  sum  of  all  these  different 
energies.  If  the  particles  of  the  gas  are  in  a  state  of  maximum 
disorder,  then  the  system  of  particles  is  in  equilibrium,  i.e.  no 
gradients  in  velocity,  pressure,  temperature  and  chemical 
concentrations  exist  in  the  system.  It  proves  appropriate  to 
introduce  a  funher  property  of  a  gas  and  that  is  enthalpy.  The 
enthalpy,  h,  is  defined,  per  unit  mass,  as 

h  =  e  +  pv  (1.1.10) 

If  a  gas  is  not  chemically  reacting,  and  intermolecular  forces  are 
ignored,  then  the  resulting  system  is  a  thermally  perfect  gas 
where  internal  energy  and  enthalpy  are  functions  of  temperature 
only  and  where  the  specific  heats  at  constant  volume  and 
pressure,  c^  and  Cp,  are  also  functions  of  temperature  only: 

e  =  e(T),  h  =  h(T),  de  =  Cy  dT,  dh  =  Cp  dT.  (1,1.11) 


The  ratio  Cp/Cy  =  y,  where,  for  air  at  standard  conditions,  •ytl  .4. 

For  a  real  gas  it  should  be  noted  that  the  internal  energy  and 
enthalpy  are  functions  of  both  temperature  and  volume,  i.e. 

e  =  e(T.v),  h  =  h(T.p).  (1.1.12) 

If  the  specific  heats  are  constant,  the  system  is  a  calorically 
perfect  gas,  where 

e=CyT,  h=CpT.  (1.1. 1.1) 

Useful  expressions  for  the  specific  heats  are 


y 


•  • 
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(1.1.14) 

Vi 

R 

(1.1.15) 
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Eqs  (1.1.14)  and  (1.1.15)  are  valid  for  a  thermally  or  calorically 
perfect  gas  but  are  not  valid  for  either  a  chemically  reacting  or  a 
real  gas. 

In  many  compressible  flow  applications  the  pressures  and 
temperatures  are  such  that  the  gas  can  be  considered  as 
calorically  perfect.  However,  it  should  be  noted  that  in  some 
applications  associated  with  hypersonic  flows,  where 
temperatures  can  be  high,  the  assumption  of  a  calorically  perfect 
gas  is  invalid.  At  excessive  temperatures,  where  molecules  stan 
to  dissociate,  chemical  reactions  occur  and  then  the  internal 
energy  depends  on  both  the  temperature  and  volume,  and  the 
enthalpy  on  temperature  and  pressure.  As  the  temperature  of  a 
gas  increases  it  changes  behaviour  from  calorically  perfect  to 
thermally  perfect. 


For  a  given  5e.  there  are  many  ways  in  which  heat  can  be  added 
and  work  done  on  the  system.  Some  of  particular  interest  are 

Adiahaiic  process  ■  one  in  which  no  heat  is  added  to  or  taken 
from  the  system. 

Reversible  process  -  one  in  which  no  dissipative  phenomena 
occur,  i.e..  where  the  effects  of  viscosity,  thermal  conductivity 
and  mass  diffusion  are  absent. 

hentropic  process  -  one  which  is  both  adiabatic  and  reversible. 

The  second  law  of  thermodynamics  states  in  which  direction  a 
thermodynamic  process  will  occur.  To  provide  a  more  formal 
definition,  the  state  variable  entropy  is  introduced  as 


where  s  is  the  entropy  of  the  system,  6q  is  an  incremental 
anmunt  of  heal  added  reversibly  to  the  system,  and  T  is  the 
system  temperature.  Alternative  riefinilions  exist,  such  as 


The  behaviour  of  gases  at  high  temperatures  can  be  predicted 
accurately  using  statistical  mechanics.  Many  varied  forms  of 
behaviour  can  be  studied  using  these  ideas  and  the  fundamental 
relationships  relating  temperature  and  pressure  to  density  and 
enthalpy  can  be  derived. 

Air  at  normal  room  temperature  and  pressure  is  composed  of 
approximately  79%  nitrogen,  20%  oxygen  and  1%  trace 
species.  Hence,  to  a  reasonable  level  of  approximation  the 
behaviour  of  the  2  species,  oxygen  and  nitrogen  are  important. 
As  the  temperature  is  increased  to  within  the  range 
2500K<T<9()OOK.  chemical  reactions  take  place  between 
oxygen  and  nitrogen,  producing  not  only  O2  and  Na  but  also  O, 

N,  NO,  NO'*',  and  e".  If  a  fixed  temperature  and  pressure  are 
maintained,  then  in  time  the  condition  of  chemical  equilibrium  is 
reached.  In  the  case  of  an  ^uilibrium  chemically  reacting  gas, 
the  chemical  composition  i.e.  the  amounts  of  each  species,  is 
determined  uniquely  by  the  pressure  and  temperature.  In  the 
time  required  to  reach  steady  state,  the  behaviour  is  that  of  a 
non-equilibrium  chemically  reacting  gas. 


ds 


.  8q 

T  *  “'’irrev 


(1.1.16) 


which  clearly  states  that  the  change  in  entropy  during  an 
incremental  process  is  equal  to  the  actual  heat  added  divid^  by 
the  temperature  plus  a  contribution  from  the  irreversible 
dissipative  phenomena  of  viscosity,  thermal  conductivity  and 
mass  diffusion  occurring  within  the  system.  These  dissipative 
phenomena  always  increase  the  entropy 

dsirrev  >  '> 


The  entropy  can  be  computed  from  a  variety  of  expressions, 
such  as 


Tds  =  de  +  p  dv 

(1.1 

17) 

Tds  =  dh  -  V  dp 

(I.I 

.18) 

Details  of  the  gas  laws  for  these  different  states  can  be  found  in 
appropriate  texts  For  an  equilibrium  chemically  reacting  gas, 
in  addition  to  the  flow  equations,  it  is  necessary  to  determine  the 
chemistry  of  the  gas.  In  general,  if  the  gas  has  K  species  and  H 
elements  then  (K-H)  independent  chemical  equations  are  needed 
together  with  equations  for  mass  balance  and  partial  pressures. 
For  air,  with  elements  O,  N  and  electric  charge  e'.  and  7 
species,  O2.  N2,  O,  N,  NO,  NO'*',  and  e‘  this  results  in  7  non¬ 
linear.  simultaneous  algebraic  equations. 

When  non-equilibrium  chemical  reactions  are  considered,  it  is 
necessary  to  also  determine  the  evolution  of  the  chemical 
species.  This  is  achieved  by  solving  the  appropriate  chemical 
rate  equations,  which  take  the  form  of 


Above,  an  i.sentropic  process  was  defined  as  adiabatic  and 
reversible  and  hence  ds  =  0.  i.e,  the  entropy  is  constant. 

Disturbances  in  fluids  are  transmitted  through  the  flow  field  by 
molecular  action.  Molecules  collide  with  their  neighbours, 
transferring  the  newly  acquired  energy  to  others.  This  wave  of 
energy  travels  through  the  air  at  a  velocity  that  is  related  to  the 
molecular  velocity.  TTie  energy  increase  cau.ses  the  pressure,  as 
well  as  density  and  temperature,  to  change  slightly.  In  this  way, 
any  disturbance  is  propagated  throughout  the  flow  field.  As  will 
be  described,  the  velocity  at  which  disturbances  are  propagated 
is  of  central  importance  to  the  field  of  aerodynamics. 

Consider  a  sound  wave  moving  with  velocity,  a,  through  a  gas. 
The  flow  through  the  sound  wave  is  one  dimensional.  Applying 
conservation  of  mass  across  the  wave  front,  leads  to 


dpaj  dpOjU  dpOjV  dpojw 

“sr ^ -:5r 

where  Oj  are  the  mass  fractions  of  the  chemical  species,  and  Qj 
are  the  source  terms. 


pa  =  (p-rdp)  (a-Kia).  (1.1.19) 

which,  if  products  of  small  quantities  are  ignored,  leads  to 

a  =  -p—  .  (1.1.20) 

dp 


It  is  useful  at  this  stage  to  consider  further  definitions  related  to 
compressible  gas  dynamics.  The  first  law  of  thermodynamics 
states  that  the  heal  added  to  a  system,  Sq,  and  the  work  done  on 
the  system.  5w.  cause  a  change  in  energy,  and  since  the  system 
is  stationary,  this  change  in  energy,  5e.  is 


6e  =  8q  -s  5w 


Conservation  of  momentum  across  the  wave  front,  can  be 
similarly  be  expressed  as 

p-fpa^  =  (p-rdp)  -rlp-rdp)  (a  +  da)^  ( 1 . 1 .21 ) 

Expanding  and  using  Eq.  (1.1.20)  to  find  da,  gives  an 
expression  for  the  speed  of  sound; 


•  • 
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a-  (1.1,22) 

dp 

The  changes  which  cx;cur  acros.s  ihe  wave  from  are  small  This 
implies  that  ihe  irreversible,  dissipative  effects  of  friction  and 
thermal  conduction  are  negligible.  Further,  there  is  no  heat 
addition  to  the  system,  and  hence  the  process  inside  a  sound 
wave  is  iscntropic.  Hence,  the  rate  of  change  of  pressure  with 
density  is  an  isentropic  change  and  hence  Eq.  (1.1.22)  can  be 
written 


(1.1.23) 


This  equation  demonstrates  that  the  speed  of  sound  is  a  direct 
measure  of  the  compressibility  of  a  gas  Using  the  expression 
for  compres.sibility,  Eq.  (1.1. 2,3  )  can  he  written  as 


a  = 


(1.1.24) 


In  turn,  for  a  calorically  perfect  gas  this  can  be  expressed  as 


(1.1.25) 


It  is  noted  that  for  a  perfect  gas  the  speed  of  sound  is  a  function 
of  temperature  only.  At  standard  sea  level  conditions  the  speed 
of  sound  is 


a^  =  340.9  m/s  =  1 1 17  ft/s. 

For  aeronautical  Hows,  a  useful  classification  of  flows  arises  if 
the  local  speed,  q,  is  normalised  with  respect  to  the  speed  of 
sound.  This  normalisation  introduces  the  concept  of  the  Mach 
number  M.  defined  as 


M  =  !f  .  (1.1.26) 

Three  natural  classifications  of  different  flow  regimes  then 
follow; 


M<  1 

subsonic  flow 

M  =  1 

sonic  flow 

M>  1 

supersonic  flow 

The  Mach  number  plays  an  important  role  in  aeronautics,  since 
the  physical  nature  of  flows  is  radically  different  dependent 
upon  the  Mach  number.  Clearly,  interesting  phenomena  are  to 
be  expected  if  an  object  is  travelling  at  a  speed  which  is  greater 
than  that  at  which  disturbances  created  by  it  are  propagated. 
Further  discussions  on  this  will  be  given  later  in  this  document. 
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1.2  CONSERVATION  EQUATIONS  FOR 
INVISCID  FLOWS 

The  fundamental  equations  of  fluid  dynamics  have  been  known 
for  over  a  century.  The  French  engineer  Claude-Louis-Marie 
Navier  and  the  British  physicist  George  Gabriel  Stokes  are 
credited  with  the  original  derivation,  and  hence  the  governing 
fluid  flow  equations  are  known  by  their  respective  names.  On 
the  basis  of  a  molecular  hypothesis,  .\avier  arrived  in  1827  at  a 
theory  of  elasticity  of  isotropic  solids  (solids  in  which  elasticity 
is  uniform  in  all  directions)  that  contained  only  one  elastic 
constant.  Later  in  1845.  Stokes,  using  phenomenological 
concepts,  ptxxluced  the  modern  theory  which  invokes  concepts 
of  shear  and  bulk  modulus.  Careful  experiments  later  confirmed 
the  work  of  these  two  scientists.  These  equations  govern  the 
dynamics  of  all  fluid  flow  and  it  is  only  the  imposed  boundary 
conditions  and  the  physical  natu'c  of  the  fluid  which 
dislinguishes  the  different  fluid  motions. 

Before  Navier  and  Stoses.  the  Swiss  scientist  Leonhard  Euler 
had  derived  in  1775  a  s;t  of  equations  valid  for  a  fluid  assumed 
to  be  non-viscous  and  non-heat  conducting.  These  equations  are 
a  subset  of  the  Navier-Siokes  equations  where  the  viscous  and 
heat  conduction  temis  are  neglected. 

The  dynamics  of  fluid  motion  are  governed  by  fundamental 
physical  principles.  To  construct  the  relevant  equations  for  fluid 
motion  it  is  nece.s.,ary  to  select  the  appropriate  laws  of  physics 
and  to  apply  them  to  a  suitable  model  of  the  fluid.  From  these 
the  governing  mathematical  equations  can  be  extracted.  The 
properties  of  a  fluid  will  be  fully  defined  once  the  velocity  field 
V  ,  pressure  p,  density  p  and  temperature  T  are  known,  in  the 
Eulerian  sense,  as  functions  of  the  space  coordinate  r  and  the 
time  t  so  as  to  satisfy  a  sufficient  set  of  boundary  and  initial 
conditions. 

All  fluids  satisfy  the  laws  that  mass,  momentum  and  energy  are 
conserved.  The  conservation  of  momentum  is  equivalent  to 
.Newton's  laws  of  motion,  in  particular,  the  force  applied  to  a 
body  is  equal  to  the  product  of  the  body's  mass  and  its 
acceleration.  These  physical  laws,  in  principle,  are  sufficient  to 
enable  the  equations  for  fluid  motion  to  be  derived.  However,  it 
is  clearly  necessary,  before  these  laws  can  be  implemented,  to 
define  and  describe  how  a  fluid  is  to  be  modelled. 

A  fluid  can  be  thought  of  in  a  number  of  different  ways.  For 
example,  on  a  microscopic  scale,  a  fluid  element  of  volume  dV 
which,  although  infinitesimal  on  a  macro.scopic  .scale,  will 
contain  a  representative  number  of  molecules,  ndV.  For  a 
monatomic  gas,  it  can  be  assumed  that  these  molecules  move  at 
constant  but  widely  different  and  independent  velocities,  with 
collisions  between  molecules  taking  place  in  a  random  manner. 
Application  of  the  fundamental  physical  laws  to  this  model  of  a 
fluid,  often  called  the  kinetic  theory,  would  result  in  an 
appropriate  mathematical  description  of  fluid  flow. 

Alternatively,  a  fluid  can  be  thought  of  at  a  macro-scopic  level, 
and  the  physical  laws  applied  to  a  closed  small  fluid  element, 
which  is,  however,  large  enough  to  contain  a  very  large  number 
of  molecules  so  that  it  can  be  viewed  as  a  continuous  medium. 
This  approach  invokes  the  continuum  hypothesis  on  which 
many  classic  theories  of  fluid  motion  are  based. 

Whichever  model  of  a  fluid  is  chosen  it  is  to  be  expected  that  the 
resulting  governing  equations  are  equivalent.  In  this  section  the 
equations  which  govern  invi.scid,  non-conducting  fluids  will  be 
derived. 


The  Boltzmann  equation  from  the  Kinetic  Theory  of  gases  can 
be  expressed  as. 


dfy 

A 


(1.2  1) 


where  fy  is  the  velocity  distribution  function  which  gives  the 
number  density,  in  phase  spac:.  of  molecules  with  position  x 
and  velocity  v  at  time  t.  The  function.  J,  on  the  right  hand  side 
of  the  equation,  represents  a  molecular  collision  term  which 
vanishes  in  the  Euler  limit.  The  Maxwellian  velocity  distribution 
in  2  dimensions  is  given  by 

fM=^~  expl  -P)v  I  -u  I )-  )}( v  r-us)"  I  • 
loir  o 

where  P=1/(2RT),  p=mass  density,  T  the  temperature.  R  the 

gas  constant  per  unit  mass,  v  ^(Vj.vs)^  is  the  molecular 

velocity  vector,  u  =lu.v)^  is  the  fluid  velocity  vector,  1  the 
internal  energy  variable  corresponding  to  non-translational 
degrees  of  freedom  needed  to  force  the  given  value  of  y  for  the 
gas  consisting  of  pseudo  panicles,  Ij,  is  the  internal  energy  due 

to  non-translational  degrees  of  freedom  ,  and  y  the  ratio  of 
specific  heats. 


The  Euler  equations  can  be  derived  by  taking  moments  of  the 
Boltzmann  equation  The  appropriate  moment  vector  is  defined 
as 


4-  ■=  n.vi.v,.  1  +  (v^-t-v^)/:)  ^ 


Applying  the  moment  vector  Eq.  (1.2.2)  to  the  Boltzmann 
equation,  Eq.  (1,2.1).  leads  to  the  Euler  equations  in  the  familiar 
differential  form. 


dv!  dt 

dt  *  9X| 


(1.2.3) 


where 
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and  the  equations  of  state,  with  p  the  density,  u,v  the  Cartesian 
vejocity  components,  p  the  pressure  and  E  the  total  energy  per 
unit  vobtme.  The  relationship  between  the  Boltzmann  and  Euler 
equations  can  be  written  as 
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(1.2.5) 


where  the  moments  are  defined  as 


1.2.1  Governing  Equations 

Derivation  from  Kinetic  Theory 

The  approach  relies  upon  the  fact  that  the  Euler  equations  of 
fluid  mechanics  can  be  obtained  by  taking  moments  of  the 
Boltzmann  equation,  with  a  Maxwellian  velocity  distribution 
function  . 


oo  oo  oo 

<‘l'.fy,>  =  fdl  jdv,  jdv^'Ff;^,,  (1.2.61 
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with  V|  and  V2  the  components  of  the  molecular  velocity  vector 
and  f|^  the  Maxwellian  distribution  in  2  dimensions'.  It 
follows,  therefore,  that  the  following  relations  hold 
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w=<*J',  f=<4',  V|fj^  >.  and  g=<'*',  V2f|yi>  (1.2.7) 

The  formulation  presented  thus  involves  two  levels;  the 
Boltzmann  level,  Et].  (1.2.1),  and  the  Euler  level,  Eq.  (1.2. 3), 
with  the  connection  given  by  the  moments  defined  in  Eq. 
(1.2.6). 


EuUrian  Approach  to  the  Governing  Equations 

From  a  macroscopic  continuum  approach  the  governing 
equations  of  fluid  motion  are  derived  by  considering  the  three 
fundamental  physical  principles  that 

a)  mass  is  conserved, 

b)  force  =  mass  x  acceleration 

c)  energy  is  conserved. 

If  each  of  these  physical  laws  are  applied  in  a  control  volume 
formulation  the  governing  motion  of  a  fluid  can  be  derived^. 

Consider  an  arbitrary,  but  stationary,  control  volume  Q,  as 
shown  in  Fig.  1.2.1,  bounded  by  a  closed  surface  X,  which  has 
an  outward  unit  normal  vector  n  at  a  point  A  on  the  surface. 
Let  dl  be  an  incremental  area  on  the  bounding  surface  around 
point  A,  Define  dZ  =  n  dZ.  Let  v  and  p  be  the  local 
velocity  and  density  at  the  point  A,  respectively,  with  v  at  an 
angle  6  to  n  . 


Figure  1.2.1  Domain  £1  enclosed  by  contour  Z. 

Mass  Conservation 

The  mass  flow  through  any  surface  arbitrarily  oriented  in  a 
flowing  fluid  is  equal  to  the  product  of  density,  the  component 
of  velocity  normal  to  the  surface,  and  the  area.  Thus, 

mass  flow  =  p  (Vcos  0)  dZ  =  p  dZ  =  p  v  .  n  dZ 

The  net  mass  flux  into  the  control  volume  £2,  through  the  entire 
control  surface  Z.  is  the  sum  of  all  incremental  mass  flows,  i.e. 

Jp  V  ,  n  dZ 
Z 

The  negative  sign  indicates  that  the  mass  flow  is  intojhe  control 
volume  in  the  opposite  sense  of  the  outward  vector  n  .  The  total 
mass  inside  an  incremental  control  volume  is  p  d£2.  Flence.  the 
total  mass  in  £2  is  the  volume  integral 

Jp  d£2 
£2 

Since,  in  the  absence  of  any  mass  sources  or  sinks,  the  mass  of 
the  fluid  is  conserved  then,  the  time  rate  of  change  of  the  mass 


in  the  domain  £2  must  equal  the  change  in  mass  across  the 
domain  boundary  Z,  Hence,  in  integral  form,  this  can  be  written 
as 

-  |pd£2=  -  [pT.'ndZ  (1.2.8) 

«  Z 

This  is  the  continuity  equation,  or  conservation  of  mass 
equation,  in  integral  form. 

Conservation  of  momenta 

Newton's  second  law  can  be  slated  as  the  time  rate  of  change  of 
momentum  of  a  body  equals  the  net  force  exerted  on  it.  This 
principle  is  valid  for  the  control  volume.  £2  and  when  applied 
leads  to  the  equation  for  ihe  conservation  of  momenta. 

Consider  first  the  contribution  to  the  forces.  The  net  forces 
acting  on  the  volume,  excluding  frictional  forces  can  be  thought 
of  as  taking  two  forms.  Firstly,  body  forces  acting  on  the  fluid 
inside  £2.  Such  forces  arise  from,  for  example,  electromagnetic 
or  graviution  effects.  If  f  denotes  the  body  force  per  unit  mass 

of  fluid,  then  the  force  on  an  incremental  volume  d£2  is  equal  to 
Ihe  product  of  the  mass  and  the  force  per  unit  mass,  namely 
(pd£2)  f  .  For  the  entire  control  volume  this  is  summed  to  give 

JpTd£2 

£2 

The  second  type  of  force  on  the  fluid  arises  from  surface  effects. 
These  ari.se  from  pressure  and  shear  stress  distributions  over  the 
surface.  Since,  here  only  inviscid  fluids  are  to  be  considered, 
these  latter  contributions  will  be  ignored.  ITie  pressure  force 
acting  on  an  elemental  area  n  dZ  is  -p  n  dZ,  where  Ihe 
negative  sign  indicates  that  the  pressure  acts  inwards.  The 
pressure  effect  can  be  summed  lo  give  a  contribution  to  the 
forces  from  pressure  over  the  complete  surface  in  the  form 

-  J  p  n  dZ. 

V 

The  principle  of  conservation  of  nnomenta  can  be  applied  within 
a  control  volume.  The  mass,  in  the  control  volume,  can  be 
expressed  as  p  v  .  n  dZ.  which  has  a  momentum  of 
(p  V  .  n  dZ)  V  .  The  net  rate  of  flow  of  momentum  is, 
therefore, 

-  J(p  V  .  n  dZ)  V  . 

Z 

in  addition  to  this  contribution,  there  can  arise  a  contribution  of 
momentum  of  (pd£2)  v  for  an  elemental  volume  d£2,  from 

unsteady  effects  taking  place  within  the  control  volume  £2. 
Hence,  another  contribution  should  be  added  in  the  form  of 

S  j(pvda). 

£2 

The  conservation  of  momentum  now  gives 

^  J(p  V  )  d£2  =  -  J(p  V  .  n  dZ)  v  +  Jp  f  d£2  -  Jp  n  dZ 

£2  Z  £2  Z 

(1.2.9) 


•  • 


V 
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Equation  (1.2.9)  is  called  (he  momentum  equation  for  invi.scid 
flow  and  is  presented  here  in  its  integral  fomi. 

CoHStrvaliom  of  Energy 

Finally,  it  is  necessary  to  consider  the  equation  for  energy. 
Energy  cannot  be  created  or  destroyed,  it  can  only  change  its 
form.  If  the  energy  principles  are  applied  to  the  control  volume 
ii  then  clearly,  the  rale  of  heat  added  to  the  fluid  plu.s  the  rate  of 
work  done  on  the  fluid  is  equal  to  the  rate  of  change  of  energy 
of  the  fluid  a.s  it  flows  through  the  control  volume  i.e.  energy  is 
conserved. 

If  the  rate  of  heat  added  per  unit  mass  is  q,  then  the  rate  of  heat 
added  to  an  incremental  volume  with  mass  (pdi2)  is  q(pdQ). 
■Summing  all  such  effects  with  the  control  volume  ft,  gives 

|(qp)dft  . 
ft 

The  pressure  force  acting  on  the  elemental  area  dL  is  -pdS.  The 
rate  of  '.s  .  rk  done  on  the  fluid  which  passes  through  n  dX  with 
velocity  v  is  therefore,  (  p  n  dX)  v  .  Hence,  over  the  complete 
surface  the  contribution  is 

-  jp  n  .  V  di. 

The  rate  of  work  done  by  the  body  force,  f  per  unit  mass  on 
the  elemental  volume  dft  is  (p  f  dft),  v  and  thus  the 
contribution  for  the  entire  control  volume  is 

I  (p  f  dft).  v 
ft 

The  internal  energy,  for  a  stationary  fluid  was  previously 
rep  esented  as  e.  If  the  fluid  is  also  in  motion  then,  in  addition, 

i  ") 

it  possesses  kinetic  energy  in  the  form  of  5  v  -.  Hence,  the  total 
energy  per  unit  mass  of  the  moving  fluid  is  the  sum  of  the 
internal  and  kinetic  energies,  e+  5  v  For  an  elemental  control 

surface  dE.  the  flux  of  energy  across  d£  is  v  .  n  d2(e+  j  ''  *)• 
For  the  complete  bounding  surface  this  sums  to 

I  p  V  ,  n  (e+  ^  V  2)  dZ 
Z 

The  time  rate  of  change  of  energy  in  ft  due  to  transient 
variations  of  the  flowfield  variables  can  be  expressed  as 

It  5V  2)] dft. 

ft 

Hence,  rearranging  the  integrands,  and  applying  the  law  that  the 
time  rate  of  change  of  the  conserved  quantity  must  be  equal  to 
the  flux  through  the  boundary  surface,  together  with  production 
terms,  leads  to 


T  ''  +  /  p  v  .  n  (c+  5  V  2)dZ  = 

ft  ^ 

|(qp)dft  -  |p  n  .vdZ+  ftp  f  dft).  v  (12.10) 

ft  Z  ft 

It  should  be  noted  that  this  energy  equation  does  not  include 
work  done  by  viscous  stresses  or  heat  added  to  the  system  due 
to  thermal  conduction  and  diffusion.  Equation  (1  2  10) 
represents  the  conservation  of  energy  written  in  integral  form  for 
an  inviscid  fluid. 

The  conservation  ct|uaiions  derived  above  Eq.  ( 1.2.K),  ( I  2.9). 
and  (1.2.10)  represent,  in  .1  dimensions.  .S  equations  for  the  6 
unknowns  p,  v  =(u.v.w).  e  and  T.  The  system  of  equations  is 
closed  with  the  addition  of  an  equation  of  state,  namely. 

p=pRT 

These  together  with  the  thermodynamic  relation  c=e(T.v)  which, 
as  discus.sed  previously,  simplifies  to  e=CyT  for  a  perfect  gas, 
are  sufficient  equations  to  analyse  inviscid  compressible  flows 
of  an  equilibrium  gas.  These  equations  can  be  written  in  many 
different  fomis.  and  two  arc  wonhy  of  note  here  since  they  will 
be  used  later. 

1.2.2  Governing  Equations  in 

Conservative  Integral  Form 

To  standardise  the  equations  a  unified  representation  often  used 
in  computational  aerodynamics  is 

g|Jwdft+  J?.'ndZ=  fpfedft  (1.2.11) 

^  1  £2 

The  conserved  variable  w  and  the  Canesian  flux  function  f 
are  given  by  : 


p 

pu 

pv 

pw 

pu 

pu“+p 

puv 

pv2+p 

puw 

pv 

f  = 

puv 

g  = 

h  = 

pvw 

pW-'  +  p 

pw 

puw 

pvw 

_pE_ 

_  puH  _ 

_  pvH  _ 

.  pwH  ^ 

and  the  force  vector 


0  1 


f .  V 


where,  u.v  and  w  are  the  Cartesian  velcx.'ily  components,  E  and 

H=h+V^/2  are.  respectively,  the  total  energy  and  total  enthalpy 
per  unit  volume.  The  temperature  T  is  obtained  from  the 
equation  of  state  which  closes  the  system,  namely 

p=pRT. 


i 


V 
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1.2.5  Physics  of  In  viscid  Flows 


1.2.3  Governing  Equations  in  Conservative 

Differential  Form 

Integral  forms  of  the  equations,  derived  from  an  analysis  of 
conservation  laws  within  a  domain,  can  be  converted  to 
nepnesentation  at  a  point  using  th  ..  ell  known  vector  identities, 

X,  n"dS  =  |(V.X)dn  (1.2.12) 

£  a 

and 

je.di  =  J(ve)dn  ( 1.2.1 3) 

I  Q 

where  A  and  0  are  arbitrary  vectors  and  scalars,  respectively. 

It  can  be  readily  shown  that  the  application  of  Eq.  (1.2.12)  and 
(1.2.13)  to  Eq.(1.2.l  1)  leads  to  the  following  differential  forms 
of  the  governing  equations  of  inviscid  fluid  motion. 

^  (p  v  )  =  0 

d(pu)  _  —  dp 

-^-vV.(puv) 

d(pv)  --  dp 

d(pw)  —  dp 

-5-  s.V.(pwv)  =  -g£ 

and 

^  (pE)+V.(pE  v  )=-V.(p  V  )+pq+p(  f .  V  ) 

Again,  the  equation  of  state,  Eq.  ( 1 .  1 .8) 
p=pRT 

and  the  energy  relation 

e  =  e(T,v) 

augment  these  equations. 

1.2.4  Rotating  Frame  of  Reference 

In  many  applications  it  is  necessary  to  describe  the  governing 
equattons  in  a  rotating  frame  of  refwnce.  If  the  system  is 

rotating  steadily  with  angular  velocity  (u  around  an  axis  along 
which  a  coordinate  z  is  aligned,  and  w  is  the  velocity  field 
relative  to  the  rotating  frame  of  reference,  then 

V  =  w  +  (D  X  r  . 

The  rotating  frame  of  reference  does  not  effect  the  conservation 
of  mass  equation,  but  introduces  additional  terms  into  the 
momenta  and  energy  equations.  Full  details  of  the  complete 
equations  can  be  found  in  standard  texts^’'*. 


It  is  important  to  understand  both  in  a  mathematical  and  a 
physical  sense  the  consequences  of  neglecting  the  viscous 
stresses  inherent  to  any  fluid.  Reviewing  the  governing 
equations  it  is  noted  that  the  temperature  only  appears  in  the 
form  of  the  equation  of  state  and  that  the  flow  is  governed  by  a 
system  of  non-linear  partial  differential  equations  of  first  order. 

The  equations  descnbe  flows  with  or  without  rotation  and  it  is 
appropriate  to  introduce  a  relationship  known  as  Crocco's 
equation  which,  for  steady  flows,  can  be  written  as 

v  X  to  =  VH  -TVs 


where  v  is  the  velocity  vector,  to  the  vonicity  vector,  H  the 
total  energy  and  S  the  entropy  .  Thus,  neglecting  viscosity  and 
heal  conduction,  vorticiiy  is  present  in  the  field  of  flow 
whenever  the  distribution  of  the  total  energy  H  or  the  entropy  S 
is  not  uniform.  This  can  happen,  for  example,  when  the  fluid 
starts  from  a  state  of  rest  but  of  non-unifonn  temperature,  or 
downstream  of  a  curved  shock  wave.  If  vonicity  is  present 
and/or  is  created,  then  the  convective  terms  in  the  Euler 
equations  ensure  that  it  will  be  convected  around  the  flow  field. 
It  also  implies  that  once  vonicity  has  been  created  it  is  modelled 
in  a  mathematically  consistent  fomv  The  ability  of  the  equations 
to  admit  vonicity  is  important  in  such  applications  as  flows 
involving  jets,  flows  involving  propeller  slip  streams  and 
rotating  systems  like  propellors  and  helicopter  rotors 

The  uniqueness  of  a  solution  denved  from  the  Euler  equations  is 
ensured  by  imposing  the  additional  condition  that  entropy  may 
not  decrease  along  a  streamline  (.Second  Law  of 
Thermodynamics).  This  then  precludes  the  existence  of 
expansion  shocks. 

The  Euler  equations  admit  'weak'  solutions  with  contact  or 
vortex  sheet  type  discontinuities.  This  raises  the  interesting  issue 
of  how  the  equations  model  lift.  In  the  Full  Potential  equation  it 
is  necessary  to  introduce  a  cut  carrying  a  jump  in  potential  from 
a  trailing  edge  to  downstream  infinity  in  order  to  model  the 
circulation  in  each  section  of  a  wing.  By  contrast,  however, 
since  vortex  sheet  discontinuities  represent  possible  weak 
solutions,  it  can  be  argued  that  circulation  and  hence  lift  are 
phenomena  that  are  inherently  mcxielled  by  the  Euler  equations. 

Much  discussion  has  taken  place  on  such  issues  and  many  of  the 
issues  have  been  resolved  through  numerical  experimentation.  It 
is  now  known  that,  with  suitable  artificial  viscosity  models, 
vortex  sheets  can  be  captured  like  shock  waves  and  that  in  a  lime 
dependent  solution  approach  (with  artificial  viscosity)  the 
circulation  and  lift  of  airfoils  and  wings  come  out  at  the  correct 
level  without  having  to  impose  a  Kutta  condition.  It  is  now 
thought  that  this  situation  arises  because  the  artificial  viscosity 
plays  a  similar  role  to  real  time  dependent  viscosity.  So, 
although  the  Euler  equations  do  not  have  a  mechanism  for  the 
generation  of  vorticiiy.  apan  from  at  shock  waves,  the  anificial 
viscosity  inherent  within  the  numerical  solution  of  the  equations 
plays  a  role  similar  to  the  physical  viscosity  in  the  scn.sj  that  it 
generates  vorticiiy  which  can  cause,  for  example,  th'"  flow  to 
separate. 

It  can  also  be  argued  that  an  inviscid  shear  flow  negotiating  a 
pressure  gradient  will  separate  when  the  static  pressure  equals 
the  total  pressure  of  the  surface  streamline.  It  therefore  seems 
reasonable  that  we  may  expect  solutions  of  the  Euler  equations 
with  added  artificial  viscosity  to  exhibit  separation  and  vortex 
sheets  when  i)  sufficient  vonicity  has  been  generated  through 
the  artificial  viscosity  (in  particular,  at  the  surface  of  a 
configuration)  and  ii)  there  are  sufficiently  large  variations  in 
flow  angle  and/or  pressure  gradients.  However,  there  is  a 
general  lack  of  knowledge  on  the  behaviour  of  the  mathematical 
solutions  of  the  Euler  equations  near  non  smooth  boundary 
surfaces. 


+  Pfx 

+  pfy  (1.2.14) 

+  Pfz 
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The  amount  of  vorticily  generated  by  the  anificial  viscosity  is 
dependent  upon  many  aspects  of  the  numerical  procedure, 
including  mesh  characteristics  and  imposition  of  boundary 
conditions.  Jn  the  case  of  flow  around  a  sharp  edge  the  positive 
and  adverse  pressure  gradients  are  so  large  that  the  inviscid’ 
separation  always  takes  place.  On  smooth  surfaces  inviscid' 
separation  may  or  may  not  take  place,  depending  on  the  amount 
of  vorticily  generated  by  the  anilicial  viscosity  and  local  adverse 
pressure  gradient. 


Problems  and  issues  raised  here  may  be  considered  in  the  more 
general  contest  of  esistence  and  uniqueness  of  steady  solutions 
of  the  Navier-Stokes  equations  in  the  limit  of  vanishing 
vi.scosity.  The  conditions  for  existence  and  uniqueness  of  such 
solutions  are  not  generally  known.  However,  there  is 
expenmental  evidence  that  for  finite  but  high  Reynolds  numbers 
there  may  be  conditions  where  a  steady  flow  solution  does  not 
exist  or  where  there  may  be  multiple  steady  solutions. 
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IJ  JUMP  RELATIONS,  WEAK  SOLUTIONS, 
RIEMANN  PROBLEM 

Discontinuous  solutions  of  the  system  of  Euler  equations  may 
exist  anti  develop  due  to  the  hyperbolic  nature  of  these  equa¬ 
tions.  They  ate  actually  contained  in  the  integral  conserva¬ 
tion  laws  for  an  arbitrary  volume  fl  bounded  by  a  surface  T 
moving  with  velocity  uj  : 

j  wUx  +  j  (  F  -  w  uj;  )  .  /ij  da  =  0  (1.1.1) 

u  I 

Assuming  that  a  discontinuity  surface  S  moving  with  velocity 
u^.  is  present  inside  Q  and  divides  it  in  two  volumes  U,  and 
n,-  we  apply  the  conservation  laws  separately  to  each 
volume  and  subtract  the  result  from  Eq.  (1.3.1).  that  leads  to: 

I  1  (  F  -  w  ify  )  .  !  do  =  0  (1 .3.2) 

.s 

where  (  <t>  |  stands  for  (  <1>,  -  O,  ),  the  jump  of  <t>  through  .V. 

This  integral  being  zero  independently  of  the  choice  of  Q,  we 
get  : 

1  (  F  -  w  1T5  )  .  ris  1  =  0  ( 1.3.3) 

Replacing  F  by  its  expression  we  find  the  "jump  relations "  : 


1  p  (  F  -  u,  )  .  ii  1  =  0 

(1.3.4a) 

1  p  F  (  V  -  Ui'  )  .  n  +■  p  n  1  =  0 

(l.3  4h) 

1  p  £  (  F  -  M,j  )  ,  rt  +  p  V  ,  n  1  =  0 

(1.3.4c) 

or,  after  introducing  v, .  the  normal  relative 
fluid  on  S 

veliKiiy  of  the 

1  = 

1 

H 

as*' 

with  i,,  and  iv,  not  necessarily  equal,  we 
Hugoniot  relations  : 

get  (he  Rankine 

1  p  IV  1  =  0 

(1.3.5a) 

[  p  IV  F  +  p  n  1  =  0 

(1.3.5b) 

1  p  £  I  V  -s  p  F  .  n  1  =  0 

( 1.3.5c) 

Further  developments  follow  from  considering  the  value  Q  of 
the  mass  flow  through  S  : 

0  =  p  vv  =  Pi  v,,  =  P:  IV. 

(1.3.6) 

with  the  decomposition  of  v  into  : 

i  „  =  F  .  n  and  F,  =  F  -  v  „  n 

Then,  Eq.  ( 1.3.5b)  gives  : 

(2  [  v„  1  -)■  [  p  I  =  0 

(1.3.7) 

0  [  V,  1  =  0 

(1.3.8) 

and  Eq.  (1.3.5c)  gives  : 

(?  t  £  1  +  (  £  '•„  1  =  0 

(1.3.9) 

or 

0(ffl  +  lp|d5.n=0 

(1.3.10) 

since  H  =  (  £  -i-  p  /  p  ). 


The  discussion  about  the  properties  of  a  discontmuous  solu¬ 
tion  of  the  Euler  system  is  based  on  Eq.  (13  7-9)  and 
depends  on  the  value  of  Q . 


13.1  Contact  discontinuity  -  Vortex  sheet 

When  t>  =  0,  the  ma.ss  flow  through  S  is  zero,  S  acts  like  an 
impervious  surface  with  continuity  of  the  pressure  since  from 
Eq.  1.3.7  we  have  : 

Ip  1  =  0 

It  is  also  clear  from  Eq.  (1.3.9)  that 
(  v,  1  =  0 

However  I  v,  1  is  arbitrary  and  we  can  distinguish  two  situa¬ 
tions  : 

ti )  1  V,  1^0 

We  have  =  i„,  but  v,  *  v,.  and  the  discontinuity  is  a 
"vortex  sheet". 

h)  I  V,  )  =  0 

Then  (  v  j  =  0,  velocity  and  pressure  are  continuous  across  S 
whereas  p.  E .  s .  H  may  have  a  jump  through  this  "contact 
discontinuity". 

13.2  Shock  surfaces 

We  assume  that  (J  *0  then  from  Eq  ( 1.3.8)  we  find  that 

1  V,  I  =  0 

The  case  of  (  v,  )  =  0  gives  the  trivial  situation  where  there 
is  not  any  discontinuity  through  5  : 

(  'V  1  =  0.  1  p  1  =  (  p  1  =  1  £  1  =  0 

It  appears  (hat  we  must  have  [  i  „  1  ^  0  so  that  p.  p .  £  are 
discontinuous  through  S.  From  Eq.  (1.3.7)  and  Eq  (1.3.10) 
we  can  calculate  the  normal  velocity  of  (he  shock  : 


We  note  al.so  that  for  a  steady  shock  {  H  1  =  0  Therefore,  In 
a  steady  flow,  W  is  constant  on  streamlines  and  when  H  is 
uniform  at  infinity  the  energy  equation  can  be  replaced  by  the 
Bernoulli  equation  : 

H  =H„ 

From  the  second  principle  of  thermodynamics  one  can  write: 

-y  J  p.v  lit  +  I  p.v(v  -  H  j;).rtj;  da  >  0  (1.3.11) 

and  as  for  conservation  laws  we  derive  the  following  condi¬ 
tion  for  the  entropy  jump  through  a  shock  S  : 

I  p  .V  (  V  -  if 5  )  .  n J.  1  >  0  or 

C|J1>0  (1.3.12) 

It  can  be  proved  that  1  .s  1  =  0  should  imply  the  continuity  of 
all  variables  thus 


# 


•  • 


C?  I  *  I  >  0 

The  entropy  must  increase  through  a  sh«)ck  along  the  flow 
direction  and  from  the  Rankine-Hugoniot  relations,  we 
deduce: 

(>  I  P  1  >  0  .  (>  1  P  !  >  « 

Only  a  compression  can  occur  in  a  physical  discontinuity  and 
unphysical  "expan,sion  shocks"  are  ruled  out  by  Bq  ( 1  3.12) 

13J  Weak  solutions  and  uniqueness 

The  system  of  Euler  equations  in  consers  alive  differential 
form  Eq.  (I  2. 14)  has  been  derived  from  the  integral  conser¬ 
vation  laws  by  assuming  continuity  and  derivability  of  the 
physical  variables.  One  can  consider  that  discontinuous  solu 
lions  of  Eq.  (1.2. 14)  exist  only  m  the  sense  of  disinhulions. 

To  formalize  this  notion  it  is  necessary  to  introduce  a  weak 
formulation  of  the  Euler  system  of  equations.  Each  equation 
in  differential  form  is  first  multiplied  by  a  "test  function  0 
inhnitely  differentiable,  then  space  and  time  integration  by 
parts  allows  to  free  physical  unknowns  from  any  partial 
derivation.  We  get  ; 


-  I  I  ,t:|0  dc  dl  ,  for  all  test  functions  0  1 1  ,3  1.3| 

...  It 

where  a,  takes  into  account  the  external  forces. 

It  can  be  checked  that  if  S  i  v  ,  r  )  =  0  is  the  equation  of  a 
surface  on  which  w  and  F  (w  i  are  discontinuous  we  find 
from  Eq.  (I  , 3. 1,3)  : 

1  w,  1  ~  -I-  I  F,  I  Vs  =  0 

at 

VS  ds  Vs 

and  since  n<:  =  -  -rrTr  "v  =  ~  s“  - 3^ 

■'  ‘VS  I  ■'  df  iVSi- 

We  obtain  Eq  ( I  .3  ,3)  : 

1  (  F,  -  w,  « V  )  n.s  I  =  ' . 

The  set  of  weak  solutions  obeying  Eq.  (1.3. 1.3)  comprises 
discontinuous  solutions  with  both  physical  and  non  physical 
discontinuities.  As  said  above,  the  non  physical  discontinui¬ 
ties  are  the  so-called  "expansion  shocks"  satisfying  the  Rank- 
ine  Hugoniol  relations,  they  correspond  locally  to  a  flow  with 
a  valid  compression  shock  in  which  the  direction  of  velocity 
should  have  been  reversed.  It  is  necessary,  in  order  to  discard 
i.iese  non  physical  weak  solutions  and  thus  to  avoid  non 
uniqueness  problems,  to  take  into  account  the  entropy  ine¬ 
quality. 

Theoretical  studies  have  been  done  on  hyperbolic  systems  of 
conservation  laws  in  order  to  complement  them  by  an  entro¬ 
py  inequality  in  divergence  form  with  the  definition  of  an  en¬ 
tropy  function  and  of  the  corresponding  entropy  fluxes  ensur¬ 
ing  that  an  entropy  condition  holds  (Godunov',  Lax'.  Mar¬ 
ten'),  Interesting  consequences  of  these  studies  are  the  intro¬ 
duction  of  "entropy  variables'  mainly  used  in  the  finite  ele¬ 
ment  methods  (see  below  Section  2.1)  and  recent  studies  on 
discrete  entropy  inequalities  and  entropic  schemes  (Tadmor'. 
Lerat'). 

In  order  to  discuss  the  uniqueness  of  an  Euler  flow  solution, 
it  IS  necessary  not  only  to  look  at  the  discontinuities  and  on 


the  entropy  inequality  for  the  flowfield  but  also  to  give  pre¬ 
cise  information  on  the  choice  of  the  boundary  conditions  in 
the  farfield  or  at  the  entrance  and  exit  boundaries  and  on  a 
wall  boundary  In  fact,  little  can  be  said  for  uniqueness  of 
solutions  in  the  large,  except  that  the  choice  and  the  role  of 
boundary  conditiuns  is  very  important  and  it  suffices  to  lixik 
at  the  problem  of  a  subsonic  flow  past  an  ellipse  at  a  given 
angle  of  attack  (T.H  Pulliam'’)  or  at  a  vortical  flow  with 
closed  streamlines  in  two  dimensions  to  see  the  difficulty  of 
this  question 


1.3.4  The  Riemann  problem 

The  Riemann  problem  consists  of  the  initial  value  problem  in 
one  space  dimension  with  initial  data  (at  t  =  t)y  given  by  two 
constant  states  I  |  separated  by  an  arbitrary  discon¬ 

tinuity  located  at  t  =  0  This  problem  is  of  special  interest 
since  It  represents  (with  the  inviscid  assumption)  the  unsteady 
flow  m  a  "shixk  tube "  after  the  bursting  of  a  diaphragm  and 
moreover  its  solution  can  be  found  as  a  system  of  simple 
waves  with  only  a  single  nonlinear  equation  to  be  solved. 
Another  very  important  reason  for  introducing  the  Riemann 
problem  is  its  current  use  in  the  design  of  numerical  schemes 
for  solving  Euler  equations  since  the  pioneering  scheme  of 
Godunov’. 

To  study  the  Riemann  problem  it  is  convenient  to  use  not 
only  the  conservative  variables  but  also  (p.  i  .  />  i  variables 

The  initial  data  are  u,  =  i  p/  .  ly .  /y  )  and 

*•«  •  representing  respectively  left  and  right 

constant  stales. 

At  r  >  0.  the  solution  depends  only  on  v.r  (it  is  auto-siniilar) 
and  IS  made  (for  a  typical  shixk  tube  problem  with  p/  >  Pn ) 
of  a  rarefaction  wave  (I -wave),  a  contact  discontinuity  (2- 
wave)  and  a  shex-k  (3-wave),  with  ; 

X|  =  c  •  rr .  X;  =  V  .  X,  =  i  -*•  o . 

the  eigenvalues  of  the  Jacobian  dF/dw  each  asstx'iaied  with 
a  characteristic  curve  and  a  Riemann  invariant. 

Two  constant  stales  appear  between  the  e_xpan.sion  fan  and 
the  shock  :  (  p/.  v " .  />  )  and  (  p* .  v ' ,  p '  ), 

Note  the  continuity  of  the  veltxiiy  and  pressure  across  the 
contact  discontinuity.  The  behaviour  of  the  solution  is 
described  in  Fig.  13  1 


I 


x  =  0 


Figure  1  3. 1  The  Riemann  problem 

The  details  of  solving  the  Riemann  problem  for  the  general 
case  can  be  found  in  many  text  books  (see  for  example 
CouranI  and  Friedrichs"). 

We  give  below  only  some  indications  on  the  way  towards  the 
solution. 
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From  (  Y  -  I  )/2  V  +  u  =  err  on  a  3-tharactensiii;s  and  from 
s  =  csi  on  a  2-<;haractens>(ics  both  crossing  the  rarefaction 
fan  <l-vcavc),  a  relation  can  be  derived  giving  v'  as  a  (non¬ 
linear)  function  of  p  ’ 

From  the  Rankine-Hugoniot  relations  through  the  shock 
another  equation^ can  be  derived  giving  v'  in  terms  of  p’ 
Elimination  of  v  *  leads  to  a  non-linear  equation  to  be  solved 
for  p  *  by  Newton  iteration.  Then  v  *  is  calculated  and  also 
Pr.  and  P), 

Finally,  in  the  expansion  fan  made  of  straight  I- 
characteristics  of  slope  :  i,  =  xli  -  v  -  a .  v  and  a  are 
both  constant  for  a  given  y 

By  use  of  (  Y  ~  I v  +  u  =  csi  in  the  expansion  fan.  v  is 
expressed  as  a  linear  function  ol  4  and  so  is  a  The  pressure 
IS  obtained  ^  through  the  isentropic  relation  in  terms  of 
,W’  =  V  /  o'. 
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1.4  BOUNDARY  CONDITIONS 

The  lime-dependent  Euler  equations  are  a  hyperbolic  system 
of  equations.  Numerical  compulations  must  be  done  on  a  ti- 
nite  mesh  and.  thus,  waves  which  arc  incoming  and  outgoing 
with  respect  to  the  compulatiunal  domain  cross  the  boundary 
of  the  mesh.  Application  of  the  interior  point  algorithm  at  the 
boundary  requires  information  from  outside  the  domain,  which 
is  generally  not  completely  available.  A  characteristic  decom¬ 
position  at  the  boundary  indicates  that  the  equations  represent¬ 
ing  outgoing  waves  can  he  differenced  using  information  from 
the  computational  domain.  The  equations  representing  incom¬ 
ing  waves  cannot  he  stably  differenced  using  only  information 
available  in  the  interior:  hence,  those  equations  need  to  be 
replaced  by  boundary  conditions.  Thus,  the  number  of  bound¬ 
ary  conditions  to  be  specified  at  the  boundary  comes  from  a 
straightforward  characteristic  anaNsis  at  the  boundary. 

The  type  of  btrundary  condition  to  be  specified  is  problem  de¬ 
pendent  and  as  Moretti'  noted:  "A  physically  consistent  model 
of  the  outside  world  must  be  provided."  For  instance,  the  up¬ 
stream  boundary  conditions  to  be  specified  for  a  subcritical 
two-dimensional  converging-diverging  nozzle  might  consist  of 
the  recognition  that  the  fluid  comes  from  a  uniform  reservoir 
condilion  corresponding  to  specified  total  prcs.sure  and  en¬ 
tropy  conditions,  as  well  as  a  specification  of  the  direction  of 
the  vcliK'ity.  Likewise,  since  the  mass  flow  through  a  one- 
dimensional  nozzle  is  known  to  be  set  by  the  hack  pressure, 
a  valid  downstream  boundary  condition  is  the  specification  of 
the  pressure.  The  variables  at  the  boundary  can  he  constructed 
from  these  boundary  conditions,  supplemented  by  characteris¬ 
tic  equations  corresponding  to  the  outgoing  waves  applied  at 
the  boundary. 

1.4.1  Characteristic  Equations 
Linearized  Equations 

The  conservation  law  form  of  the  time-dependent  Euler  equa¬ 
tions  are  written  here  as 

,)w  OF  DG  OH 

The  linearized  form  of  the  equations  can  be  wriiien  as 
('fw  .  Ow  „  Ow  „  Ow 

where  A.B.  C  arc  Jacobian  matrices  (i.e.,  A  =  OF/Ow). 
The  linearized  equations  can  be  cast  in  terms  of  a  set  of 
primitive  variables  u.sing  chain-rule  differentiation  as 

-f- AM!^ -f  CM^  =  (I  (1.4..3) 
Os  Oil  Oz 

i9q  Oq  .  Oq  Oq  ,  , 

-t- -f-c-J  =  I)  (1.4.4) 

Of  i)s  Oy  (f~ 

where  M  =  iTw/Oq.  M"‘  =  Oq/Ow.  and  a=M~‘ AM . 

The  choice  of  primitive  variables  is  not  unique  and  is  gener¬ 
ally  selected  to  make  the  Jacobian  matrices  a.b.c  simpler  than 
their  counterparts  using  the  conserved  variables.’  ’  A  common 
choice  is  the  set 


for  which 


.'/‘i  /111  in'  fill-  l/i. 


-«//'  1//'  <1 


M  *  =  —''/y  fi 

-«■//)  0 
-  '•  rV-  -t-  ' 


l/p  1)  0 

0  l/p  f) 


where  i,-  =  -)  -  1.  =  «-  +  i 4-  »■*.  The  Jacobian  matrix 

a.  for  this  choice,  is 


I)  II  0  0  1/p 

a=  0  If  11  I)  I)  (1.4.8) 

I)  II  II  II  I) 

.0  j>ii~  ()  1)  II 

from  which  the  eigenvalues  of  a  can  he  casiiy  computed  as 

11 .  II .  11 .  II  -t-  II .  II  —  II  (1 .4.9) 

All  of  the  Jacobian  matrices  have  real  eigenvalues  and  a  set 
of  linearly  independent  eigenvectors  and  each,  individually, 
can  be  diagonalized,  although  not  simultaneously  since  the 
Jacobian  matrices  do  not  have  the  same  eigenvectors.  The 
characteristic  equations  result  from  diagonalizing  the  Jacobian 
matrices  as 

“  4*  T  A  T '  ^  .g  'j'  ~  .g  .j.  ^  .p  - 1 1^3  —  ( ) 

(V.4.l()) 

where  Ax. Ay. A,  arc  diagonal  matrices. 

Coi...;Jcring  a  plane  boundary  as  coincident  with  a  surface  of 
constant  s.  the  derivatives  in  the  two  directions  tangent  to 
the  boundary,  y.  :.  can  be  determined  from  information  on  the 
boundary.  In  general,  the  computation  of  the  derivative  normal 
to  the  boundary  requires  information  about  the  stale  vector 
at  liK'ations  outside  the  computational  domain.  Defining  the 
terms  corresponding  to  derivatives  in  the  plane  of  the  boundary 
as  a  source  term  S.  the  equations  may  be  written  as’'* 

T“‘^-)-AT''‘-^-f-T'‘S  =  0  (1.4.11) 

(ft  t/.r 

where  the  .r-subscripl  nofalion  has  been  dropped  This  can  also 
be  written  in  terms  of  each  component  of  the  equation  as 

=  (I  4  1:1 

tjt  i)j' 

where  1,  is  Ihc  Icll  eigenvector  ot  the  Jacobian  matrix  a. 
corresponding  to  the  /th  eigenvalue  (and  also  forms  the  ah 
row  of  T  ■  * )- 


Characteristic  Variables 


If  a  characteristic  variable  can  be  defined  to  satisfy  the 
so-called  compatibility  equations  below 


.ir,  =  l,,/q-t-l,Sdr 


•  • 
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then  Eq.  (1.4.12)  reduces  to  a  set  of  wave  equations 


(1.4.14) 


for  which  the  charactenstic  variable  is  constant  along  charac- 
terisi!  urves  defined  in  the  j-  -  t  plane  as  dx/dl  =  '  The 

charav  icnstic  directions  are  sketched  in  Fig.  1.4. 1  for  subsonic 
and  supersonic  flow.  Positive  ii  is  indicated;  outflow  condi- 


Subsomc  fkm;  outflow  (u  >  0) 


Figure  1.4.1  Sketch  of  characteristic  directions 
at  the  boundary.  Outflow  (inflow)  corresponds 
to  the  exterior  domain  described  by  .r  >  0  (  r  <  0). 


tions  correspond  to  the  exterior  boundary  defined  by  ,r  >  0. 
The  characteristics  are  traced  back  from  the  new  time  level 
r"^'  for  the  three  characteristic  directions.  C'\  C*.  (  .  cor¬ 

responding  to  the  repeated  eigenvalue  Ai  and  ,\i.  A-.. 

The  construction  of  I  ',  is  generally  not  possible  for  the  Eu¬ 
ler  equations  without  assuming  the  diagonalizing  matrices  are 
constant.’  ’  Assuming  the  exterior  domain  is  desenbed  by 
j-  >  0.  the  characteristic  form,  cither  Eq.  ( 1 ,4. 1 2)  or  ( 1 .4  1 4). 
indicates  that  outgoing  waves  are  described  by  equations  with 
A,  >  0  and  depend  on  information  at  and  within  the  boundary. 
Incoming  waves,  representing  information  reaching  the  bound¬ 
ary  from  the  exterior,  arc  described  by  equations  with  A,  <  0. 
These  wave  equations  cannot  be  differenced  stably  using  just 
interior  and  boundary  information  since  the  numerical  domain 
of  dependence  would  not  include  the  physical  domain  of  de¬ 
pendence;  hence,  these  equations  need  to  be  replaced  with 
boundary  conditions. 


Diagonal  Equations 

The  diagonali/ing  matrices  in  the  above  case  are  given  as 


T* 


-  1  I)  I) 

II  0  1 

0  (I  II 

0  1  I) 

.0  -1  0 


I)  -l/,r- 

I)  II 

I  (I 

0  1//..I 

0  !/,,.■  . 


(I  q.i.s) 


1 

1) 

t) 

f) 

0 

t) 

1/2 

-1/2 

0 

1 

0 

II 

II 

0 

0 

1 

1) 

1) 

0 

1) 

f) 

P"/2 

)'"/2  - 

(1.4.16) 


Using  the  primitive  variable  diagonali/.ation  results,  the  con¬ 
served  variable  Jacohians  can  be  diagonalized  easily  as 


A  =  MTAT''’M"'  (1.4.17) 


Assuming  no  variations  in  the  plane  ol'  the  boundary  and  the 
diagonaU/ing  matrices  to  he  constant,  the  equations  can  he 
reduced  to  a  set  ol  diagonal  equations 


.■)w  ^  <>w 


(1.4.18) 


where  the  linearized  characierislic  variable  is  delined  as 


[  ■ 
w  =  To  ‘q  =  '  ir 

"  +  /'//'(I'lii 
1.  —  rt  -h  . 


(1.4.19) 


and  the  suii.script  notation  denotes  evaluation  at  a  nearby  ref¬ 
erence  value.  Note  that  the  linearized  characteristic  variables 
can  also  be  ca.st  in  lenns  of  (he  conserved  variable  vector'’  as 
w  =  T-‘M„‘w 


Homentropic  Equations 


Assuming  Unrally  homentropic  flow  (i.c..  that  the  entropy  Is 
uniform  everywhere)  and  no  spatial  variations  in  the  plane  of 
the  boundary,  the  equations  can  be  reduced  to 


-(..)  =  n 


dl 


iR^)=U 


along 

along 

along 


'll 

df 

dr 

li 

dr 

7i 


—  M  ±  O 


(1.4.20) 


(I  4.21) 


1 1.4.22) 


where  the  Kiemann  variables  are  defined  as 


/?’’’  =  »  ±l2a/(-.  -  llj  11.4.23) 


and  r  is  the  lix'al  normal  pointing  out  of  the  domain.  The 
equations  are  in  a  form  very  similar  to  one-dimensional  un¬ 
steady  flow,  except  that  the  tangential  velocities,  in  addition 
to  the  entropy,  are  conveclcd  along  the  particle  path. 


•  • 
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1.4.2  Numerical  Procedures 

The  equations  which  replace  the  characteristic  equations  for 
the  incoming  waves  are  generally  referred  to  as  the  phys¬ 
ical  hsHindary  conditions.  The  procedures  to  determine  the 
remaining  variables  at  the  boundary,  which  should  he  as  com¬ 
patible  as  possible  with  the  outgoing  characteristic  equations, 
are  sometimes  referred  to  as  numerical  boundary  conditions, 
but  .jhould  be  more  properly  termed  numerical  treatments  at 
the  boundary.' 


in  which  case  OiJi/iTq  ~  (ll.il.lt.O.  1)  Thus,  the  character¬ 
istic  equations  become 


r-Ml,' 

1; 

1, 

1. 

.•)q 

A-l. 

A,l, 

1; 

i)t 

A<1. 

O.r 

.  (1  . 

.  0  . 

which  can  serve  to  define  the  two  matrices  P i .  Pa  as 


The  numerical  procedures  at  the  boundary  are  different  than 
those  used  at  the  interior  scheme.  Thus,  two  factors  of  the  cou¬ 
pled  system  need  to  be  taken  into  account:  the  accuracy  and 
the  stability.  Gustafsson^  has  pointed  out  that  the  accuracy  of 
the  numerical  procedure  for  a  linear  equation  can  be  one  order 
lower  than  the  order  of  the  interior  scheme  without  adversely 
influencing  the  global  accuracy  of  the  solution.  The  stability  of 
the  boundary  priKedure  can  he  analy/cd  in  many  cases  using 
the  analysis  of  Gustafsson,  Kreiss,  and  .Sundstrom."  Generally, 
the  closer  the  numerical  scheme  is  coupled  to  the  characteristic 
equations,  the  more  well-behaved  the  numerical  procedure. 

The  equations  and  priKcdures  for  a  stationary  boundary  anal¬ 
ysis  are  indicated  here,  where  a  liK'al  orthogonal  coordinate 
system  is  assumed  at  the  boundary.  This  is  consistent  with 
the  methods  in  common  use.  although  the  choice  of  coordi¬ 
nate  system  is  not  unique  and  need  not  he  taken  normal  to  the 
boundary,  as  pointed  out  by  Roc.'  The  extension  to  a  moving 
boundary  can  be  accomplished  in  a  straightforward  manner. 
The  eigenvalues  of  the  Jacobian  matrices  are  changed  by  the 
addition  of  a  term  which  is  the  speed  of  the  grid  normal  to  the 
boundary.  However,  the  eigenvectors  and.  hence,  the  basic 
character  of  the  equations  are  unchanged  from  those  for  the 
stationary  generalized  coordinate  system.''  "' 

Characteristic  Methods 

The  characteristic  equations  dictate  that  the  equations  corfC- 
sponding  to  the  Incoming  waves  be  replaced  with  boundary 
conditions  as 


=  0  j  =  L..V/  (1.4.24) 

where  .V/  is  the  number  of  incoming  waves  and  .V  Is  the 
total  number  of  equations.  Thus,  numerical  prcKcdurcs  arc 
required  at  the  boundary,  in  general,  to  solve  the  .V/  physi¬ 
cal  boundary  condition  equations  and  the  -V  —  outgoing 
characicrisiic  equations.  Chakravarthy  "’developed  a  unified 
approach,  in  which  the  incoming-wave  equations  are  replaced 
with  lime-dependent  boundary  condition  equation.s  and  solved 
numencally  in  a  way  consistent  with  the  interior  point  scheme. 

For  example,  at  a  subsonic  outflow  btiundary  (.V/  =  1),  the 
equation  associated  with  the  A-.  =  //  -  eigenvalue  can  be 
replaced  with  a  linearized  form  of  a  time-invariant  physical 
boundary  condition 


0B\  (9q 
Ot 


1 1.4.25) 


An  example  and  oficn-u.sed  boundary  condition  is  the  specifi¬ 
cation  of  pressure  as: 


(1.4.26) 


P,'-^ -f  .\Ps^  -t- PjS  =  II  (1.4.281 

ift  <).r 

4-  P.'.VPi'-^  -f  P,  PjS  (I  (1,4.29) 

i)t  tf.y 

The  above  equation  can  then  be  dilTcrenced  at  the  boundary 
using  onc-sided  dcrivaiivcs.  It  can  also  be  cxprcs.sed  as  an 
equation  in  the  conserved  variables  as 

i)w  /)F 

—  +  MPr'PjM"'—  4-  MP,  P-jS  =  (I  (I.4..H)) 

Kft 

Either  equation  can  he  advanced  in  (ime  explicitly  or  implicitly 
at  the  boundary;  generally,  the  choice  is  made  on  the  basis  of 
compaiibility  with  the  inicrior  point  seheme. 


Nonreflecting  Methods 

A  closely  related  priKcdure  is  ihc  so-called  tionrellccling.  or 
radiation,  boundary  conditions  of  Hedsirom"  and  Thompson,' 
In  this  approach,  the  ampliludes  of  the  incoming  waves  are 
taken  as  constant,  in  lime,  at  the  boundary.  This  corresponds  to 
specifying  that  the  incoming  characteristic  variable  is  specified 
at  the  boundary,  or 
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In  tenns  of  the  subsonic  outflow  condition  example  above,  Ihc 
characteristic  equations  become 
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This  can  be  written  as  below,  where  A '  is  the  diagonal  matrix 
composed  of  the  nonnegative  eigenvalues  of  a: 

T"'^ -l-A*T'‘'-^ -fT^'S  =  0  (1.4..4.J) 
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The  nonrcllcciing  characicn.suc  equations  can  also  be  written 
in  ’.erms  of  conserved  variables  as 

4- A' —  4-MS  =  0  I1.4..J4) 

•  it  fix 

where  the  spatial  difference  can  he  evaluated  using  one  sided 
differencing  at  the  boundary.  The  above  equation  appears  as 
a  nonconservative  scheme  evaluated  Ux;ally  at  the  boundary, 
where  the  strength  of  the  incoming  wave  is  dclincd  to  be  zero 
With  Ihc  equations  in  this  form,  it  is  apparent  that  any  upwind 
scheme  can  be  used  to  define  a  nonrcllecting  operator  al  the 
boundary  by  defining  the  strengths  of  the  incoming  waves  lo 
he  zero. 
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Rudy  und  Strikwerdu'Tecugnized  that  this  procedure,  designed 
to  minimize  reflections  I'rttm  the  boundary,  is  usually  not  con¬ 
sistent  with  physical  boundary  conditions  delined  on  the  basis 
of  steady-state  ideas.  For  example,  the  specification  of  con¬ 
stant  pressure  in  the  sub.sonic  outflow  case  above  ensures  that 
a  wave  is  mflected  back  into  the  interior.  Rudy  and  Strikwcrda 
added  a  parameter-dependent  source  term  so  that  the  solution 
to  the  discrete  equations  went  to  a  specified  value  at  steady 
state.  More  recent  developments  in  nonreflecting  boundary 
conditions  are  given  by  Giles;"'  quasi-ihree-dimensional  ap¬ 
plications  to  internal  cascade  flow  arc  given  by  Saxer  and 
Giles."'*  Atkins  and  Casper"'  developed  a  boundary  condition 
procedure  by  connecting  the  boundary  values  to  the  uniform 
far-field  conditions  and  the  interior  conditions  through  several 
simple  wave  fields  and  demonstrated  an  improved  calculation 
for  one-dimensional  wave  propagations  using  higher  order  dis¬ 
cretizations. 


Analytic  Methods 

An  alternative  prtKcdure  has  been  developed  by  Verhoff  et 
al."*'  and  Hirsch  and  Verhoff."'  It  is  a  consistent  method  for 
coupling  linearized  analytic  solutions  with  nonlinear  numer¬ 
ical  solutions  through  the  computational  boundary  condition. 
While  limited  to  steady  flow,  the  procedure  is  derived  from 
an  asymptotic  expansion  to  the  Euler  equations  and,  thus,  is 
more  general  than  a  far-lield  potential  correction  method,  since 
the  method  can  treat  strong  shocks  and  rotational  flows.  The 
analysis  is  based  on  a  linearization  about  a  true  uniform  steady 
state  valid  at  far  distances  with  the  equations  cast  in  terms  of 
Ricmann-like  variables  using  a  streamline  ciHirdinate  system. 
The  linearized  characteristic  equations  representing  incoming 
waves  arc  solved  in  the  exterior  domain  using  a  F'ouner  trans¬ 
form  technique;  the  solution  involves  integration  along  com¬ 
putational  boundaries,  which  arc  taken  as  a  parabola  at  inflow 
and  a  straight  line  at  outflow.  Two-dimensional  procedures  and 
results  for  internal  and  external  flows  have  been  obtained;"' 
an  example  is  given  subsequently  in  this  section. 


Extrapolation  Methods 

Simpler  prixcdures  arc  also  used  frequently  which  are  based 
on  honoring  the  domain  of  dependence  of  the  characteristic 
equations.  For  example,  the  characteristic  variables,  evaluated 
at  local  conditions,  arc  often  extrapolated  to  the  boundary 
instead  of  solving  the  characteristic  equations.* 


Homentropic  Methods 

Assuming  a  lixtally  orthogonal  coordinate  system  where  j-  is 
the  local  normal  pointing  out  of  the  domain  (sketched  in  Fig. 
1 .4.2).  then  the  homentropic  equations.  Eqs.  1 1 .4.20)-(  1 .4.22). 
can  be  used  to  update  the  equations  along  the  boundary  at 


the  new  time  level  For  subsonic  flow,  for  instance,  li  can 


Figure  1.4.2  Sketch  of  local  ciHirdinaic  system  at  the 
boundary  used  for  characteristic  method  in  homentropic  flow. 

be  evaluated  from  the  far  held,  corresponding  to  coiidilioiis 
outside  the  btiundary.  and  fl*  can  be  evaluated  locally  from 
the  interior  of  the  domain  Then,  the  normal  velocity  and 
speed  of  sound  can  he  evaluated  as 

„  =  (ir  +  It  )/-’  1 1.4. .15) 

.1  =  (/?■  -  /?  )(-  -  l./l  (1.4, .16) 

De(K-nding  on  the  sign  of  the  normal  velocity,  the  entropy 
and  tangential  veUx;ilies  arc  extrapolated  from  the  exterior  or 
interior  of  the  domain.  Thus,  the  three  velocity  comtxments. 
entropy,  and  speed  of  sound  can  he  constructed  at  the  new  time 
level.  Note  that  the  stale  vector  can  be  determined  without 
an  explicit  construction  of  the  tangential  boundary  direction 
cosines.  Denoting  the  velocity  com|voncnts  corresponding  to 
the  region  from  which  the  entropy  and  tangential  veliKities 
are  extrapolated  as  «.  ■ .  ir  (these  are  free-siream  velocities  for 
inflow  conditions  at  the  boundary),  the  velocity  vector  at  the 
new  time  level  is 

»”* "  =  II  -b  11,  ( II  —  (I  I  (1 .4,, 17) 

/■"  ' '  =  r -b  n„(  II  -  I  I  1 1.4. .18) 

ir"  ' '  —  ir  -b  n  t  II  —  II  I  (1 .4,19) 

Note  that  the  priK'edure  diK's  not  ensure  the  conservation  of 

total  enthalpy,  and  in  some  schemes  the  conservation  of  total 
enthalpy  is  an  important  feature  of  the  interior  point  scheme.  In 
those  cases,  some  modification  of  the  priKcdure  is  required."* 
such  as  the  redefinition  of  the  speed  of  sound  from  Eq.  (I  4. .16) 
to  ensure  constant  total  enthalpy 

1.4.3  Inflow/Outflow  Boundaries 
Supersonic  Flow 

For  supersonic  How  normal  to  the  hound, ir>  .  all  ot  the  charac- 
icrisiic  direciions  arc  ol  ihe  same  si^n.  At  intlow.  all  quantilies 
should  be  specihed.  At  ouitlow.  the  characicrisiic  equations 
can  be  ditTercnccd  in  a  onc-sided  manner  using  information  in 
the  computational  domain  It  is  quite  common,  however,  to 
just  honor  the  domain  of  dependence  constraint  and  extrapolate 
the  state  variable  to  the  boundary  from  the  interior 


17 


Subsonic  Flow 

For  subsonic  flow  normal  lo  the  boundary,  four  boundary 
conditions  can  be  set  at  inflow  and  one  at  outflow.  However, 
it  is  difficult  to  specify  the  boundary  conditions  accurately 
since  the  influence  of  the  computed  airfoil  (body)  is  fell  at 
large  distances  upstream  and  downstream;  (he  assumption  of 
uniform  flow  at  the  boundary  necessitates  the  construction  of 
a  grid  which  extends  quite  far  from  the  airfoil.  By  including 
the  first-order  effect  of  the  circulation  imposed  by  the  airfoil  to 
the  state  variable  vector  at  locations  exterior  to  the  boundary, 
the  boundary  need  not  extend  as  far;  thus,  the  computations 
can  be  restricted  to  a  smaller  domain  with  fewer  grid  points 
and/or  less  stretching.  A  far-field  boundary  correction  is  used 
in  most  transonic  potential  How  methods,  derived  from  the 
linearized  small-disturbance  equation,  although  the  early  work 
of  Murman  and  Cole'  '  used  an  expansion  of  the  nonlinear 
small-disturbance  potential  equation.  For  two-dimensional 
flow,  the  nondimensional  velocity  components  in  the  far  field 
can  be  given  as 


where 
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where  r.tf  are  the  radius  and  polar  angle,  re.spectively;  the 
coordinate  system  is  kx.aled  at  the  center  of  lift  (generally 
the  quarter-chord  for  an  airfoil)  and  the  angle  D  is  defined 
positive  clockwise  from  the  chord  line  extended  downstream 
of  the  (railing  edge.  With  constant  total  enthalpy  and  con¬ 
stant  entropy  specified  in  the  far  field,  the  state  vector  can 
be  constructed  at  regions  outside  the  boundary  of  use  in  the 
cho.sen  boundary  condition  procedure.  An  example  of  includ¬ 
ing  this  effect  on  the  lift  coefficient  of  an  airfoil  is  shown  in 
Fig.  I.4..f.  Assuming  a  IcKally  orthogonal  coordinate  sys¬ 
tem.  where  r  is  the  local  normal  pointing  out  of  the  domain 
(sketched  in  Fig.  1.4.2),  then  the  homentropic  equations.  Eqs. 
(l.4.20)-(  1.4.22).  can  be  used  to  update  the  equations  along 
the  boundary  at  the  new  time  level.  Subcritical  and  supercriti- 
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the  solution  is  dramatically  reduced  The  supercritical  case 
shows  a  stronger  dependence  on  the  outer  boundary  extent,  as 
expected,  due  to  the  increased  lateral  extent  of  the  disturbances 
at  the  higher  Mach  number  The  correction  term,  which  scales 
on  the  lift,  is  effective  in  both  cases  For  subcniical  cases,  cir¬ 
culation  and  lift  arc  both  constant  on  lines  which  encircle  ibe 
airfoil;  for  supercritical  flow,  the  circulation  vanes  in  the  near 
field  since  vonicity  can  he  generated  at  shocks.  The  three- 
dimensional  extension  for  the  perturbations  due  to  circulation 
for  thin  lifting  wings  is  given  by  Klunker.' " 

A  sample  calculation  using  the  analytic  methixl  of  Verhoff 
et  al.''’  is  shown  in  Figs.  I.4.4-I  4  5  for  the  computation  of 
the  flow  over  a  NACA  (K)12  airtbil  at  subcritical  conditions 
Computations  were  done  using  a  baseline  grid  that  extends  40 
chords  from  the  airtbil  and  a  subset  of  the  gnd  that  extends 
only  a  small  distance  from  the  airtbil.  The  inner  pxsrtion 
of  the  baseline  gnd  is  shown.  The  pressure  contours  from 
compulations  on  the  inner  gnd  using  frec-stream  (zero-order) 
and  corrected  (first-order)  conditions  extenor  to  the  boundary 
are  compared  to  calculations  made  with  the  complete  baseline 
grid.  The  pressure  contours  of  the  inner  grid  calculation  agree 
much  closer  when  the  tirst-order  corrections  arc  applied  with 
those  corresponding  to  the  complete  baseline  gnd. 


1.4.4  Surface  Boundaries 


At  a  surface,  the  boundary  condition  is  usually  taken  as  lan- 
gency,  so  that  the  innscjd  velocity  coni|ionent  normal  to  the 
boundary  is  that  of  the  boundary,  which  is  normally  zero.  This 
is  consistent  with  the  characicnstic  analysis  since  only  one 
wave  is  incoming  at  the  boundary.  One  wave  is  outgoing  and 
the  rest  travel  along  the  boundary.  The  flux  at  the  boundary 
simply  reverts  to  the  specification  of  the  pressure 
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The  pressure  at  the  boundary  can  be  determined  from  the 
outgoing  characteristic  relation.  Alternately,  (he  pressure  can 
he  extrapolated  to  the  surface. 


Normal  Momentum  Equation 

Rizzi’’  replaced  the  outgoing  characteristic  relation  with  the 
normal  momentum  equation  at  the  surface  to  determine  the 
pressure.  This  is  one  of  the  most  accurate  and  commonly 
used  methods  for  determining  pressure.  For  the  analysis,  a 
local  coordinate  system 
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Figure  1.4.3  Effect  of  far-field  boundary 
location  on  lift  coefficient  for  NACA  0012 
airfoil  at  subcritical  and  supercritical  conditions. 

cal  ca.scs  are  shown.  Using  free-stream  conditions  lo  evaluate 
far-field  boundary  contributions,  the  lift  coefficient  shows  an 
inverse  radial  dependence  on  the  boundary  extent,  which  is  the 
same  functional  dependence  as  the  leading-order  term  in  the 
far-field  expansion.  Updating  the  boundary  conditions  with 
the  far-field  contribution  corrected  as  above,  the  .sensitivity  of 


is  used,  where  the  boundary  corresponds  to  a  surface  of  con¬ 
stant  I/,  for  example.  The  normal  momentum  equation  can 
be  written  in  terms  of  the  variations  in  the  surface  and  the 
normal  pressure  gradient  as 
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Kutta  Condition 


The  con(ravanan(  velocities  are  below 

I'  —  II  +  +  (,.  II-  (1.4.46) 

ir  =  !,»  «  +  C,I'  +  C;  »'  (1 .4.47) 

and  (tie  contravariant  velocity  I '  is  aero  to  enforce  the  bound¬ 
ary  condition.  The  gradient  of  pressure  at  the  surface  can 
be  used  to  extrapolate  accurately  to  the  surface  using  the  in¬ 
terior  values.  Note  that  ili<  and  need  not  be  orthogonal  to 
the  surface.  The  dcrivati'.,  -lessure  requires  the  evaluation 
of  metric  terms  and  uN.  ^!.lle  variables  along  the  boundary. 
Generally,  these  addiin  ii.il  state  variables  u.sed  to  determine 
the  gradient  are  obtained  hv  extrapolation.  For  example,  the 
density  and  total  inagn  ,  of  velocity  can  be  determined  by 
extrapolating  entropy  n  enthalpy  from  the  interior.  The  di¬ 
rection  of  the  velocity  in  the  plane  of  the  surface  must  also  be 
extrapolated  in  three  dimensions. 

The  normal  momentum  equation  approach  generally  requires 
more  operations  than  the  extrapolation  approaches.  It  is  more 
difficult  to  implement  implicitly  in  a  general-purpose  code 
since  both  normal  and  tangential  derivatives  arc  involved  at  the 
boundary.  For  example,  an  implicit  treatment  of  the  normal 
momentum  equation  leads  to  a  tridi;'  ''nal  system  of  equation 
to  be  solved  at  the  boundary  in  two  dimensions.  For  this 
reason,  these  equations  arc  usually  solved  explicitly. 


It  is  well  known  from  exact  solutions  to  the  potential  (in¬ 
compressible  and  invtscid)  equations  that  the  circulation  or. 
equivalently,  the  lift  must  be  set  in  addition  to  enforcing  Dow 
tangency  on  the  surlacc.’’  At  a  sharp  or  a  cusped  trailing  edge, 
the  circulation  is  usually  set  through  the  enforcement  of  a 
condition  which  avoids  the  occurrence  of  inlinite  veliK'ities  in 
the  solution.  This  condition,  known  as  the  Kutta  or  Kutta- 
Joukowski  condition,  sets  the  overall  lift  in  good  agreement 
with  expenmental  observations;  ’  generally,  the  inviscid  lift  is 
slightly  greater  than  experiment  because  of  the  decambering 
of  the  airfoil  associated  with  boundary-layer  displacement  ef¬ 
fects.  For  a  smooth  body  such  as  a  cylinder,  the  circulation 
has  to  be  specilied  a  priori 

For  numerical  solutions  to  the  Euler  equations  for  sharp-edge 
geometries,  the  Kulta  condition  is  usually  not  sei  directly  in 
the  method.  Rather,  the  dissipation  inherent  in  the  numerical 
scheme  precludes  the  occurrence  of  inlinite  velocities  in  the 
solution.  The  resulting  lift  values  agree  well  with  compressible 
potential  solutions  which  enforce  the  Kutta  condition  directly, 
usually  through  the  specilication  of  tangent  flow  to  the  trading- 
edge  bisector  angle  at  the  trailing  edge  For  suberitical  Hows, 
a  single  value  of  pressure  at  a  sharp  trailing  edge  results 
from  the  streamlines  along  both  the  lower  and  upper  surfaces 
being  brought  to  stagnation.  For  flows  which  have  incurred 
a  loss  of  total  pressure  (eg.,  through  a  shock),  the  local 
structure  of  the  Euler  solutions  downstream  of  the  trailing 
edge  corresponds  to  a  slip  line,  across  which  (he  pressure  is 
continuous  and  the  velocity  is  discontinuous.  The  velocity 
stagnates  on  only  one  side  at  (he  trailing  edge;  equal  pressure 
at  the  trailing  edge  is  attained  through  stagnation  of  the  surface 


Figure  1.4.4  Computational  grid  of  reduced  si/.e  for  suberitical  Euler 


computations  using  zero-  and  (irst-order  far-ficid  boundary  conditions. 


Figure  1.4.5.  Pressure  contours  for  NACA  (X)I2  airfoil  using  zero-  and  (irst-ordcr  boundary 
conditions  on  baseline  grid  and  reduced-extent  grid  of  Fig.  1.4,4  at  .1/^  =  I).'). /i  =  4  di  g. 


streamlines  associated  with  the  hijiher  stagnation  loss  On  the 
surface  of  lower  stagnation  loss,  the  veliKitics  rctnain  non/ero 
and  tangent  to  the  local  surface  orientation.  Stagnation  on 
both  surfaces  is  physically  impossible  in  this  case  since  the 
total  pressures  are  different  along  upper  and  lower  surface 
streamitnes.  This  structure  iKcurs  in  a  ItKal  region  of  the 
trailing  edge,  and  it  is  diflicull  to  resolve  the  resulting  slip  line 
in  numerical  compulations. 

I'he  (low  separation  from  sharp  leading  edges  occurring  in  the 
subsonic  cross-flow  plane  of  swept  wings  at  high  angles  of 
attack  is  also  associated  with  a  Kutta  condition  which  enforces 
smcxrth  flow  from  the  surface.  A  number  of  such  results  are 
presented  in  the  chapter  on  Applications  and  were  obtained 
with  the  Kutta  condition  enforced  by  the  dissipation  inhereiu 
in  the  numerical  scheme.  For  flows  over  smixith  surfaces,  the 
lift  is  set  either  by  flow  separation  la  viscous  effect)  or  through 
specification  of  the  circulation  in  the  far  field;  the  results 
of  Pulliam  presented  in  the  chapter  on  Applications  pose  a 
currcnily  unresolved  challenge  to  stale-of-the-arl  schemes  in 
this  res(X'cl 

Transpiration  and  Displacement  Effects 

For  simulating  viscous  effects  in  Euler  cixlc's.  the  surface 
can  he  moved  so  that  the  flow  is  tangent  to  an  artilicial 
surface  defined  by  projecting  the  boundary  layer  displacement 
thickness  distribution  normal  to  the  surface.  '  "’  Equivalently, 
the  surface  boundary  condition  can  be  modified  to  specify  a 
normal  velixily.  Both  methtxis  are  used  and  give  equivalent 
accuracy  for  representation  of  viscous  effects,  although  the 
latter  formulation  is  somewhat  simpler  since  the  grid  need  not 
be  moved  to  simulate  the  boundary  layer  interaction.  Raj"' 
used  the  transpiration  mixJcl  to  effectively  mixlel  the  effect  of 
variable  flap  de/leciions  during  the  developmenf  phase  of  an 
.idvanccd  aircraft  program. 

1.4.5  Propulsion  Simulations 

in  many  applications,  it  is  not  necessary  to  simulate  the  full 
details  of  ihc  propulsion  .system.  Rather,  the  propulsion  sy.stcm 
can  be  considered  as  a  “black  box’*  across  or  through  which 
the  .stduiiun  can  chance  i»i  a  manner  consistent  with  that  of  a 
complete  modeling.  The  additional  energy  and/or  swirl  added 
by  a  jet  engine  can  be  specihed  at  a  UKaiion  which  might 
represent  a  faired-over  representation  of  the  actual  geometry 
as  a  function  of  engine  thrust,  for  example,  and  thus  avoid 
the  considerable  cost  and  complexity  assiKiaied  with  a  full 
simulation.  The  inllow  and  outflow  conditions  appropriate  to 
an  actuator  disk  model  arc  given  below. 

Outflow 

M(xfcling  the  downstream  end  of  an  engine  or  propeller  cor¬ 
responds  to  an  outflow  ca.se.  since  the  computational  domain 
is  downstream  and  certain  boundary  conditions  need  to  be 
specified  at  a  given  location  (generally  on  a  ptmion  of  an  ax¬ 
ial-normal  or  slanted  plane).  f*or  a  supersonic  outflow,  alt  of 
the  characteri.stics  which  reach  the  actuator  disk  at  the  nev 
lime  level  originate  from  the  engine  side  and.  thus,  all  of  the 
quantities  can  be  specified.  The  total  temperature,  total  pres¬ 
sure,  nozzle  pressure  ratio,  and  direciion.s  of  velocity  can  be 


spcciHed,  ci>rrespi>nding  to  a  ciimpleic  rcconsiruciion  i>f  the 
pressure,  density,  and  veiiKiiy  proliles 

For  a  subsonic  iHittlow  condition,  one  characteristic  reaches 
the  actuator  disk  at  the  new  time  level  from  the  downstream 
Mde.  corresponding  to  the  cornpuiaiional  domain.  Phus.  «>ne 
variable  needs  to  be  extrapolated  from  ihc  ctimpuiaiion  exte¬ 
rior  lo  the  disk  and  the  remaining  tour  have  to  be  sfiecified 
Generally,  the  total  enthalpy  and  total  pressure  of  the  engine 
Is  specified,  as  well  as  the  two  eomtxmenls  of  seUKity  There 
is  some  flexibility  in  the  selection  of  the  variable  ii>  be  extrap¬ 
olated  from  the  computational  domain.  For  instance,  pressure, 
den.sity.  or  magnitude  of  veJtvit)  are  all  valid  choices,  f  aking 
|v|  as  the  extrapolated  variable,  the  temperature  ol  ihe  jei  can 
be  delcrmiiied  by  matching  UHai  cnihalpy  as 

T  =  /!, - ^ — Aivj'  ( I  4.4H) 

*  o  /' 

The  pressure  can  he  deiennined  by  assuming  an  i.seniropic 
cxpan.sion  to  stagnation  conditions  as 

'  (14.44) 

and  then  dcnvily  van  be  rcviivvrvd  ihrough  ihv  vqtialuins  ivl 
slate  I’  -  The  three  velixlly  VDmponenis  van  he 

deiennined  (rum  the  velix'ily  mtignilude  and  Ihe  impDsed  two 
directions  of  veUxily.  The  boundary  vonditions  in  this  vase 
arc  siiiiilar  to  those  required  at  the  upstream  end  of  a  wind- 
tunnel  simuialion.  in  which  ihe  loial  conditions  and  velixily 
directions  are  prescribed  and  one  variable  is  cMrapolaled  from 
the  interior. 

Inflow 

The  upstream  end  of  an  actuator  disk  generally  corrc.sponds 
lo  an  inllow  case,  in  which  the  interior  of  the  computational 
domain  is  exterior  to  the  disk.  For  supersonic  inflow,  all  of 
the  variables  should  be  extrapolated  from  the  interior  of  the 
cornpuiaiional  domain.  Thus,  all  of  the  mass  which  impinges 
on  the  disk  is  swallowed  by  the  device.  For  subsonic  inllow. 
one  charaeicii.Ni^  ik...>hes  die  di.sk  at  die  new  time  level  from 
the  intcriorof  the  mtHfclcd  system.  Thus,  four  quantities  can  be 
cxirapidaicd  from  the  computational  domain  and  one  variable 
spccihed.  The  pressure  and  all  veliK-ity  components  can  he 
extrapolated  fr<*m  the  compuialional  domain  interior.  Since 
the  mass  flow  should  be  conserved,  an  attractive  boundary 
condition  option'''  is  to  spccily  the  mass  flow  at  inflow  df  tt) 
provide  a  means  of  stK’cifying  the  density  as 

,/( V  ■  n.'l )  (1 .4.50} 

Here,  .1  is  the  UkuI  surface  area  of  cells  that  abut  the  disk, 
v  n  is  (he  vchK'iiy  normal  lo  the  disk  extrapolated  from  the 
interior  of  the  computational  domain,  and 

.y.,.i.,  =  '^A  (14.51) 

where  the  summation  c.xtcnd.s  over  those  cell  areas  that  abut 
(he  inlet  disk  area. 
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1^  EXACT  SOLUTIONS 

Knowledge  of  exact  solutions  to  the  buler  equations  is  in¬ 
valuable  in  evaluating  numencal  accuracy  and  provides  an  in¬ 
creased  understanding  of  the  mathematical  and  physical  nature 
of  inviscid  flow.  Before  recent  advances  in  numencal  tech¬ 
niques  and  an  Increase  in  computational  capabilities,  much 
theoretical  work  was  conducted  to  obtain  analytic  solutions 
for  inviscid  flow.  This  work  combines  to  form  the  fundamen¬ 
tal  basis  for  our  understanding  of  much  of  gas  dynamics.  In 
particular,  the  solutions  of  primary  importance  in  this  category 
include  shock  waves,  expansion  fans,  and  contact  discontinu¬ 
ities. 

However,  in  spite  of  several  successes  at  obtaining  analytical 
solutions  such  as  those  mentioned  above,  a  general  technique 
for  obtaining  closed-form  solutions  is  not  available  With  few 
exceptions,  further  simplifying  a.ssumptions  must  he  made  in 
order  for  the  governing  equations  to  be  solvable  in  clo.sed  fonn. 
Therefore,  much  of  the  theoretical  work  is  centered  around  the 
potential  flow  equations,  which  assume  irrotational  and  isen- 
tropic  flow.  Despite  the  limitations  of  these  assumptions,  po¬ 
tential  flow  theory  has  provided  many  reference  solutions,  as 
well  as  valuable  insight  into  the  character  of  both  incompress¬ 
ible  and  compressible  flows. 


1^.1  Similarity 

Before  numerical  solution  I'f  compressible  flows  became  preva¬ 
lent,  theoretical  work  concentrated  on  extending  incompress¬ 
ible  solutions  to  represent  compressible  ones  and  to  relate 
flows  at  a  given  Mach  number  to  those  at  another  Mach  num¬ 
ber.  Thc.se  techniques  rely  laigcly  on  simplitied  forms  of  the 
Euler  equations.  By  first  assuming  isentropic  and  irrotational 
flow,  the  governing  equations  can  be  expres.scd  in  terms  of  a 
velocity  potential  as' 
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where  the  veltKities  in  the  r,  y.  and  ;  directions  arc  given  in 
terms  of  the  veUx’ity  potential  as 


i;  =  Or 

r  —  o,j  (1.5. 2) 

If  —  O; 

Equation  (1.5.1)  represents  a  nonlinear  partial  differential 
equation  for  o  in  terms  of  j\  ij.  and  :. 

Unfortunately,  because  this  equation  remains  nonlinear,  ana¬ 
lytic  solutions  of  this  equation  arc  still  not  available  without 
further  simplifications.  For  example,  invoking  the  assump¬ 
tion  of  incompres,siblc  flow  (a  —  sc)  immediately  yields 
Laplace’s  equation:  a  linear  partial  differential  equation  with 
well-established  solution  techniques  such  as  complex  vari¬ 
ables.  Also,  because  the  resulting  equation  is  linear,  many 
solutions  can  be  obtained  by  superposition  of  other  known 
solutions.  Examples  of  exact  solutions  that  reflect  the  incom¬ 
pressible  assumption  include  source/sink  flows,  vortices,  and 


doublets.  The.sc  fundamental  solutions  can  he  combined  to 
obtain  solutions  over  simple  conliguraiions  such  as  circles  and 
other  elliptically  shaped  bodies  both  with  and  without  ciaula- 
tion.  In  addition  to  the  wealth  of  knowledge  available  to  an¬ 
alytically  solve  Laplace's  equation  for  simple  configurations, 
many  numerical  techniques  also  exist  fur  obtaining  solutions 
over  complicated  shapes;  the  predominant  nieihisls  are  panel 
methods  that  are  based  on  (jiccn's  function  solutions 


Because  of  the  advantages  of  solving  Laplace's  equation,  it 
IS  natural  to  seek  other  assumptions  that  will  lurthcr  simplify 
Eq.  (I  5.1)  to  make  it  aoKnable  to  solution  One  method 
of  achieving  this  goal  is  to  assume  that  the  flow  is  perturbed 
only  slightly  from  the  free-stream.  With  this  assumption,  the 
velixity  potential  in  Eq.  (15  I)  can  be  wntten  as  a  Ifee-stream 
component  plus  a  perturbation; 

o( .r.  //.:)  =  .1' I -I-  ii  1  1- .  1/ .  ; )  (  1  5 . .)  I 

Alter  substitution  into  Eq.  ( 1  5.1 1  cenaiii  terms  are  discarded 
based  on  an  order-of-magniiude  analvsis.  and  Eq.  ( 15  1 )  can 
be  written  as' 
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This  is  the  so-called  small-perlurbation  equation,  which  is 
valid  lor  subsonic.  su|XTsonic.  and  iransoiiic  flow 


If  the  free-stream  flow  is  subsonic  and  mil  loo  close  lo  ,Mach 
1.  Eq.  (1.5.4)  can  he  further  simplified  lo 
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(1,5.5) 


fhis  CM  he  cxpre.ssed  again  in  the  form  of  Laplace's  equalion 
by  applying  an  affine  trinsformaiion  to  this  equalion.  This 
leads  to  scaling  laws  such  as  ihc  Prandil-Glauen  and  Gdlhcn 
rules,  which  allow  the  subsonic  compressible  flow  past  a 
certain  profile  to  be  related  lo  the  incompressible  flow  past 
a  second  affinely  related  profile. 


If.  on  the  other  hand,  the  flow  is  purely  supersonic,  Eq,  ( 1 .5.5) 
can  be  written  as 

which  i,s  a  hyperbolic,  sccond-ordcr.  linear  partial  differen¬ 
tial  equation.  Although  this  equalion  can  not  he  reduced  to 
Laplace's  equation,  it  is.  nevertheless,  a  linear  qualion  and 
can  he  solved  using  linear  techniques. 


Transonic  similarity  laws  have  also  been  obtained  by  Gudcrlcy' 
in  1946  and  by  Von  Karman^  and  Oswalilsch*^  in  1947.  Ex¬ 
tensive  review  of  similarity  laws  for  compressible  flow  can  be 
found  in  Refs.  6  and  7  as  well  as  in  several  textbooks  such 
as  Refs.  2  and  ,8Considcring  two-dimensional  flow,  through 
a  transformation  of  the  form 

=  .\  //}  (1.5.7) 


the  parameters  *.  and  the  thickness  parameter  r  can  he 
combined  into  a  single  transonic  .similarity  parameter  k 
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Similar  solutions  are  obtained  by  keeping  this  parameter  in¬ 
variant  regardless  «t'  Maeli  number,  thickness  parameter,  or 
ratio  ol'  specific  heuis.  Afterward,  the  lift  and  pressure  coeffi¬ 
cients  can  be  corrected  acctHding  to 


Cl,  =  .Ui, 

C,„  =  AC,, 


(1.5.9) 


where 

+  1 .1/;  1  -  .1/,- 


(I  5.10) 


For  example,  if  the  flow  over  a  specified  airfoil  is  known  for 
air  =  1.1)  at  a  Mach  number  of  O.h.  then  by  matching  the 
similarity  parameter,  it  is  found  that  this  solution  corresponds 
to  one  at  a  Mach  number  of  0.)(I4  in  different  gas  correspond 
ing  to  =  1.1.  Although  the  preceding  discussion  is  lor 
iwivdimensional  How.  three-dimensional  scaling  laws  exist  as 
well,  but  require  modilications  to  the  aspect  ratio  to  mainlain 
similarity.'' 


13.2  Hodograph  Solutions 

For  obtaining  analytical  solutions  for  purely  supersonic  Hows, 
or  for  subsonic  flows  not  tix>  close  to  a  unity  .Mach  number, 
the  lineari/ed  ptitential  flow  Eqs.  (1.5.5)  and  (1.5  6)  can  he 
utilized  as  previously  mentioned.  However,  for  flows  with 
mixed  regions  of  subsonic  and  supersonic  flow,  one  must  re¬ 
sort  to  using  Eq.  (1.5.4)  which  is  not  generally  solvable  in 
closed  form.  However,  one  method  that  has  been  effective 
for  yielding  exact  two-dimensional  solutions  is  the  hodograph 
method."’  which  transforms  the  stream-function  form  of  the 
transonic  small-disturhancc  equation  into  a  linear  partial  dif¬ 
ferential  equation  by  changing  the  dependent  variables  from 
the  spatial  cixirdinates  .r  and  y  lo  ihc  flow  speed  \  and  the 
flow  angle  «  as 


Solutions  to  this  equation  are  found  using  standard  techniques 
such  as  separation  of  var  ables.  Once  a  solution  has  been  found 
for  this  equation,  the  p  lysical  geometry  must  be  determined 
for  which  the  solution  apolies.  Although  many  solutions  may 
not  yield  physically  realistic  sl'..-rx:s.  several  papers  present  so¬ 
lutions  for  the  htxiograph  cquatir.n  for  which  the  corresponding 
geometries  arc  representative  of  a  flow  of  interest."'"  Ref¬ 
erence  21  contains  extensive  theory,  as  well  as  application  of 
the  hodograph  transformation  while  Ref  18  presents  a  useful 
summary  of  exact  solutions  and  relevant  references. 

One  of  the  most  widely  used  hodograph  solutions  in  recent 
years  for  validating  accuracy  of  numerical  solutions  to  the 
Euler  equations  is  that  of  Ringleb.'""’  Shown  in  Fig.  1.5.1. 
the  physical  flow  corresponds  to  that  through  a  curved  duct. 
The  flow  begins  subsonically.  accelerates  to  supersonic  flow 
arixind  the  “nose”  of  the  duct,  and  then  decelerates  to  subsonic 
flow  without  a  shock.  As  previously  mentioned,  this  flow  has 
been  used  by  various  researchers  to  evaluate  the  numerical 
accuracy  of  Euler  solutions  by  comparison  with  this  exact 
solution. 
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Figure  1.5.1  Ringleb  flow 


1.5.3  Shockless  Airfoils 


Although  Ringleb  Ilow  is  clearly  a  case  tn  ^hich  the  IU>\^  can 
deccleraie  from  supersonic-  u>  subsonic  Mow  without  a  shock, 
shock-free  transonic  Mows  over  airfoils  arc  rare.  In  the  work 
of  Bauer.  Garabcdian.  and  Korn."  numerical  solutions  to  ihc 
hodograph  equation  have  hcerr  u.sed  to  obtain  shock-free  tran¬ 
sonic  stMutions  for  airfoils.  A  further  e’^amplc  i>f  a  shock- 
free  transonic  airfoil  is  the  NLR  7.^)1  airfoil,  which  has  been 
used  as  a  standard  test  case  for  numerical  methods  for  invis- 
cid  Mow.  Note  that  these  solutions  are  obtained  by  discrcii/ing 
the  htxiograph  equation  and  obtaining  a  solution  numerically. 
These  solutions  arc.  therefore,  exact  in  that  they  have  not 
been  analytically  obtained,  but  do  provide  st>lutit>ns  for  tran¬ 
sonic  Mow  in  which  iscniropic  deceleration  from  supcrstmic  to 
subsonic  Mow  is  present. 


1.5.4  Nonunique  Solutions 


Although  nonunique  .solutions  have  been  known  lo  exist  for 
the  potential  flow  equations.''’  "  until  recently,  the  existence  of 
nonunique  solutions  for  the  Euler  equations  has  been  largely 
speculative.  In  fact,  the  Euler  equations  were  used  in  the 
previous  references  26-27  to  validate  the  nonuniqucncss  of 
the  potential  assumption.  During  these  studies,  nonunique 
solutions  were  sought  with  the  Euler  equations;  however  none 
were  found. 

For  the  potential  Ilow  equations,  the  nonuniqueness  has  been 
attributed  lo  the  breakdown  of  the  validity  of  the  assumptions 
inherent  in  the  equation  (namely,  the  assumptions  of  irrota- 
tional  and  iscniropic  flow).  Because  the  Euler  equations  do 
not  make  these  assumptions,  the  appearance  of  nonuniqucne.ss 
has  until  recently  been  .somewhat  doubtful.  However,  in  1991 , 
Jameson’"  computed  nonunique  .solutions  for  four  airfoils  de¬ 
signed  by  an  optimization  mclhtxl  based  on  control  theory.''' 

An  example  of  nonuniqucncss  for  one  of  the  airfoils  (denoted 


•  • 


as  J-78)  is  shown  in  Fig.  I.S.2.  This  airtoil  was  iksignetJ 


Figure  1.5.2  Examples  of  nonunique 
solutions  to  Euler  equations. 


for  a  Mach  number  of  0.78  and  a  lift  coefhcicnt  of  0.6. 
Figure  1.5.2  clearly  shows  the  nonunique  behavior  of  this 
airfoil  as  evidenced  by  the  lift  coelficient  exhibiting  multiple 
values  at  a  given  angle  of  attack.  As  mentioned  in  Ref 
28,  this  nonuniquene.s.s  persists  even  on  very  fine  grids  and 
provides  strong  evidence  that  Euler  solutions  for  airfoils  are 
not  necessarily  unique. 


U.5  Exact  Solutions  for  Supersonic  Flows 

For  supersonic  flows,  several  exact  solutions  exist.  Particu¬ 
larly,  for  flows  without  shocks,  the  equations  are  isentropic 
and  irrolational  and  lead  to  ,soluuons  such  as  Prandtl-Meyer 
expansions.  However,  even  for  flows  with  shock  waves, 
many  solutions  exists  for  simple  wave  flows  such  as  wedges, 
cones,  converging-diverging  ducts,  diamond-shaped  airfoils, 
and  flows  around  blunt  bodies.  Techniques  for  solving  these 
problems  are  discussed  in  many  textbooks  on  gas  dynamics 
and  aerodynamics.’"  ” 


1^.6  Riemann  Problem 

One  of  the  most  important  exact  solutions,  which  has  proved 
very  useful  in  designing  numerical  schemes,  is  Riemann’s 
initial  value  problem.'^  This  is  a  generalization  of  a  shock 
tube  problem  in  which  initial  conditions  are  specified  across 
a  diaphragm,  but  the  velocity  on  either  side  of  the  diaphragm 
may  be  nonzero.  At  f  =  0,  the  diaphragm  is  instantaneously 
broken,  and  the  evolution  of  the  flow-field  is  tracked.  At  a 
given  lime,  the  general  solution  con,sisl.s  of  a  shock  wave  and 
a  contact  discontinuity  traveling  in  one  direction  with  a  speed 


of  u-i-u  and  u.  respectively,  while  an  expansion  Ian  is  traveling 
in  the  opposite  direction  at  speed  u  -  ,i  iSee  Fig  15  .f ) 
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Figure  \  .5  }  Riemann  problem 

In  Fig.  1.5.3.  a  .shtxk  wave  j.v  imveling  to  ihe  nghi  which 
results  in  a  sharp  increase  in  the  ciensiiy.  velcHrity.  and  pressure 
as  it  pas.ses.  The  expansion  is  traveling  to  Ihe  left  and  induces 
a  more  gradual  increase  in  the  velocity  of  the  Huid  that  was 
originally  to  the  leti  ot  the  diaphragm.  The  contact.  alst> 
traveling  to  the  right,  induces  a  jump  in  the  density,  but  has 
no  effect  on  the  pressure  and  velocity, 
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Chapter  2 

Numerical  Schemes  and  Algorithms 


2.1  DISCRETIZATION  TECHNIQUES 

In  order  to  describe  the  numerical  methods  currently  used  for 
solving  the  system  of  Euler  equations,  we  have  to  begin  with 
a  brief  presentation  of  the  discretization  techniques  which  al¬ 
low  to  transform  the  continuous  problem  into  a  system  of 
discrete  equaaons  to  be  solved  on  a  computer. 

Three  main  steps  can  be  considered.  First,  the  space-time 
discretization  concerning  the  independent  variables  (this  is 
the  mesh  generation  problem),  then  the  choice  of  a  discrete 
representation  of  the  flow  variables  (approximation  of  depen¬ 
dent  variables)  and  thirdly  the  derivation  of  a  set  of  discrete 
equations  linking  the  flow  variables  on  the  grid  in  space  and 
time  (definition  of  a  numerical  scheme). 

Grid  generation 

The  mesh  generation  techniques  have  become  a  field  of 
research  and  experti.se  which  the  quality  of  numerical  results 
greatly  depends  on.  This  important  subject  is  treated  in  detail 
in  Section  2.2,  but  it  is  necessary  to  introduce  here  a  few 
ideas  for  presenting  the  following  steps  of  equation  discreti¬ 
zation. 

At  first,  the  space-time  domain  where  the  problem  is  to  be 
solved  must  be  discretized.  Except  for  very  special  situations, 
the  time  and  the  space  dimensions  are  treated  independently 
and  however  complex  could  be  the  space  discretization,  the 
dependent  variables  are  all  represented  at  same  time  values. 

The  space  discretization  process  consists  in  replacing  the  con¬ 
tinuous  three-dimensional  domain  where  (he  flow  is  studied 
by  a  mesh  or  a  grid  made  of  points  or  nodes  connected  by 
edges  and  faces  which  bound  cells  or  elements.  The  union  of 
the  cells  forms  a  partition  of  the  whole  computational 
domain. 

The  common  practice  in  mesh  generation  is  to  use  either  tri¬ 
angular  or  quadrilateral  cells  In  two  dimensions  (tetrahedral 
or  hexahedral  in  three  dimensions). 

The  overall  arrangement  of  these  cells  may  be  either  ’  struc¬ 
tured  or  unstructured  . 

The  structured  grids  are  made  of  families  of  grid  lines  in  two 
dimensions  (2D)  and  of  families  of  grid  surfaces  in  three  di¬ 
mensions  (3D).  These  grid  lines  or  grid  surfaces  are  indexed 
by  integers  so  that  each  node  at  their  intersection  is  indexed 
by  a  .set  of  indices.  The  cells  with  the  nodes  as  vertices  can 
be  indexed  in  the  same  way.  Connectivity  rules  are  identical 
for  all  cells  so  that  we  can  invoke  a  "stencil". 

in  contrast,  the  unstructured  grids  consist  of  an  arbitrary  as¬ 
sembly  of  cells  with  only  the  possibility  to  index  each  one  by 
a  single  integer  and  no  regular  pattern  or  relationship  exists 
between  cell  and  node  numbering.  The  data  structure 
management  necessitates  the  definition  and  the  storage  of 
pointers  and  index  tables. 

Besides  the  nrxlcs  previously  described  as  vertices  of  the 
cells,  it  can  be  useful  to  consider  other  points  in  the  grid 
where  discrete  dependent  variables  are  defined.  We  mean  for 
example  mid-points  of  edges  and  centroids  of  faces  or  cen¬ 
troids  of  primary  cells.  It  is  natural  to  use  these  auxiliary 


points  to  build  secondary  cells  and  this  will  be  illustrated  in 
the  subsection  2.1.2  about  finite  volume  methrxls  where  the 
distinction  between  cell-centered  and  cell-vertex  schemes  is 
made. 

Approximation  of  dependent  variables 

After  the  discretization  of  the  space  and  time  independent 
variables  we  can  proceed  to  the  discrete  representation  of  the 
dependent  or  flow  variables.  The  crudest  and  the  simplest 
discrete  representation  of  a  .scalar  function  of  several  in¬ 
dependent  variables  is  limited  to  setting  up  the  values  of  this 
function  at  the  grid  points  without  concern  of  its  value  else¬ 
where.  This  idea  is  the  basis  for  the  finite  difference  ap¬ 
proach  which  is  almost  always  applied  with  structured  2D 
quadrilateral  or  3D  hexahedral  grids  of  either  cartesian  or 
more  often  body-fitted  curvilinear  type. 

The  alternative  for  the  discrete  approximation  of  functions  on 
a  grid  is  to  consider  piecewise  polynomials  locally  defined  on 
each  cell  by  a  small  number  of  values  or  "degrees  of  fre- 
dom”.  This  topic  is  covered  by  the  theory  of  approximation 
and  interpolation  in  many  mathematical  textbooks  and  is  par¬ 
ticularly  important  for  the  design  of  finite  element  methods 
and  of  spectral  methods. 

The  pointwise  approximation  used  for  finite  differences  could 
be  included  in  the  general  theory  of  approximation  by  resort¬ 
ing  to  the  Dirac  measure  but  that  is  of  little  practical  interest. 

In  the  cla.ss  of  piecewi.se  polynomial  approximations,  the  sim¬ 
plest  one  is  the  piecewise  constant  approximation  and  it  is 
the  basis  for  the  finite  volume  methods  described  in  subsec¬ 
tion  2.1.2. 

Piecewise  linear  approximation  is  generally  associated  with 
triangular  or  tetrahedral  meshes,  piecewise  bilinear  with  qua¬ 
drilateral  meshes  and  trilinear  with  hexahedral  meshes.  The 
approximate  functions  ate  cither  continuous  (most  frequently 
in  finite  element  methods)  or  discontinuous  (in  finite  volume 
methods). 

Higher  order  polynomials  also  deserve  some  attention.  For 
instance,  piecewise  parabolic  interpolation  has  been  the 
specific  device  attached  to  the  PPM  method  proposed  by 
Woodward  and  Collela'.  More  recently,  high  order  polynomi¬ 
al  interpolation  has  been  included  in  the  "reconstruction  step" 
for  Essentially  Non  Oscillatory  (ENO)  schemes  developed  by 
Harten-  and  Osher’. 

Derivation  of  the  discrete  equations 

We  now  reach  the  third  stage  in  the  discretization  process, 
namely  the  derivation  of  the  discrete  equations  linking  flow 
variables  on  the  grid  at  different  time  steps.  Three  distinct 
routes  may  be  taken  according  to  the  choice  of  a  formulation 
representing  the  system  of  Euler  equations. 

1.-  Finite  Difference  Methods: 

Starting  from  one  system  of  first  order  partial  differential 
equations  (in  conservation  form  or  not),  lime  and  space 
derivatives  are  replaced  by  finite  differences  resulting  from 
the  application  of  Taylor  series  at  grid  points. 
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2  -  Finite  Volume  Methods: 

The  integral  form  of  the  Euler  equations  given  by  Eq.  (1.3.1) 
and  corresponding  to  the  laws  of  conservation  for  mass, 
momentum  and  energy  are  applied  on  each  cell  with  the  as¬ 
sumption  of  a  constant  value  for  the  conservative  quantities 
(p.pu.pE)  whereas  the  definition  of  the  fluxes  on  the  cell 
boundary  allows  a  considerable  number  of  variants  for  con¬ 
trolling  the  accuracy,  the  robustness  and  the  efficiency  of 
these  methods.  The  only  mandatory  rule  is  that  the  flux 
evaluation  on  an  interface  between  two  cells  be  the  sarrre  for 
ensuring  the  conservation  property. 


Schmidt  and  Turkel 

2.1.1  Finite  Difference  Techniques 

As  said  before,  the  finite  difference  rrrethods  rely  upon  the 
approximation  of  a  derivative  by  the  ratio  of  two  differences 
according  to  the  definition  of  this  derivative  and  with  an  ord¬ 
er  of  accuracy  which  is  estimated  by  Taylor  expansions.  The 
simplest  and  largest  use  of  finite  difference  discretization  for 
solving  the  Euler  system  of  equations  actually  appears  in  the 
approximation  of  the  time  derivative. 


3  -  Finite  Element  Methods: 

The  weak  formulation  of  Euler  equations,  such  as  the  one 
given  by  Eq.  (1.3.13)  is  applied  after  the  choice  of  the  spaces 
of  approximation  both  for  the  dependent  variables  and  the 
test  functions.  T.'iangles  in  2D  and  tetrahedra  in  3D  are  sys¬ 
tematically  chosen  by  practitionners  of  finite  element 
methods.  However,  the  name  of  finite  element  irrethod  should 
be  reserved  to  the  case  where  test  functions  are  at  least  poly¬ 
nomial  of  degree  one.  since  the  use  of  a  test  function  which 
is  constant  by  cell  boils  down  to  the  finite  volume  approach. 


For  a  function  u(.t,  r )  =  u, (()  its  first  derivative  at  time  ( 
IS  defined  by: 


du,  u,(/  +  A/)  -  u,(t) 

- =  lim  - 

<1/  a/  -ai  Ai 


(2.1.1) 


If  we  consider  a  uniform  time  discretization  with  t"  =  n  At 
and  =u,(r").  this  time  derivative  can  be  approximated 
by  the  following  finite  difference  formulas: 


At  this  point  it  is  interesting  to  notice  that  the  three  previous 
methods  for  deriving  discrete  equations  can  lead  to  very  simi¬ 
lar  results  and  it  is  often  possible  to  show  the  equivalence  of 
some  finite  difference  and  finite  volume  schemes  on  struc¬ 
tured  grids  and  of  some  finite  volume  and  finite  element 
methods  on  unstructured  triangular  grids.  Other  discretization 
methods  exist  but  are  only  marginally  used  compared  to  the 
three  previously  mentioned  methods.  Namely  they  ate  the 
spectral  methods  and  fluctuation  splitting  approaches,  the  first 
one  is  somewhat  related  lo  finite  element  discretization  since 
it  uses  continuous  basis  functions  which  are  generally  some 
high  order  polynomials  but  of  non  local  support,  in  contrast 
with  the  case  of  finite  elements.  Some  link  can  be  found 
also  with  finite  differences  by  the  fact  that  the  grid  of  collo¬ 
cation  points  is  of  structured  type  for  two-  or  three- 
dimensional  problems.  The  continuous  approximation  is  not 
very  .suitable  for  .solution  of  Euler  equations  with  discontinui¬ 
ties  without  resorting  to  complicated  shock-fitting  or  shock¬ 
tracking  and  it  .seems  that  no  production  code  exists  based  on 
spectral  methods.  The  fluctuation  splitting  approach  is  rela¬ 
tively  recent  ■*  and  it  can  be  considered  as  an  attempt  to  mim¬ 
ic  the  propagation  of  characteristic  waves  in  order  to  replace 
the  rather  one-dimensional  evaluation  of  normal  fluxes  in 
finite  volume  methods  by  a  more  multidimensional  concept. 

Time  and  space  discretization 
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These  formulas  are  respectively  forward,  bac.  ward  and  cen¬ 
tral  finite  difference  approximations  at  l”  and  are  first  order 
accurate  for  the  one-sided  difference  formulas  Eq,  (2. 1, 2-3) 
and  second  order  accurate  for  the  central  approximation  Eq. 
(2.1.4)  .  However  one  can  see  that  Eq.  (2.1.2)  is  second  ord¬ 
er  accurate  with  respect  to  the  value  of  the  time  derivative  at 
,  =r"*''’  =  (n-i-l/2)  Ar  . 


In  order  to  be  more  prcci.se  and  to  give  an  example  of  such 
finite  difference  formulas,  consider  the  one  dimensional  Euler 
system  of  equations: 


dw 

dr 


(2.1.5) 


What  has  been  said  above  concerns  more  the  space  discreti¬ 
zation  than  the  way  the  time  variable  influences  the  design  of 
a  numerical  method.  Let  us  assume  first  that  we  are  consider¬ 
ing  a  time-dependent  problem  where  the  time  evolution  of 
the  discrete  solution  must  be  represented  accurately.  It  seems 
natural  with  present  day  three^imensional  problems  to  pro- 
po.se  that  time  and  space  discretization  would  be  made 
separately.  However,  with  one  space  dimension  equations  for 
which  the  early  finite  difference  schemes  where  studied,  it 
was  logic  to  discretize  together  the  time  and  space  deriva¬ 
tives. 

The  Lax-Friedrichs  and  Lax-Wendroff  schemes  which  were 
at  the  basis  of  the  numerical  solution  of  hyperbolic  systems 
of  equations  indeed  combine  time  and  space  discretization 
(see  section  2.4  below).  Both  are  two-level  explicit  schemes. 
This  is  also  the  case  for  the  family  of  implicit  .schemes 
derived  by  Lerat  as  an  extension  of  the  Lax-Wendroff 
schemes.  They  also  combines  both  lime  and  space  di.scretiza- 
tion  in  a  coupled  manner. 

By  contrast,  when  space  discretization  is  made  first,  leading 
to  what  is  called  a  semi-discretization,  the  resulting  system  of 
ordinary  differential  equations  in  lime  can  be  solved  by  vari¬ 
ous  methods.  Two  cla.sses  of  time  integration  methods  widely 
used  for  solving  Euler  equations  are  the  linear  multistep 
methods  specially  studied  and  used  by  Beam  and  Warming  ' 
and  the  Runge  Kutta  methods  mainly  developed  by  Jameson. 


It  can  be  discretized  in  time  (semi-discretization)  by  finite 
differences  according  to: 


( I  +  ^)  Aw"  -  ^  Aw" 


OX  ax 


-r  (0  -  4  -  1/2)  C>(A/‘)  +  OlAt'^) 

The  linearization  of  the  F"*'  term  as  introduced  by  Briley 
and  Me  Donald  ’  can  be  used: 

F"*'  =  F"  -I-  At  -H  0(Ar*) 

dl 

dF 

=  A"  Aw"  +  OiJSJ),  A  =  -^ 

d/  dw 


giving: 

( I  +  ^  +  A/  8  ^  A"  )  Aw"  = 
ox 

dF" 

-  At  +  E  Aw"-'  +  (e-£-l/2)  0(A;-)  (2.1.6) 
dx 

with  second  order  accuracy  if  0  =  1/2  + 

Explicit  (0  =  0)  and  implicit  schemes  are  obtained  after  a 
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space  discretizalion  and  we  get  the  family  of  the  Beam  and 
Waiming  schemes  '  if  centr^  discretization  is  used  for  the 
space  derivatives  (see  Section  2.4.2  for  a  di.seus.sion  of  these 
schemes). 

When  space  and  time  discretizations  are  made  independently, 
we  can  reverse  the  order  of  them  and  begin  with  the  space 
discretization.  For  a  function  v  (,r),  considering  a  uniform  dis¬ 
tribution  of  points  j>,  =  iX<.  with  nodal  values  v,  =  v  (.t, ), 
the  approximation  of  the  first  derivative  of  v  can  be  cliosen 
according  to  one  of  the  following  finite  difference  formulas; 


—  +  0(&»  );  8*v,  =  (2.1.7) 


— —  -1-  t)(8i<);  5  V,  =  (2.1.8) 

Ox 


r  ' 

Jv 

dv 

dx 

dx 

dv 

dx 

t 

dx 

'‘± 

dx 

1 

-t-  (ii&t-);  8v,  =  ''.♦i.2“t'i-i  2  l^.l.*)) 


Direct  application  of  these  finite  difference  tormulas  to  the 
derivative  in  Eq.  (2.1.5)  can  be  considered  with  a  preference 
for  the  third  one  which  is  second  order  accurate  giving: 


+  -  f.-i  :•  f  Sx  =0 


(2.1.10) 


Expressing  F,,|,2  in  terms  of  the  nodal  values  w,  (with  a 
very  large  numter  of  possibilities)  leads  to  a  (non  linear)  sys¬ 
tem  of  ordinary  differential  equations  to  be  solved  by  an  ap¬ 
propriate  time  integration  such  as  the  linear  mullistep  or  the 
Runge-Kutta  methods. 

If  we  restrict  ourselves  to  the  case  of  two-  (time)  level 
difference  .schemes,  the  most  useful  formulation  of  such 
schemes  is: 


Aw,  =  -  a(h,^|,.2  -  h,.|,2)  ;  o  =  Ar/8x 
with  a  numerical  flux: 


(2.1. II) 


h,»i;2  =  h'-^'('»,-/»i--w,+/;Aw,.,,,,,,..,Aw,*,,;a)  (2.1.12) 

where  ’  is  a  continuous  function  satisfying  the  consistency 
condition: 

h'^ ’(w....w;0,...0;a)  =  F(w)  for  any  w  (2.1.13) 

Eq.  (2.1.1 1)  represents  a  discrete  conservation  (aw  in  a  cell 
c,  =  [((-1/2)  8x  .  (/-)-l/2)  8x]  if  we  consider  w,  as  a  local 
average: 

w  =  -^  f  w(x  ,n  A/  )dx 

f\Y  J 


and  h,»|  I  as  a  time  average  of  the  flux  accross  the  cell  side 
X  =  (i-)-l/"2)6x. 

Schemes  written  in  the  form  given  by  Eq.(2.1.l  1-13)  are  said 
to  be  conservative  because  summation  of  Eq.(  2.1.11)  over  a 
set  D  of  contiguous  cells  provides,  by  cancellation  of  numer¬ 
ical  fluxes  at  interior  interfaces,  a  discrete  form  of  the  conser¬ 
vation  law  on  D : 

D  =  C,  =  ((/7-l/2)5.t,(</-i-l/2)8x ). 


J  |w(x.(n-(-l)A/)  -  w(x,nA/))</x  =  -  At(h,,*|  i  -  h,,-i  2* 


The  usefulness  of  conservative  schemes  results  from  their 
property  of  capturing  discontinuities  with  the  correct  levels 
corresponding  to  the  Rankine-Hugoniot  relations.  We  shall 
come  back  on  this  point  when  discussing  (he  finite  volume 
discretization. 

A  very  detailed  study  of  finite  difference  schemes  for  1-D 
hyperbolic  problems  has  been  presented  by  Lerai  *  with  em¬ 
phasis  on  space-centered  approximation.  From  the  large  class 
of  schemes  discussed  one  can  extract  a  yet  very  general  sub¬ 
class  of  two-level  either  explicit  or  linearly  implicit  schemes 
involving  at  most  three  points  at  the  new  time  level: 

Aw,  +  1/2  o  8(Mp(Aw)],  -  1/4  8lP8(Aw)], 

=  -  o  6(pF),  ■(-  1/2  6(QSw),  (2.1.14) 

where  pw,.,,,!  =  1/2  (w,-i-w,  ,^,),  and  M,.,i2.  P,»i  2 
Q,.ji  2  are  3x3  matrices  depending  on  the  values  of  w  at 

This  class  of  schemes  contains  niosi  of  iwo-level  schemes 
such  as  first  order  upwind  and  TVD  schemes,  the  second  ord¬ 
er  centered  schemes  of  Beam  and  Warming  and  the  generali¬ 
zation  of  explicit  and  implicit  Lax-Wendroff  schemes  pro¬ 
posed  by  Lerat'*.  A  grxsd  representative  of  this  family,  namely 
an  implicit  Lax-Wendroff  scheme  of  second  order  of  accura¬ 
cy.  is  given  below: 

Aw,  -  1/2  a-  S|(pA)-  8(Aw)|, 

=  -  (3  8<pF),  -I-  1/2  o-  8|(pA)  8F1,  (2.1.15) 

Until  now.  wc  have  considered  only  one  dimensional  finite 
difference  schemes.  Extension  of  these  schemes  to  the  multi¬ 
dimensional  Euler  system; 

dw  /  dr  -r  aF  /  a.v  -I-  dG  /  dy  +  dH  /  d:  =0  (2.1.16) 

is  relatively  straightforward  if  a  cartesian  grid  is  used  even 
though  the  numt«r  of  possibilities  is  quickly  increasing  for 
the  approximation  of  higher  order  space  derivatives,  for  ihe 
linearization  of  the  F.  G  and  H  fluxes  and  for  the  combina¬ 
tion  of  differentiation  and  linearization 

For  example,  direct  extension  of  (he  explicit  Lax-Wendroff 
scheme  can  be  made  either  according  to  the  Ni  scheme  using 
a  predictor  at  the  mid-cell  point  or  according  to  another 
scheme  with  a  predictor  step  centered  at  the  mid-point  of  in¬ 
terfaces  giving  better  dissipative  properties.  This  explicit 
scheme  was  defined  to  be  used  in  combination  with  the  im¬ 
plicit  step  consisting  of  successive  application  of  the  left 
hand  .side  of  Eq.(2. 1.15)  in  each  direction  (sec  Lerat,  Sides 
'"). 

Use  of  cartesian  grids  (without  local  refinement)  is  not  suit¬ 
able  for  computing  flows  past  bodies  with  curved  boundaries 
presenting  too  small  a  radius  of  curvature  or  a  complex 
geometry.  Boundary  conforming  curvilinear  meshes  are  much 
more  preferred. 

The  current  prrxtedure  for  applying  finite  differencing  on  cur¬ 
vilinear  structured  grids  is  founded  upon  a  mapping  from  the 
physical  space  (x.y,;)  to  a  computational  (or  reference) 
space  (^.ri.l^)  equipped  with  a  uniformly  spaced  cartesian 
grid.  The  transformation  has  to  be  one  -  to  -  one  and  is  as¬ 
sumed  to  be  smooth  enough  for  being  differentiable.  Then 
Ihe  system  of  Euler  equations  to  be  solved  can  be  tormulated 
in  the  computational  space  by  the  change  of  independent 
variables  (space  coordinates).  Special  care  must  be  taken  in 
order  to  keep  a  conservative  formulation  with  cartesian  com¬ 
ponents  of  velocity  as  unknowns  (see  Viviand"  and  Vi¬ 
nokur'*).  With  the  introduction  of  contravariani  velocity  com¬ 
ponents  as: 

{/  =  +  "l- 

V  =  +  vq,  +  «q. 
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w  =  +  v;,  +  wi;, 

the  system  (2.1.16)  can  be  written  as  follows: 

a«/dr+dF/a4  +  dG/dn  +  dH/d;  =  o  (2.1.1?) 

with:  *  =  w  /  y ,  and  J  =  d(4,'n,^)  /  dix  ^ , 

F  =  lt/w  +  p(0.  V^,  0)'l/y 
G  =  [Vw  +p(0,  Vi).  0)']  /  J 

H  =  iw'w  +  p(0.  v;,  o)']/y 

Special  care  must  be  exercised  during  the  discretization  pro¬ 
cess  in  order  to  satisfy  requirements  such  as  the  free-stream 
or  uniform  flow  is  an  exact  solution  of  the  discretized  equa¬ 
tions.  The  con.servalive  property  of  the  final  finite  difference 
scheme  has  also  to  be  checked. 

This  induces  a  clase  dependence  between  the  choices  of  the 
finite  difference  formulas  for  the  depeiidem  variables  w,  and 
for  the  independent  variables  x  .y  ^  with  respect  to  the  carte¬ 
sian  coordinates  in  the  computational  domain. 

The  alternative  to  a  discretization  in  a  computational  domain 
after  a  coordinate  transformation  is  to  directly  work  out  the 
discretization  in  the  physical  space.  This  is  the  basic  principle 
for  the  finite  volume  formulation. 


2.1.2  Finite  Volume  Techniques 

As  said  above,  the  finite  volume  approach  relies  directly  on 
the  application  of  the  integral  form  of  balance  laws.  Assum¬ 
ing  that  the  domain  of  integration  is  independent  of  time,  we 
write  these  conservation  laws  for  an  arbitrary  spatial  domain 
G  bounded  by  Z. 

</(|  w  (Ik  (I\  <iz)  I  (it  +1  (F.n )  da  =  0  (2.1.18) 

Q  r 

where  w  is  the  vector  of  conservative  variables  and  F  the 
flux  tensor. 

If  we  assume  that  the  physical  domain  is  covered  by  a  collec¬ 
tion  of  elementary  polyhedral  cells  forming  a  partition  of  this 
domain,  the  application  of  Eq.(2.1.l8)  at  the  level  of  each 
elementary  cell  ensures  a  conservative  discretization,  that  is 
to  say  ensures  the  validity  of  Eq.(2.1.18)  for  any  union  of 
elementary  cells  if  the  numerical  approximation  for  (F.n)  is 
unique  on  the  interface  between  two  contiguous  cells. 

To  be  more  specific,  let  us  consider  two  neighbouring  cells 
fl,  and  iij,  their  common  interface  S,y  with  its  unit  normal 
n  oriented  from  ft,  toward  Qj.  We  denote  by  W;  the  mean 
value  of  w  on  fl, . 

lii,  Iw,  =  J  yidxdydz  (2.1.19) 

u, 

and  by  F,y,  the  mean  value  of  the  normal  flux  on  I,y: 

lj:,yiF,y=J  F.m/o  (2.1.20) 

tu 

If  we  call  A/,  the  set  of  indexes  of  the  cells  .surrounding  fl, 
and  having  an  interface  in  common  with  it,  Eq.(2. 1.18)  ap¬ 
plied  to  n,  becomes: 

t/(w,  IC2,l)/e/r+  2  F,y  ll,yl=0  (2.1.21) 

/  e  ,v, 

Considering  the  set  of  all  cells  ( G;  | ,  we  gel  the  discretized 
equation.s_  for  the  whole  physical  domain  with  unknowns 
|w,  (  if  F,j  is  evaluated  from  a  finite  number  of  cell  unk¬ 


nowns  such  as  at  least  w,  and  Wj  but  also  from  ,  with 
K  belonging  to  A/,  and  fi/j  and  possibly  to  other  cells  (see 
Fig.  2.1.1  in  2D  for  simplification). 


Figure  2.1.1  Control  volumes  and  nodes  in  a  general 
finite  volume  method. 

The  set  of  equations  re.suliing  from  Eq.(2. 1.21)  is  clearly  a 
semi-discretization  with  possibly  a  large  freedom  not  only  for 
the  choice  of  the  grid  and  for  the  definition  for  cells  or  "con¬ 
trol  volumes"  on  which  Eq.(2.1.18-21J  are  applied  but  also 
for  the  choice  of  the  dependency  of  F,j  with  respect  to  the 
unknowns  {w, )  both  in  space  and  in  lime. 

About  the  first  topic,  clearly  both  structured  and  unslmciured 
gnds  are  concerned  by  this  formulation.  In  both  cases  the 
three-dimensional  grid  is  made  of  polyhedra  where  we  can 
distinguish  the  sets  of  vertices,  edges,  faces  and  cells.  Three 
types  of  cell  arrangements  are  used  in  practice:  cell  vertex, 
node  centered  and  cell  centered  methods. 

Cell  vertex  methods 

Cell  vertex  finite  volume  methods  seem  to  be  the  oldest  ones 
(McDonald''  1971,  MacCormack  and  Paullay''  1972)  and 
were  devised  for  the  solution  of  two-dimensional  time- 
dependent  Euler  equations.  They  keep  strong  favour  with 
several  variants  such  as  the  Ni  scheme''  or  its  modification 
by  Hall'*’. 


Figure  2.1.2  Cell  vertex  finite  volume  method. 

In  the  cell  vertex  methods  the  flow  variables  are  assigned  to 
vertices  (mesh  nodes)  and  the  control  volume  attached  to 
node  /  is  made  of  the  collection  of  elementary  cells  (indexed 
by  the  set  W,)  surrounding  this  node.  With  this  choice  of 
control  volumes,  we  see,  for  example  in  a  two  dimensional 
structured  grid  (see  Fig.  2.1.2),  that  two  neighbouring  control 
volumes  have  in  common  one  or  two  mesh  cells  and  that  the 
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union  of  all  the  control  volumes  covers  four  limes  the  physi¬ 
cal  domain  since  each  quadrilateral  belongs  in  general  to  four 
different  control  volumes.  For  an  unstructured  grid  with  trian¬ 
gles,  each  triangle  belongs  to  the  three  control  volumes  at¬ 
tached  to  its  three  vertices.  Any  edge  belongs  to  two  control 
volumes  and  for  conservation  of  physical  quantities  the  fluxes 
must  be  evaluated  in  the  same  manner  for  both  adjacent  con¬ 
trol  volumes  on  their  interface. 

Cell  centered  methods 

:  known  approach  consists  in  talcing  elementary 
control  volumes.  Thus  the  mean  value  w,  can  be 
;o  some  centroid  of  the  rttesh  cell. 

For  triungies  or  tetrahedra  the  centroid  is  normally  the  point 
of  intersection  of  medians  and  for  quadrilaterals  and  hexahe- 
dra  it  is  located  at  the  intersection  of  straight  lines  joining  the 
mid-points  of  opposite  sides.  There  is  not  much  room  for 
geometric  vanants  in  the  cell  centered  finite  volume  schemes. 
The  only  dilenuna  is  for  evaluating  fluxes  on  the  interface 
between  two  cells.  This  evaluation  can  be  either  a  central  in¬ 
terpolation  or  an  upwind  formulation. 


Figure  2.1.3  Cell  centered  finite  volume  methods. 

The  first  choice  was  taken  by  Jameson  et  al.‘  and  Rizzi” 
with  a  simple  mean  value  of  fluxes  from  the  two  adjacent 
cells,  the  lack  of  dissipative  properties  of  the  resulting 
scheme  imposes  to  add  artificial  dissipation  as  shown  in  Sec¬ 
tion  2.3.  This  choice  can  be  also  identified  in  the  explicit  Lax 
Wendroff  step  of  Lerat  Sides  schemes'”  but  then  the  flux 
evaluation  takes  into  account  values  of  w  over  a  larger 
number  of  cells  (six  in  two  dimensions  on  a  structured  qua¬ 
drilateral  grid). 

The  second  possibility  is  related  to  upwind  schemes  of  either 
first  or  higher  order.  The  most  typical  example  of  such 
upwind  schemes  is  the  basic  first  order  Godunov  .scheme'* 
which  rests  on  the  assumption  of  a  piecewise  constant  func¬ 
tion  for  representing  w  and  on  the  solution  of  a  Riemann 
problem  at  the  mid-point  of  each  interface  between  two  cells. 
This  Riemann  problem  solution  provides  an  intermediate  phy¬ 
sical  state  for  the  flux  evaluation. 

If  we  compare  the  cell  centered  approach  with  the  cell  vertex 
one.  it  is  ea.sy  to  see  that,  in  the  ca.se  of  quadrilateral  or  hex- 


ahedral  grids,  there  is  about  the  same  number  of  control 
cells  (thus  of  unknowns)  and  of  flux  evaluations  whereas  in 
the  case  of  triangular  or  tetrahedral  grids  the  number  of  con¬ 
trol  volumes  (thus  of  unknowns)  is  larger  in  the  cell  centered 
approach  with  a  ratio  of  about  two  for  triangles  and  of  about 
five  or  six  for  tetrahedra. 

This  is  one  reason  why  the  following  third  class  of  finite 
volume  discretization  has  been  increasingly  adopted  by  prac¬ 
titioners  of  finite  volume  methods  on  unstructured  grids. 

Node  centered  methods 

In  the  node  centered  approach  for  finite  volume  discretiza¬ 
tion,  the  unknowns  are  as.sociated  with  the  mesh  vertices  and 
a  control  cell  is  constructed  around  each  mesh  vertex  without 
overlapping  neighbouring  cells  m  a  manner  that  provides  a 
complete  partition  of  the  computational  domain. 

A  strong  motivation  for  this  choice  lies  in  the  fact  that  for 
solving  the  Navier-Stokes  equations  a  continuous  approxima¬ 
tion  with  unknowns  defined  at  the  mesh  nodes  is  best  suited 
for  central  differencing  of  second  order  derivatives.  The  na¬ 
tural  practice  of  extending  Euler  flow  solvers  to  the  solution 
of  Navier-Stokes  equations  is  also  an  explanation  for  the  in¬ 
terest  related  to  this  formulation  which  combines  the  choice 
of  the  nodes  from  cell  vertex  with  the  choice  of  non  over¬ 
lapping  cells  as  in  the  cell  centered  approach. 

The  construction  of  the  control  volumes  is  based  on  the 
definition  of  a  centroid  in  each  mesh  cell  Then  a  "dual 
mesh"  is  built  which  connects  these  centroids.  There  are  two 
possibilities:  either  two  adjacent  centroids  are  joined  by  a 
straight  line  ("centroid  dual  mesh")  or  a  mid-point  is  firstly 
introduced  on  the  common  interface  and  is  used  (with  mid¬ 
points  on  the  edges  in  three  dimensions)  to  complete  the 
boundary  of  the  control  volume  by  median  lines  (or  planes) 
providing  the  .so-called  "median  dual  mesh"  (.see  Fig.  2,1,4). 


Figure  2. 1 .4  Ncxle  centered  finite  volume  method: 
a) _ Median  dual  mesh,  b) _ Centroid  dual  mesh. 

The  first  possibility  is  more  economical  as  flux  evaluation  is 
concerned  but  it  can  lead  to  large  inconsistency  in  these  flux 
evaluations  for  very  distorted  and  elongated  meshes  and  the 
second  choice  is  recommended  in  that  situation. 

This  choice  of  a  node  centered  finite  volume  approach  can  be 
used  with  both  central  or  upwind  schemes  but  it  is  specially 
well  adapted  to  Godunov-type  methods  and  to  unstructured 
grids  made  of  triangles  or  tetrahedra.  In  this  case,  strong 
analogy  can  be  shown'’  between  a  node  centered  finite 
volume  method  on  a  median  dual  mesh  and  the  cell  vertex  or 
the  Gaierkin  finite  element  method  with  linear  approximation 
proposed  by  Jameson  et  al-". 

2.13  Finite  Element  Techniques 

As  indicated  above,  finite  element  methods  are  characterized 
by  the  use  of  a  weak  formulation  as  a  basis  for  the  discretiza¬ 
tion  of  the  equations  to  .solve. 

The  subdivision  of  the  computational  domain  is  generally 
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achieved  with  simpiicial  elements  (triangles  in  20.  tetrahedra 
in  3D)  which  made  possible  a  linear  interpolation  over  each 
element.  However  the  use  of  quadrilaterals  or  hexahedra  is 
also  met  either  in  combination  with  simplicial  elements  or 
not.  The  only  restriction  on  the  grid  arrangement  is  that  a 
vertex,  edge,  or  face  of  an  element  has  to  be  also  a  vertex, 
edge,  or  face  of  any  adjacent  element. 

Finite  element  methods  found  their  origin  in  the  held  of  solid 
mechanics  at  the  beginning  of  the  sixties  and  their  use  for 
fluid  dynamics  appeared  in  the  mid  seventies.  This  extension 
was  rather  natur^  since  at  (hat  time  the  hrst  attempts  to  ap¬ 
ply  hnite  element  techniques  to  a  fluid  flow  problem  con¬ 
cerned  elliptic  partial  differential  equations  namely  (he  Stokes 
problem  and  (he  full  potential  equation. 


where  S^  and  nj  are  the  area  and  the  outer  normal  of  the 
face  opposite  to  node  /  and  is  the  volume  of  ihc  element 

Thus  the  second  integral  evaluated  on  this  eleneni  Sij  is  : 


I  if  V(t)dn  =  - 

ih 


3  4 


(2.1.24) 


and  since,  by  summation  over  all  elements  with  a  common 
vertex  /.  we  have  1  =  0. 

we  can  discard  the  F/  term  in  ihe  sum  over  all  elements  sur¬ 
rounding  /  getting  from  Eq.  (2  I  24): 


Variational  principles  are  well  known  for  the  derivation  of 
these  equations.  This  is  not  the  case  for  the  system  of  the 
Euler  equations  of  hyperbolic  type,  and  it  was  early  rccog- 
nl/.ed  that  the  direct  use  of  the  classical  Galerkin  approach  in 
space-time  is  inefhcient  for  these  equations. 


-  I  I  F.Vd,  Jil 


t  4  ‘  3 


which  clearly  appears  as  a  discrete  approximation  of  : 


Therefore  the  few  tiime  element  methods  existing  for  solving 
Ihe  Euler  system  of  equations  have  been  mostly  devised  from 
a  semi-  discrete  approach  with  only  a  space  discretization  by 
hnite  element  techniques  and  often  with  a  strong  link  to  well 
known  hnite  difference  or  hnite  volume  schemes.  The  notice¬ 
able  exception  is  the  Galerkin  Least  Square  or  Streamline 
Upwind  Petrov  Galerkin  (SUPG)  methods  which  have  pro¬ 
gressively  evolved  from  research  studies  on  scalar  advection- 
diffusion  problems  to  full  compressible  Navier-Stokcs 
solvers.  This  approach  is  now  presented  by  Johnson  (under 
the  name  of  Streamline  Diffusion)  as  a  general  unified  ap¬ 
proach  to  CFD^'. 


1 1  !  ^ 


do 


Finally.  Eq.  (2. 1.23)  gives  for  a  node  / : 


Z^'I< 

i 

)  +  5]  =  0  (2.1 
i 

5  dr  ^  5  dr 

with 

^  k  =  {  i  A  ir  . 

- 

The  presentation  will  be  limited  here  to  a  simple  overview  of 
Ihe  main  methods  namely  the  Galerkin  method  with  artiheial 
dissipation  of  Jameson  et  al.-''-\  the  Taylor-Cjalerkin  melhi^ 
studied  by  Peraire.  Morgan.  Lohner  ei  ui.-'  -J  after  Donca-*’, 
the  Richtmyer-Galerkin  approach  from  Angrand,  Dervieux  et 
ai  t7.:s  Galerkin  Least  Square  after  Hugues  and  John¬ 

son-', 

All  of  these  meihtxis  are  based  on  a  continuous  piecewise 
linear  approximation  on  a  triangular  or  tetrahedral  mesh 
evenlhough  it  could  be  possible  in  theory  to  use  higher  order 
polynomials. 

Standard  Galerkin  methods 

We  consider  first  the  Jameson  finite  element  method  and  for 
simplification  we  extract  from  the  set  of  Euler  equations  one 
of  the  scalar  conservation  laws: 


^+V.F=0  (2.1.22) 

3/ 

This  scalar  equation  is  then  transformed  with  multiplication 
by  a  test  function  <(),  space  integration  over  the  flow  domain 
D  and  integration  by  parts  for  the  space  derivatives  giving: 

l^itidQ  -Jf.Vitidn  +  j  f.n  (()  da  =  0  (2,1.23) 

II  ™  II  cXl 

3w’ 

We  assume  now  that  and  F  are  linearly  interpolated  on 
or 

each  element  from  their  value  at  nodes  and  that  <()  is  the 
piecewise  linear  function  with  value  unity  at  node  /  and  zero 
at  all  other  nodes  in  fJ.  Then  the  last  integral  vanishes  except 
in  the  ca.se  when  node  /  is  on  the  boundary  of  £2,  Also  V<t)  is 
constant  in  every  element  and  differs  from  zero  only  in  ele¬ 
ments  sharing  the  common  vertex  /.  In  such  an  element 
shown  in  Fig.  2.1.5.  it  is  easy  to  show  that: 


fO  =  - 


J_ 

3 


Vk 


where  the  subscript  M  denotes  the  three  exterior  nodes  of  the 
i-lh  tetrahedron  in  the  set  of  elements  containing  node  /, 


Figure  2  1.5  Tetrahedral  element 

If  only  steady  solution  is  of  interest  it  is  convenient  to  re¬ 
place  the  "Galerkin  mass  matrix"  (the  coefficients  of  which 
appear  in  Eq  (2.1.25))  by  a  "lumped  mass  matrix"  thus  avoid¬ 
ing  Ihe  coupling  of  equations: 

dw.  ^ 

<  I^'i)  ~jf*'Lf-'k  >h  ^k  =0 

k  k 

This  formulation  could  as  well  have  been  found  by  a  finite 
volume  approach  and  this  explains  why  it  is  sometimes 
difficult  to  make  a  distinction  between  the  two  class  of 
discretization  techniques. 

Moreover,  time  discretizations  other  than  the  Euler  explicit 
one  are  often  advocated  by  finite  element  practitioners.  In 
particular,  it  is  worth  to  mention  at  least  Richtmyer-Galerkin 
.schemes-^  and  two-step  Taylor-Galerkin  schemes 

These  schemes  are  the  finite  element  counterpart  of  classical 
predictor-corrector  explicit  schemes  of  Lax-Wendroff  type  in 
finite  difference  or  finite  volume  approaches  such  as 
described  by  Lerat.  Sides-’  or  by  Ni''  . 


y 
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The  predictor  step  can  be  understood  as  a  first  order  explicit  Find  w*  e  V'*  such  that  for  all  i  *  e  V* 
step  of  cell<enteted  finite  volume  type  applied  on  each  ele¬ 
ment  with  a  time  step  otA/  s  *  j  _  ^  h , 


(2  1.26) 


I  Wj"*"(r)dQ  =  |iVj"  dn-oA/  I  Ft(w").n  do 

T  T  Sr 

with  i»-,"'^(T)  a  piecewise  constant  approximation. 


where  by  definition: 

blv*  .H •* )  =  |(-d.Vv''  w'’  +  )  dfl 

u 


The  corrector  step  corresponds  to  the  previous  Galerkin  finite 
element  approximation  with  a  time  step  A/  and  a  blending  of 
fluxes  taken  at  time  t"  and  at  the  end  of  the  predictor  step 

with  a  weighting  factor  —  in  order  to  get  second  order  ac¬ 
curacy. 


/(v*)  =  Jv*/  dn 
u 

Notice  that  here  and  in  the  following  the  boundary  integrals 
resulting  from  integration  by  parts  are  discarded. 


f  25^ — 0  dQ  =  f  f  (w"  ),Vit>  d«  -1- 


2a 


where  I  means  that  a  one  point  numerical  quadrature  is  made 
a 

on  each  element. 


The  classical  artificial  viscosity  approach,  as  described  above, 
leads  to  replace  Eq  (2.1.31)  by  : 

<>(v'',w*  ) -v  elVv*  Vw''  dil  =  /(i''') 

U 

Another  possibility  is  to  choose  different  approximation 
spaces  for  the  numerical  solution  and  for  the  test  function  in 
the  weak  formulation.  This  approach  is  named  the  Petrov- 
Galerkin  method.  An  example  of  such  a  technique  is  the 
SUPG  concept  which  relies  upon. 


The  case  a  =  1  corresponds  to  Lax-Wendroff  type  schemes 
called  Taylor-Galerkin  schemes  in  the  finite  element  littera- 
ture  after  Donea-*  and  coworkers. 

All  these  schemes  give  (on  uniformiy  spaced  grids)  central 
space  discretization  and  they  need  the  addition  of  artificial 
viscosity  in  order  to  avoid  spurious  oscillations  due  to  the 
decoupling  of  nodes  or  to  the  presence  of  strong  gradients. 

Several  possibilities  have  been  studied  to  give  a  finite  ele¬ 
ment  equivalent  of  an  explicit' v  added  artificial  viscosity. 
Some  are  derived  from  the  discretization  of  a  Lapiacian 
operator,  other  are  related  to  upwind  schemes  with  Roe  split¬ 
ting  (see  section  2.3)  but  at  least  one  is  typical  of  the  finite 
element  approximation.  It  is  based  on  the  observation  that  the 
difference  between  the  exact  Galerkin  mass  matrix  and  the 
lumped  mass  matrix  is  a  diffusion  operator  which  can  be 
used  in  combination  with  a  pressure  switch  in  order  to  play 
the  role  of  a  second  order  dissipation  near  the  shocks.  De¬ 
tails  can  be  found  in  Ref.  30  for  a  precise  definition  of  this 
artificial  visco.sity  and  more  generally  in  Ref.  25  for  the  class 
of  finite  element  schemes  of  centr^  differencing  type  with 
numerous  references. 

Petrov-Galerkin,  Galerkin-Least-Square  methods 

A  class  of  methods  more  specific  of  the  finite  element  ap¬ 
proach  found  its  origin  in  the  numerical  approximation  of 
convection-diffusion  flows  by  Hughes  and  Brooks^'  with  the 
Streamline  Upwind  Petrov-Galerktn  (SUPG)  schemes  which 
progressively  evolved  towards  a  large  family  of  schemes’-  ” 
with  its  theoretical  analysis  made  by  Johnson  and  Szepessy”. 

The  space-time  approximation  has  been  developed  but  is 
mainly  of  interest  for  moving  boundaries  so  we  restrict  here 
the  presentation  to  the  semi-discrete  form  of  these  finite  ele¬ 
ment  methods. 

To  give  an  idea  of  the  different  variants  in  this  large  class  of 
discretization  techniques  we  can  restrict  the  problem  to  the 
ca.se  of  a  scalar  steady  advection  diffusion  equation: 

Lw  =  aVw  -  V.(k^w)  =  / 


a 

A  related  technique  is  the  Galerkin  Least  Square  method 
which  corresponds  to: 


f.tv''.»V*)  +  IIv'tILh'’  -f)dQ=:  /(!•’') 
tl 

The  choice  of  the  parameters  e  and  t  is  made  from  theoreti¬ 
cal  analysis  in  order  to  enforce  stability  and  accuracy. 

It  appears  that  for  a  purely  convective  sy.stem,  SUPG  and 
Galerkin  Least  Square  are  identical. 

For  the  system  of  Euler  equations,  the  necessary  extension  of 
the  above  formulation  led  to  the  introduction  of  rather  com¬ 
plicated  non  linear  operators”  ’*’. 

Another  originality  in  the  formulation  of  those  methods  is  the 
use  of  entropy  variables.  Indeed,  starting  from  the  observa¬ 
tion  that  the  L^(i2)  inner  product  for  trying  to  derive  a  varia¬ 
tional  statement  directly  from  the  Euler  equations  has  no  phv 
sical  meaning: 


J  w*!-^  -!-  •  •)  JSi  =  p^(l  +  -I-  e-)  dil  +... 

a  *’*  a 

the  authors’-  advocate  the  use  of  entropy  variables  allowing  a 
symmeuization  of  the  system  of  Euler  equations”.  They  give 
a  formulation  comprising  the  full  compressible  Navier-Stokes 
equations  which  accounts  for  a  continuous  approximation  and 
a  non  divergence  form  of  the  convective  terms  and  which  can 
be  written  (Iwre  with  repeated  indices  indicating  summation): 


dw  dw  3  dw 


(2.1.27) 


where  =  K^' 


+  K,/ 


and  Kjy”  corresponds  to  the  physical  viscosity  and  K,^’’  to 
the  heat  coefficients. 


The  standard  Galerkin  method  consists  of  choosing  the  same 
approximation  space  V*  (generally  a  piecewise  linear  ap¬ 
proximation)  for  the  approximate  solution  and  for  the  test 
function  v^: 


The  entropy  variables  are  defined  by: 


where 


S  = -p  s  = -i>  Log  ( 


Po  Po 


<r 


M 


The  change  of  vanables  w  =  w(u)  gives: 


where  A<,  =  ^  ,  A,  =  A,  A„  ,  K,^  =  K,j  A,, 

The  cotfhcienl  matrices  possess  the  following  properties: 


Aq  is  symmetnc  positive  delinite.  the  A,  are  sym¬ 
metric  and  the  K,j  are  symmetnc  positive  semi-dehnite. 

A  dot  product  of  Eq  (2.1.28)  by  u  gives  after  integration 


()u 


t)u  , 


dt 


du 


I  JU 


III  K  -  )  -  u  f)  t/Sl 

'  .K ,  <Jx , 


(2  1.29) 


that  leads  to  a  Clausius-Duhem  ivpe  inequalilN  nr  second  law 
of  thermodvnaniics'- 


+  ~(pM,  .r)s  II  dCi  = 

at  d.r,  '■)<,  i\  r 


a  —I  ”-i 
where  q  is  the  heat  flux  vector. 

For  the  Euler  equations  Eq.(2.l.29)  gives: 


iu'(Aof.A.g-)d«  = 

.showing  that  a  Galerkin  formulation  based  on  the  entropy 
variables  with  a  continuous  approximation  cannot  lead  to  an 
entropy  production. 

This  is  a  justification  for  resorting  to  a  Petrov-GaJerkin  for¬ 
mulation: 

Find  u  such  that  for  any  v 


/  v'  (Ao  +  A,  i/f2  =  0  (2.1.30) 

u 

with  »  =  v-i-T,  T,  , 

where  T/’*  is  a  streamline  diffusion  matrix  and  a 
discontinuity  capturing  operator.  A  precise  description  of 
these  matrices  is  beyond  the  scope  of  this  short  presentation 
and  more  details  may  be  found  in  the  references  mentionned 
above.  Implementation  of  such  Galerkin  Least  Square  finite 
element  methods  has  been  made  for  complex  high  speed 
flows^’. 

To  conclude  this  subsection  on  finite  element  methods  it  is 
worth  to  say  a  few  words  about  the  practical  u.se  of  the.se 
techniques.  Firstly,  we  insist  on  the  fact  that  for  Euler  solvers 
it  is  not  legitimate  to  identify  every  unstructured  grid  method 
with  a  finite  element  one  since  most  of  the  unstructured  grid 
methods  are  of  finite  volume  type’*-”''®  specially  for  upwind 
schemes.  The  main  advantage  of  unstructured  grids  is  based 


on  their  ability  to  represent  complex  geometnes  ho'.vever 
with  a  need  of  some  effort  for  a  priori  controlling  the  distri¬ 
bution  of  nodes.  A  strong  increa.se  of  interest  resulted  from 
the  introduction  of  adaptive  mesh  techniques  by  local 
refinemeni  and  coarsening  of  the  grid  according  lo  some  flow 
solution  error  indicator.  This  can  favourably  counterbalance 
the  extra  cost  of  unstructured  grid  solution  algorithms  and 
programming  techniques. 

The  effectiveness  of  the  adaptive  grid  methodology  depends 
on  the  quality  and  accuracy  which  can  be  reached  for  "a  pos¬ 
teriori  error  indicators'  and  it  is  in  that  direction  that  finite 
element  analysis  could  bring  powerful  promising  techniques. 
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2.2  COMPUTATIONAL  GRIDS 

In  Chapter  One  the  conservation  laws  relating  to  mass,  momenta 
and  energy  were  described  in  mathematical  form.  These 
conservation  statements  assume  the  continuum  hypothesis,  in 
which  a  gas  is  assumed  to  be  a  continuous  medium,  rather  than 
made  up  from  individual  atoms  and  molecules.  The  mathematical 
equations  are  presented  in  both  integral  and  differential  form,  but 
both  forms  assume  that  the  variables  are  defined  continuously 
through  the  flow  domain.  The  conservation  equations,  for  the 
majority  of  flows  of  interest,  are  non-linear  and  hence  are  not 
amenable  to  classical  mathematical  analysis.  Alternative  methods 
of  solution  have  to  be  sought  and  one  of  these  approaches  is  a 
numerical  solution  of  the  equations.  In  the  previous  section  of 
this  chapter,  several  of  the  major  techniques  for  representing 
equations,  in  a  form  required  for  numerical  analysis,  were 
presented.  All  of  these  methods  assume  that  the  flow  domain  has 
been  sp.itially  discretized  into  a  grid  nr  mesh  which  consists  of  a 
set  of  points,  and  connections  between  points,  called  cells  or 
elements.  The  process  of  spatial  di.scretization  is  called  grid  or 
mesh  generation. 

The  spatial  discretization  plays  an  important  role  in  the  numerical 
analysis  procedure.  The  distribution  of  points  in  the  domain 
must,  firstly,  adequately  represent  the  geomi  try  of  the  region.  In 
general,  regions  of  the  boundary  of  the  domain  which  change 
rapidly  will  require  a  concentration  of  points  to  adequately 
represent  the  shape.  Secondly,  for  accurate  flow  simulations,  it 
is  necessary  that  there  are  adequate  points  in  regions  of  the 
flowfield  where  there  is  high  activity,  i.e.,  where  the  flow 
variables  are  changing  rapidly.  These  two  major  requirements 
cannot  be  achieved  in  an  arbitrary  way.  The  accuracy  of  the 
numerical  discretizations  are  dependent  upon  the  properties  of 
the  underlying  spatial  discretization.  For  example,  the  classical 
second  order  accurate  finite  difference  representation  of  a  second 
derivative  is  only  second  order  in  space  if  the  grid  point  spacing 
is  uniform.  Furthermore,  it  can  be  shown  that  other  spatial 
derivatives  only  achieve  second  order  accuracy  if  the  grid  lines 
are  approximately  orthogonal.  Hence,  the  spatial  discretization 
of  the  domain  must  be  achieved  without  discontinuous  grid  point 
spacing  and  without  the  introduction  of  highly  skewed  cells  or 
elements.  These  restrictions  make  the  generation  of  suitable 
computational  grids  a  non-trivial  problem.  considemMe 
attention  in  the  last  decade  has  been  given  to  the  problem  of  grid 
generation*'^. 

Before  discussing,  in  detail,  some  of  the  more  popular  and 
successful  approaches,  it  is  necessary  to  comment  on  different 
methodologies  used  in  grid  generation.  One  of  the  first  aspects 
to  cover  is  the  spatial  pattern  and  arrangement  of  points  and 
cells. 


Structured  and  Unstructured  Grids 


The  basic  difference  between  structured  and  unstructured  grids 
lies  in  the  form  of  the  data  structure  which  most  appropriately 
describes  the  grid.  A  structured  grid  of  quadrilaterals  consists  of 
a  set  of  coordinates  and  connectivities  which  naturally  map  into 
elements  of  a  matrix.  Neighbouring  points  in  a  mesh  in  the 
physical  space  are  the  neighbouring  elements  in  the  mesh  point 
matrix  (Fig.  2.2.1). 

Thus,  for  example,  a  2-dimensional  array  x(i,j)  can  be  used  to 
store  the  x-coordinates  of  p<)ints  in  a  2D  grid.  The  index  i  can  be 
chosen  to  describe  the  position  of  points  in  one  direction,  whilst 
j  describes  the  position  of  points  in  the  other  direction.  Hence,  in 
this  way,  the  indices  i  and  j  represent  the  2  families  of 
curvilinear  lines.  These  ideas  naturally  extend  to  3  dimensions. 

However,  for  an  unstructured  mesh  the  points  cannot  be 
represented  in  such  a  manner  and  additional  information  has  to 
be  provided.  For  any  panicular  point,  the  connection  with  other 
points  must  be  defined  explicitly  in  the  connectivity  matrix. 
(Figure  2.2.2) 


Figure  2.2.1  Data  ordering  of  a  structured  grid. 
Quadrilaterals  formed  by 
(V'..i|-n+1j+vnj+l)  ('=l.4,j=l,5). 


Figure  2.2.2  Data  ordering  of  an  unslructured  g''d 

A  typical  form  of  data  format  for  an  unstructured  grid  in  2 
dimensions  is; 

Number  of  points,  number  of  elements 

*iyi 

’‘2-y2 

x.v  yj 


n,,n2.  nj 

"4-  "5-  "6 

n?.  ng.  nq 


where  (xj,  yp  are  the  coordinates  of  point  i,  and  nj,  1  =  1,N  are 
the  point  numbers  with,  for  example,  the  triad  (n],  n2,  03) 
forming  a  triangle.  Other  forms  of  connectivity  matrices  are 
equally  valid,  for  example,  connections  can  be  based  upon 
edges. 

The  teal  advantage  of  the  unstructured  mesh  is,  however, 
because  the  points  and  connectivities  do  not  possess  any  global 
structure,  it  is  possible,  therefore,  to  add  and  delete  nodes  and 
elements  as  the  geometry  requires  or,  in  a  flow  adaptivity 
scheme,  as  flow  gradients  or  errors  evolve.  Hence  the 
unstructured  approach  is  ideally  suited  for  the  discretization  of 
complicated  geometrical  domains  and  complex  flowfield 
features.  However,  the  lack  of  any  global  directional  features  in 
an  unstructured  grid  makes  the  application  of  line  sweep  .solution 
algorithms  more  difficult  to  apply  than  on  structured  grids. 


Boundary  Conforming  and  Non-Aligned 
Grids 

The  solid  boundaries  within  a  flowfield  play  a  vitally  important 
role.  In  most  applications  the  solid  boundaries  create  the  flow 
features  of  interest.  Hence,  it  is  essential  that  the  solid 
boundaries  are  accurately  represented  in  the  spatial  grid  and  then 
the  numerical  formulation  of  the  solid  wall  boundary  conditions 
can  be  implemented  accurately  and  efficiently.  These 


V 


•  • 


requirement:!  have  resulted  in  the  use  of  boundary  or  body 
confotming  grids,  in  which  points  lie  on  the  boundaries  and  grid 
lines  are  aligned  with  the  geometrical  surfaces  (Figure  2,2.3), 
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_  Solid  Boundary 

Figure  2.2.3  Boundary  conforming  grid 


^xx  ^yy 

Hxx  ■^Hyy  +nzj  =  Q(4.n.O  (2.2.1) 

Cxx  ^Cyy  Hzz  = 

in  which  P.  Q  and  R  are  the  source  functions  which  can  be  used 
to  control  the  grid  point  spacing  and  distribution.  These 
equations,  as  expressed  in  Eq.  (2.2.1 ),  arc  in  an  inappropriate 
form  for  grid  generation,  since  in  general,  boundary  data  will  be 
specified  in  terms  of  x,  y  and  z  and  not  i),  and  1^.  Hence, 

following  Thompson,  Thames  and  Mastin'^,  these  equations 
are  transformed  so  that  they  are  written  in  terms  of  the  unknown 
spatial  physical  variables  x,y  and  z  with  the  independent 

variables  ^  t),  and  The  transformation  leads  to  the  equations 


Such  an  approach,  although  probably  the  natural  approach  from 
the  vicwpoiiu  of  the  iii.pieuientalion  of  ihe  ,'.ow  boundary 
conditions,  places  a  severe  restriction  on  grid  generation 
procedures.  An  alternative  appioach^' *  * .  is  to  relax  this 
restriction  on  the  grid  generation  and  allow  grid  lines  to  pass 
through  the  solid  boundary  in  a  non-aligned  manner  (Fig  2.2.4). 


■  Solid  Boundary 

Figure  2.2.4  Non-aligned  grid 

The  problem  of  the  accurate  imposition  of  boundary  conditions 
is  then  transferred  to  the  solution  algorithm  and  the  construction 
of  appropriate  techniques. 

Both  the  non-aligned  and  boundary  conforming  approaches  have 
been  investigated.  Today  the  boundary  conforming  strategy  is 
the  most  popular  and  most  widely  used. 

One  of  the  features  of  constructing  grid  generation  techniques, 
which  is  different  from  the  developmer  Tow  or  other 
analysis  algorithms,  is  that  there  are  no  ■  ■  ■  il  laws  which 
govern  grid  ge/icra'-on.  Any  suitable  er  or  geometrical 

constructions  can  be  used.  Tliis  is  refleci  ;q  .  e  many  different 
and  diverse  techniques  which  have  been  explored.  However, 
after  a  period  rif  exploration  and  numerical  experiinente’'on, 
several  approaches  are  now  becoming  standard  procedures.  The 
major  techniques  will  be  discussed. 


2.2.1  Structured  Grids  from 

Partial  Differential  Equations 

Elliptic  Systems 

The  motivation  for  the  use  of  elliptic  equations  as  generators  of 
grid  points  can  be  derived  from  a  number  of  sources.  The  nature 
of  elliptic  equations  is  to  smooth  boundary  data  and  this  affords 
a  most  desirable  property.  Laplace's  equation  with  Cauchy- 
Riemann  type  boundary  conditions  can  be  used  to  generate 
conformal  mappings.  In  fact,  the  real  and  imaginary  parts  of  an 
analytic  transformation  are  harmonic  functions.  An  alternative 
viewpoint,  and  one  which  is  most  appropriate  in  computational 
fluid  dynamics,  is  to  note  that  inviscid  steady  incompressible 
flow  is  described  in  terms  of  Laplace’s  equation  in  the  potential 
function  and  the  stream  function. 

A  starting  point  for  elliptic  equations  is  to  choose  a  system  of 
Poisson  equations,  expressed  in  the  form 


“1  |f44*“22  '■tiri+“33 

=-J- (Pr^-KjTjj-xRr^)  (2.2.2) 


where  r  =(x.y,z)^.  =  Z  Yn,j  and  Y,j  is  the  ij-th  cofactor 

of  the  matrix 


M= 


x^  x^  x^ 
74  yri  y; 
H  "n 


(2.:.3) 


and  the  Jacobian  J  is  the  determinant  of  M. 


An  interesting  alternative  derivation  of  these  equations  was  given 
by  Brackbill  and  Saltzman*-^.  Working  on  adaptive  grids,  they 
introduced  global  smoothness  as  one  property  required  from  the 
mesh.  Smoothness,  in  a  2-dimensional  domain  Q  with  boundary 
Z.  can  be  written  as 


ls=  ||(V4)2  .KVTi)2|dn, 

z 

which  when  transformed  and  optimized  leads  to  the  2- 
dimensional  equations  equivalent  to  those  expressed  in  Eq. 
(2.2.2).  Hence,  the  inverted  Laplacian,  without  grid  control 
functions,  maximises  the  smoothness  of  the  distribution  of  grid 
points. 

The  above  equations  represent  a  non-linear  boundary  value 
problem.  The  solution  of  these  equatiens  can  be  achiev^  using 
any  appropriate  technique.  However,  central  ditfcieuces  and 
relaxation  schemes  are  comrrronly  used.  To  illustrate  a  solution 
procedure,  consider  the  commonly  used  2-dimensional  form, 

r=r(x,y)^,  of  the  equations  with  the  control  functions  set  to 
zero,  namely. 


«f44-2|3r4q+7r^q=0, 

where 


P  =  U^XTi  +  y4yq) 

and 

2  2 

Y=fx^+y^) 

Using  central  finite  differences  for  the  representation  of  the 
derivatives,  the  residual  on  a  square  mesh  with 

(i=0.1,2 . m)  and  ri=jh,  (j=0,l,2 . n)  can  be  represented 

as 
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•  • 


•r 


3S 


n  ,  n  n  ^  n  > 


n  n  n  II 

'  lj+  r^i- 1  j+ 1  1  j- 1  1 j'  I 


V4 


n,  n  -»  n  n  . 


with 


“ij=  l<x,j+,-x,j.,)  +(y.j+,-y,j.i)  1/4 

rtH  . ,  n  n  n  n  , 

^ij  =  l‘Vij-’S-ij«Vi  ' ’‘•j-i' 

■^Oi+ij-yi-ijXyij+r  yy-i'  •z'* 

1  ,,  n  n  2  n  n  2 

Vij=<‘’‘i+ij-’‘i-ij>  ^‘yi*ij-yi-ij)  1'^ 


where  ry  represents  the  unknown  at  the  point  (ij)  at  iteration 
level  n.  It  is  noted  that  in  the  numerical  formulation  a 
linearization  is  applied  to  the  terms  in  a,  and  y.  In  practice, 
once  X  and  y  arc  known,  at  the  new  iteration  level  n+l,  they  can 

be  immediately  utilis  il  in  the  terms  Oy,  pJ'j  and  It  follows 

that  the  solution  to  the  equations  can  be  obtained  using  the 
stationary  and  linear  successive  over-relaxation  scheme. 


n+l_  n  1 

’’•j  ”  ’’y  ■'^‘dn 


2(aij+Yij) 


where  o)  is  a  relaxation  parameter,  with  l«o<2.  A  similar 
numerical  scheme  can  be  applied  to  the  equations.  Eq.  (2.2.2). 


Figure  2.2.5.  Etiecis  oMhe  control  functions 

Negative  values  of  Q  tend  to  cau.se  the  rt-coordinaie  lines  to 
move  in  the  direction  of  decreasing  t),  while  negative  values  of  P 

cause  4-lines  to  move  in  the  direction  of  decreasing  4-  Similar 
effects  occur  in  3  dimensions. 


Boundary  conditions  for  these  equations  are  most  generally 
applied  in  the  form  of  Dirichlet  or  Neumann  conditions.  Dirichlet 
conditions  specify  fixed  (x,y)  values  for  a  particular  constant  q 
or  T)  and  are  used,  for  example,  to  specify  aerofoil  or 
outerboundary  positions.  Neumann  conditions  are  used  to 
specify  fixed  derivatives  on  boundaries.  In  the  case  of  the  grid 
equations,  this  type  of  boundary  condition  amounts  to  the 
specification  of  grid  line  directions.  The  positions  of  (x.y),  on  a 
boundary  of  constant  4  and  T\,  are  allowed  to  move  in  order  to 
satisfy  the  slope  conditions.  Typically,  such  boundary 
conditions  are  applied  on  lines  where  one  of  the  coordinates  x  or 
y  is  fixed  whilst  the  other  is  computed  under  the  Neumann 
condition.  Such  a  boundary  condition  may  be  applied  at  an  outer 
boundary  or  on  a  cut  in  the  wake  of  an  aerofoil.  Similar 
boundary  conditions  are  applied  in  3  dimensions. 


Automatic  procedures  for  the  computation  of  the  .source  terms 
have  been  devised*^.  A  populaj- approach  is  to  derive  the  control 
functions  from  the  boundary  point  spacing  and  then  to 
interpolate  the  values  into  the  interior.  In  this  way,  point  spacing 
in  the  field  reflects  the  point  spacing  on  boundaries  *5. 

To  illustrate  some  of  these  ideas  the  equations  in  2  dimensions, 
which  include  the  control  terms,  are 

a(r^^+Pr^)  -  2prt^  +  K'^^+Qr^)  =  0.  (2.2.4) 

The  work  of  Thomas  and  Middlecoff  *  ^  demonstrated  that  the 
distribution  of  points  on  boundaries  of  a  domain  can  be  used  to 
generate  the  control  functions  so  as  to  have  the  effect  of 
extending  the  point  distribution  into  the  interior.  Eliminating  Q 
in  Eq.  (2.2.4)  leads  to 


Central  to  the  practical  use  of  these  equations  is  the  appropriate 
form  for  the  control  functions  P,  Q  and  R.  The  inherent 
smoothing  properties  of  Laplace's  equation  ensures  that,  in  the 
absence  of  boundary  curvature,  the  grid  points  are  evenly 
spaced.  However,  near  convex  boundaries  the  grid  points  will 
b^me  more  closely  spaced,  whilst  near  concave  boundaries  the 
mesh  spacing  will  be  more  sparse.  These  properties  are  not 
always  desirable  for  grid  generation  where  it  is  essential  that  the 
grid  near  a  bound.nry  reflects  the  shape  of  that  boundary.  Control 
of  grid  point  spacing  can  be  achieved  by  the  source  terms  P,  Q 
and  R. 

Typical  effects  of  the  source  functions,  in  2  dimensions,  are 
shown  in  schematic  form  in  Fig.  2.2.5. 


(2.2.5) 

Imposing  two  conditions  on  an  q=constant  boundary,  namely, 
zero  curvature. 


and  the  condition  for  orthogonality 


» 
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Eq.  (2.2.S)  reduces  to 


p_  '1!^ 

I.^|2 

A  similarly  expression  can  be  derived  for  Q 


(2.2.6a) 


(2.2.6b) 


Ir^l^  lrx|2 


(2  2.7b) 


The  first  terms  of  Eq.  (2.2.7)  for  P  and  Q  are  equivalent  to  the 
control  functions  of  Thomas  and  Middlecoff  However,  the 
second  terms  are  the  corrective  terms  for  orthogonality  which  are 
not  only  dependent  upon  the  boundary  points  but  also  on  the 
field  points.  Hence,  it  is  not  possible  to  use  these  equations 
without  some  interaction  with  the  grid  as  it  evolves  in  the 
solution  procedure. 


It  is  noted  that  the  evaluation  of  P  involves  the  point  distribution 
on  a  line  of  constant  4>  whilst  Q  involves  data  on  a  constant  t). 
These  forms  for  P  and  Q  can  thus  be  evaluated  directly  from  the 
boundary  point  distributions. 

Once  values  for  P  and  Q  have  been  obtained  for  each  boundary 
point  the  values  at  interior  mesh  points  can  be  obtained  by  linear 
interpolation  along  lines  of  constant  ^  and  q.  This  procedure 
ensures  that  the  grid  throughout  the  interior  of  the  domain 
reflects  the  distribution  of  points  on  the  boundaries.  This  effect 
is  illustrated  in  Fig.  2.2.6. 


The  iterative  procedure  for  the  control  functions  then  follows  the 
steps. - 

1.  Compute  P  and  0  from  the  boundary  point  distribution 

Ir^l-  lr^|2 

2.  Obtain  an  iniual  grid. 

3.  Calculate  the  correcuve  terms 


F  =  - 


VjTn 

Irul^ 


and  Q 


4.  Add  to  the  control  terms 

P  =  P  +  P  and  0  =  0  +  Q 

5.  Solve  Eq.  (2.2.4)  to  produce  a  new  grid 


6.  Repeat  steps  3,4.5  until  the  cotreciion  terms  P  and  Q  are 
zero. 


It  is  clear  that  the  method  adds  correction  terms  for  onhogonality 
until  they  are  zero.  Fig.  2.2.7  shows  the  effects  of  this  iterative 
control  of  the  source  terms. 


Figure  2.2.6  Effects  of  control  functions  on  the  spacing  of 
points  inside  the  domain.  The  interior  point  distribution 
reflects  the  point  spacing  on  the  boundary. 


Although  this  approach  works  well  in  many  cases  there  are 
circumstances  when  local  control  of  orthogonality  in  the  mesh  is 
important.  This  is  particularly  relevant  for  meshes  to  be  used  for 
viscous  flow  simulation.  To  implement  local  orthogonality,  a 
further  modification  to  the  computation  of  the  control  terms  can 
be  made*^. 


For  orthogonality,  P  =  0  and  thus  the  grid  equauons  become 

o(r^^+Pr^)  +  Y(r^^+Qr^)  =  0. 

Taking  the  scalar  product  of  this  equation  with  r^  and  r^  and 
again  using  the  condition  for  orthogonality  leads  to 


P=  - 


and 


V44  Vryi 


(2.2.7a) 


Figure  2.2.7  Effect  of  the  boundary  orthogonality  control. 
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Funher  di!>cusj>ion!>  of  the  approach  and  the  spccificaiion  of  the 
control  lertm  can  be  found  elsewhere 

Other  elliptic  partial  differenuai  etjuaiions  have  been  used  for 
grid  generation*^.  Highei  order  systems  have  been  used  since 
they  provide  the  flexibility  for  specifying  more  conditions  on  the 
boundary.  In  this  way.  it  is  possible  lo  not  only  specify  point 
spacing,  but  also  slopes  etc.. 


Hyperbolic  Systems 

Computational  grids  can  also  be  generated  by  solving  hyperbolic 
partial  differential  equations  which  are  matched  outwards  from  a 
specified  distribution  of  points  on  an  inner  boundary*^. 
Differential  constraints  on  mesh  size  and  angles  are  generally 
used  to  determine  the  governing  grid  generation  equations 
Because  the  outci  boundary  of  a  grid  cannot  be  specified  in 
hyperbolic  grid  generation,  the  method  is  best  suited  to 
applications  which  have  asymptotic-like  outer  boundaries  In 
external  aerodynamics,  for  example,  the  outer  boundary  is 
generally  a  farfield  condition  of  undisturbed  flow.  However, 
domain  decomposition  methods  that  use  overset  composite 
meshes  for  complex  field  simulations  can  also  effectively 
employ  hyperbolic  grid  generation.  For  example,  a  number  of 
recent  flow  simulations  which  employ  the  '  Chimera'  overset 
grid  method  have  relied  almost  exclusively  on  .'lyperbolic  grid 

I  u  m 

generation  '  . 

In  three-dimensional  applications  of  hyperbolic  gnd  generation, 
a  body  surface  is  chosen  to  coincide  with  ^(x.y.z)  =  0,  ^  is  used 
as  the  marching  direction,  and  the  outer  boundary  i^lx.y.z) 
"^max  specified  On  the  body  surface,  grid-line 

distributions  of  ^=constant  and  n=cc  •ant  are  user-specified.  In 
three-dimensions,  there  are  three  oruiogonality  relations  to 
choose  from  and  one  cell  volume  constraint  Because  ^  is  the 
marching  direction,  it  is  natural  to  use  only  the  two  orthogonality 
relatiixis  thai  involve  i^.  This  leads  to  the  governing  equations 

rc  .  r^=  xc  x(^  +  yc  y^  -•■  z^  =  0, 
rn  .  rr  =  x^  X(;  -r  yr  z^  =  0, 


=  ,xxyt,z^^.x^y^z^+x^y^z^  -  x^  y^  z^ - 

f 

with  r  is  detined  as  (x.y.z)  .  The  first  two  equations  represent 
orthogonality  relations  between  S,  and  ^  and  between  r\  and 
and  the  last  equation  is  the  volume  or  finite  Jacobian  constraint. 
AV  can  be  prespecified  to  give  appropriate  point  spacing. 
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maa  hed  away  from  a  boundary  in  much  the  same  way  as  that 
previously  descnbed  for  hyperbolic  grid  generation  Here, 
however,  some  in.luence  of  the  other  boundaries  is  retained  in 
the  equations  Although  some  development  of  such  schemes  has 
been  made,  it  has  proved  to  be  linmed  in  iis  flexibility  and 
applicability 


2.2.2  Structured  Grid.s  frum  Algebraic 
Methods 

Algebraic  grid  generation  distinguishes  itself  from  >iher  grid 
generation  methodologies  by  ihc  ability  to  proviUs  a  direct 
functional  description  of  the  cixsrdinate  transformations  between 
the  computattonal  and  physical  domains  The  roots  of  algebraic 
grid  generation  arc  found  in  conformal  mapping,  defined  by 
explicit  analytical  functions  of  a  '■'■t;..plex  aricble 


Conformal  Mapping 

The  concept  of  a  mapping,  in  2  dimensions,  is  to  define  a 
transformation  which  takes  a  domain  D.  defined  in  the  plane 

(x.y)  onto  a  rectangular  uomain  R  on  the  plane  l^  ri)  The 
geometrical  relationship  between  D  and  R  is  descnbed  by  the 
components  of  the  metric  lensisr  g|j  (i.j=l.2;  from  the  tormai 

definition  of  a  conformal  mapping-'  u  follows  that  the 
components  of  the  metnc  tensor  arc  subject  to  the  sonsiraini 

g|  1  =g22  and  gi2  =  0 

and  as  such  the  mapping  functions  and  ylvTl  must 

satisfy  the  Cauchy  Riemann  relations  in  the  domain  R.  namely. 

x^  =  y,i  and  x^  =  -  ye  . 

Consequently,  the  condition  of  integrabiiiiy  yields 

2  2 
7  X  =  0  and  V  y  =  0 

It  is  clear  from  these  relationships  that  it  is  not  possible  to  fix 
both  X  and  y  on  the  boundary-  of  R  for  the  solution  of  the 
Lapidcians.  One  possibility  is  to  fix  the  sides  ^=constanl  of  the 
rectangle  R  with  the  value  of  the  function  of  x  and  from  the 
second  Cauchy-Riemann  relation  the  value  of  the  derivative  yt, 

while  on  the  sides  Tl=constant  the  function  y  and  the  derivatives 
Xyj  are  specified.  Hence,  it  is  apparent  that  in  the  case  of 

conformal  mapping  it  is  not  possible  to  specify  the  distribution 
of  the  grid  points  because  of  the  constraint  placed  upon  the 
metrics  g|  j  and  g|2-  A  slightly  more  flexible  approach  can  be 
achieved  if  the  constraint  g|  )=g22  relaxed  and  the  relationship 
is  taken  as 


The  equations  comprise  a  system  of  nonlinear  differential 
equations  in  which  x.  y.and  z  are  specified  as  initial  data  at  ^=0. 
A  local  linearization  is  performed  and  the  equations  are  then 
solved  with  a  noniterative  approximately  factored  implicit  finite 
difference  scheme  so  that  the  marching  step  size,  in  can  be 
arbitrary  selected.  Further  details  of  this  approach  can  be  found 
in  Steger*^. 

Parabolic  Systems 

Grid  generation  based  upon  parabolic  partial  differential 
equations  can  also  be  performed^**.  In  general,  such  equations 
are  constructed  by  modifying  elliptic  generation  systems  so  that 
the  second  derivatives,  in  one  coordinate  direction,  do  not 
appear.  The  solution  of  the  parabolic  equations  can  then  be 


gll  =  F'l^.r!)  g22  andgi2=0 

where  the  specification  of  F.  a  dilatation  function,  permits  a 
certain  flexibility  without  the  loss  of  orthogonality^-. 

As  an  example  of  conformal  mapping  applied  to  grid  generation, 
consider  the  particularly  attractive  method  for  2-dimensional 
aerofoil  configurations  ba.sed  upon  the  Joukowski  mapping. 


A  circle  in  the  ^  plane  maps  to  a  so-called  Joukowski  aerofoil  in 
the  z  plane.  A  generalisation  of  this  to  general  aerofoil 
geometries  is  the  Von  Karman  -  Trefftz  mapping 
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where  z  is  the  aerufoil  plane  complex  coordinates,  ^  the  near- 
circle  plane  complex  coordinate,  k=2-XIk.  with  X  the  included 
trailing  edge  angle,  zjj  and  Z|n  ^re  two  singular  points  in  the  z 
plane  at  the  trailing  edge  and  at  the  midway  between  the  nose  of 
the  aerofoil  and  its  centre  of  curvature,  respectively,  and  the 
parameter  s  |  is  related  to  z  |  ^  and  z  ( ,,  through  the  relations  zj  (= 
^Is  ^In  ”  ^Is  -  Itsi.  A  polar  mesh  with  appropriate 

stretching  in  the  radial  direction  generated  around  the  near  circle, 
when  mapped  back  to  the  physical  plane,  produces  a  high 
quality  structured  mesh.  The  technique  is  computationally 
efficient  and  has  been  used  to  provide  a  suitable  set  of  points  for 
aerofoil-like  geometries.  An  example  of  this  is  shown  in  Fig. 
2.2.8. 


Figure  2.2.8  A  structured  conformal  grid 

Conformal  mappings  have  found  many  early  applications  in  the 
numerical  simulation  of  potential  flow-^.  Although  the  resuliing 
grids  preserve  a  basic  cell  shape,  the  amount  of  local  control 
provided  is  not  sufficient  for  many  problems.  As  indicated,  one 
by  one,  the  intrinsic  properties  of  conformal  mappings  must  be 
dropped  to  provide  greater  flexibility.  Cell  shape  pre.servation 
can  be  replaced  by  only  orthogonality,  thus  allowing  the  grid  to 
stretch  in  one  or  more  of  the  coordinate  curve  directions. 
Shearing  transformations,  in  turn,  can  overcome  further 
shortcomings  of  the  conformal  mapping.  Extensions  to  three 
dimensions  can  be  achieved  by  conformal  mappings  in  two 
dimen.sions  followed  by  an  algebraic  stretching  in  the  third 
dimcn.sion. 

The  requirement  for  more  general  algebraic  grid  generation 
procedures  has  lead  to  the  investigations  of  general  uni¬ 
directional  interpolation  methods  based  upon  Lagrange  and 
Hetmite  interpolations,  which  can  then  be  extended  to  multi¬ 
directional  formulations.  Shearing  transformations,  and  general 
interpolanis  have  been  studied  and  effective  techniques,  such  as 
the  multisurface"^''^  and  transfinite  interpolation^^'^** 
procedures,  have  been  developed. 

Transfinite  Interpolation 

In  its  basic  form  transfinite  interpolation  can  be  de.scribed 
initially  in  turns  of  one  dimensional  shearing  transformations.  In 
2  dimensions  consider  the  transformation 

R^(q,ri)  =  (l-4)R(0,ri)-r^R(l,ri) 
which  expresses  the  interpolation  derived  by  interpolating 
between  the  boundaries  ri=constant.  Similarly,  for  the  boundary 
4=constant,  the  interpolant 

R^(^,Tl)  =  (l-ri)R(^,0)-i-TiR(^,l) 

is  obtained.  The  tensor  product  of  R^  and  R^  gives  an 

interpolant  which  maps  the  four  comers  of  the  computational 
domain  to  the  four  corresponding  comers  of  the  physical 
domain.  The  remaining  boundary  points  between  the  two 
domains  have  no  correspondence  under  this  mapping.  This 
occurs  because  the  boundaries  map  into  line  segments  between 


comers.  By  contrast,  the  simple  sum  R^  +  R^  maps  each 

boundary  to  the  sum  of  a  line  segment  and  the  actual  physical 
boundary.  By  using  the  tensor  product  mapping  to  remove  the 
boundary  line  segments,  the  Boolean  sum  is  obtained 

R^0Rf|  =  R^+Rjj-R^  R^ 

where  the  tensor  product  is  defined  as 

RrR^=<l-q)((l-n)R(0,0|-rnR(0,l)|-r4|(l-n)R(l,0)+nR(l,l)|  . 

This  represents  transfinite  interpolation.  In  practice,  the  previous 
equation  is  broken  down  into  several  components.  For  example, 
in  three  dimensions  the  interpolant  would  be  expressed  as 

F,  =RrlF| 

F2=  Fi  +Rt^|l-F||  (2.2.8) 

F3=  F2+  Re|F  -  Fs  I 

where  ^  is  the  computational  viuiable  in  the  third  direction,  F-F  j 
represents  the  mismatch  between  the  actual  surface  and  the  first 
interpolant. 

In  the  above  description,  uni-directional  interpolanis  of  the 
Lagrange  form  have  been  used.  If  control  of  local  boundary 
slopes  are  required  then  these  interpolanis  can  be  expressed  in 
Hermite  form  to  give 

Re  =  f(4 |,n)  a  1  a2<^)rf(42.n ■ 

■  di; 

Similar  expressions  can  be  written  for  the  interpolants  R^j  and 

R^.  The  coefficients  ap  i=1.4  are  the  blending  functions  with 

again  correspondin  ’  equivalent  terms  for  the  and  ^ 
interpolanis. 

It  should  be  noted  that  transfinite  interpolation  is  a  direct 
evaluation  of  Eq.  (2.2.8,  and  hence  is  computationally  very  fast 
and  efficient. 

2.2.3  Structured  Grids  from  Variational 
Methods 

As  seen  in  Section  2.2.1,  elliptic  grid  generation  through  the 
inverted  Laplacian  without  grid  control  functions  can  be  obtained 
by  optimizing  the  smoothness  of  the  distribution  of  grid  points. 
Bas^  on  this  observation,  different  variational  techniques  have 
been  developed  in  order  to  minimize  a  global  functional  which 
amalgamate  different  grid  properties  to  be 
oplimizedl-'-^‘>-^'.^-\ 

The  general  form  of  these  variational  methods  allows  a 
competitive  enhancement  of  grid  smoothness,  orthogonality  and 
point  concentration  by  representing  each  of  these  desired 
properties  by  integral  measures  over  the  grid  and  minimizing  a 
weighted  average  of  them. 

The  scope  of  the  varia’ional  methods  used  for  optimization 
structured  grids  is  also  applicable  to  the  optimization  of 
32 

unstructured  grids  (Section  2.2.5)’ 

Among  the  propertie.;  considered  for  mesh  optimization,  some 
are  quantified  either  in  terms  of  mapping  between  the  physic?! 
space  xfx.y.z)  and  a  uniformly  discretized  reference  space 
or  in  terms  of  mapping  between  the  reference  space  and 
the  physical  space  x. 


ft 
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Belonging  lo  the  first  type,  the  global  functional  o  used  by 

Brackbill  and  Saltzman  *  ^  measures  the  grid  quality  as  a 
combination  of  smoothness,  orthogonality  and  volume  control 
by  the  following  integral: 

o=Jlc5|V42^Vq2+v;2j 

+c^w(l,,T[X)J  Idxdydz 

where  Cj.  Cq,  c,^  are  the  weight  factors  chosen  in  order  to  stress 
one  of  the  desired  propenies,  and  w  is  a  variable  factor  used  to 
control  the  volume  of  the  cells.  Belonging  to  the  second  type, 

30 

the  method  of  Carcaillet,  Kennon  and  Dulikravich  uses  a 
functional  that  can  be  written,  in  a  continuous  form,  as  follows: 

o=|lCs[ki(4.»l.0(»4)^+lt2(tT1.0(XTi  )^+k3(in.0(x;)^l 

2  2  2 
+C(,l(X^.X|^)  +  (x^.x^)  +(x^.x^)  1 

-•-c,^,  w(^,ri,0  J^l  d^  dri  d^ 

where  k|,k2,k3  can  be  seen  as  variable  stiffness  coefficients,  in 
clear  analogy  with  a  system  where  grid  points  are  connected  to 
their  immediate  neighbours  by  tension  springs. 
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In  the  references'  a  generalized  measure  of  the  mesh 
deformation  between  the  reference  space  is  presented.  The 
deformation  on  a  non-uniform  mesh  and  the  physical  space  is 
presented.  The  deformation  characterizes  the  energy  of  an 
hyperelastic,  isotropic,  homogeneous  material  satisfying  the 
axiom  of  frame  indifference.  In  order  to  establish  a  well  posed 
minimization  problem,  the  functional  is  enforced  to  be  locally 
convex  in  the  neighbourhood  of  a  rigid  transformation. 

Accordir.g  to  these  mechanical  and  mathematical  properties,  the 
functional  o,  in  a  continuous  form,  can  be  expressed  as 

a= j| c  1  (I  I  -J'-2)*c2(l2-2J‘- 1  >+03(1- 1 )' |d4  dq  d; 


where 

I,  =(x^)^+(Xt,)^+(x^)^ 

2  2  2 
I2  =  (x^  X  x^)  -i-  (Xfi  X  x^)  +  (x^  X  x^) 

J  =  (X^  X  Xf|)  .  x^ 


Solution  algorithm 

The  basic  pattern  of  development  with  variational  methods 
consists  in  defining  a  pointwise  positive  measure  gathering 
together  some  desired  grid  features,  to  integrate  this  measure 
over  the  field  and  to  minimize  the  resulting  functional. 

Two  alternative  approaches  are  commonly  used  for  the  solution 
of  the  minimization  process: 

1.  The  first  approach  consists  in  expressing  the  optimality 
conditions  known  as  the  Euler  Lagrange  equations  giving  a 
system  of  partial  differential  equations  to  be  discretized  and 
solved  by  an  appropriate  numerical  method 


2.  The  second  approach  is  simply  the  direct  minimization  of  the 
global  function  o  after  its  discretization.  The  most  popular 
algorithms  used  for  such  an  optimization  problem  are  the 
Fletcher-Reeves  and  the  Polak-Ribiere  conjugate  gradient 
methods.  Further  discussion  of  the  minimization  process  an  be 
found  elsewhere^'^'*. 


2.2.4  The  Multiblock  Approach 

The  techniques  discussed  for  the  generation  of  structured  grids 
imply  a  mapping  between  the  physical  space,  (x.y.z)  and  the 
regular  transformed  space  This  indicates  that,  whatever 

the  shape  of  the  domain  in  the  physical  space,  it  is  topologically 
equivalent  to  a  cuboid.  For  general  shaped  flow  domains  this  is 
a  major  restriction,  since  this  can  give  rise  to  inappropriate  grid 
structures  and,  in  general,  an  over  constraining  of  the  grid 
generation  equations.  At  the  heart  of  this  problem  is  the  global 
conservation  of  the  curvilinear  coordinates.  For  application  to 
general  shapes  this  proves  too  restrictive  and  it  is  necessary  to 
introduce  a  multiblock  subdivision  of  the  domain^"^'^^'^^. 

The  idea  behind  multiblock  is  that,  instead  of  utilising  one  global 
curvilinear  coordinate  system,  several  cuivilincar  systems  are 
constructed  and  subsequently  connected  together.  The  domain  is 
subdivided  into  regions,  each  of  which  is  topologically 
equivalent  to  a  cuboid  and  within  which  a  structured  grid  is 
generated.  The  block  subdivision  provides  the  necessary 
flexibility  to  construct  structured  meshes  for  complex  shapes. 
The  approach  represents  a  compromise  between  the  globally 
structured  grid  and  an  unstructured  grid. 

The  multiblock  concept  has  proved  to  be  powerful  in  the 
construction  of  high  quality  grids  for  aerospace  geometries.  The 
arrangement  of  blocks  defines  how  the  local  curvilinear  systems 
connect  and  the  resulting  connectivities  between  the  blocks 
define  the  global  grid  topology.  It  is  possible  to  construct  a  wide 
range  of  mesh  topologies  for  any  given  configuration.  In 
particular,  it  is  possible  to  construct  component  adaptive'  mesh 
topologies  to  ensure  that  the  me.sh  lines  close  to  a  component  are 
appropriate  to  the  geometrical  shape  of  that  component.  The 
multiblock  concept  is  not  particular  to  any  grid  point  generation 
technique.  The  generation  of  points  can  be  achieved  using  the 
algebraic  or  elliptic  procedure. 

The  form  of  a  structured  grid  is  often  described  by  the 
topological  structure.  The  3  basic  forms  are  'O'  or  polar,  'H' 
and  'C  grids.  To  achieve  these  different  topologies,  3  different 
mappings  are  required.  Figure  2.2.9  a,  b  and  c  show  the  3 
mappings,  in  2  dimensions,  required  for  these  grid  structures. 
They  are  shown  here  in  multiblock  form,  where  the  convention 
has  been  applied  that  there  is  only  one  grid  boundary  condition 
type  along  any  edge. 

These  basic  mappings  can  be  used  to  build  differs. U  grid 
structures  for  any  given  configuration.  For  example,  consider  a 
2  aerofoil  system,  arranged  in  a  tandem  configuration.  An  'H' 
grid  could  be  constructed  local  to  each  aerofoil  in  a  way  which  is 
shown  in  schematic  form  in  Fig.  2.2.10. 


Alternatively,  the  fonvard  aerofoil  could  be  favoured  with  a  'C 
topology,  whilst  the  grid  around  the  aft  component  remains  of 
'H'  type.  The  schematic  for  this  is  shown  in  Fig.  2.2.1 1.  In  a 
more  adventurous  way,  it  may  be  appropriate  to  construct  a  C- 
structure  around  the  leading  edge  of  both  aerofoils,  as  shown  in 
Fig.  2.2.12  or  a  polar  me.sh  around  both  aerofoils,  as  indicated 
in  Fig.  2.2.13.  Either  of  these  grid  topologies  are  valid,  and  the 
associated  block  structure  for  the  2  are  shown  in  Figs.  2.2.12b 
and  2.2.13b,  respectively.  The  'C  structure  requires  18  blocks 
whilst  the  polar  mesh  requires  36. 
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Figure  2.2.12 

a)  C-C  grid  topology  for  a  tandem  configuration, 
b)  Block  structure  tor  the  C-C  grid  topology 


Figure  2.2.9  The  basic  mappings  ot  structured  grids. 


Figure  2.2.10  H-grid  topology  tor  a  tandem 
configuration. 
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Figure  2.2.1 1  C-H  grid  topology  tor  a  tandem 
configuration. 
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Figure  2.2.13 

a)0-0  grid  topology  tor  a  tandem  configuration, 
b)  Block  structure  tor  the  C-C  ghd  topology 

As  indicated  by  this  simple  configuration,  it  is  possible  to 
construct  many  different  grid  topologies  for  any  configuration. 
The  final  choice  will  be  made  on  the  grounds  of  the  detailed 
geometry  of  the  configuration  and  on  flow  conditions. 

The  arrangements  of  blocks  is  defined  in  a  way  analogous  to  the 
connectivity  matrix  for  an  unstructured  grid.  One  approach  is  to 
specify  for  each  side  of  every  block. 

i)  The  number  of  points  on  the  side, 

ii)  The  type  of  boundary  condition 
and 

iii)  if  appropriate,  a)  the  adjacent  block  number 

b)  the  adjacent  side  of  the  adjacent  block 

c)  the  orientation  of  the  cooidinate  system 
of  the  adjacent  block  relative  to  that  of  the 
current  block. 

The  procedure  for  multiblock  grid  generation  begins  with  a 
suitable  subdivision  of  the  flow  domain  into  regions,  each  of 
which  is  topologically  equivalent  to  a  cuboid  in  that  each  has  8 
corner  points,  12  edges  and  6  faces.  These  regions  are 
connect^  together  to  form  the  grid  topology.  The  connections 
between  blocks  are  specified  in  a  topology  or  block  connectivity 
matrix.  Such  connectivity  matrices  are  of  the  form  used  to 
describe  element  connections  in  an  unstructured  grid. 

Once  defined,  the  block  connectivity  matrix  is  used  to  derive  the 
grid  structure  on  the  surface  of  a  configuration.  This  is 
necessary  to  generate  the  grid  on  the  component  surfaces  and 
clearly  the  grid  sovaure  on  the  surfaces  must  be  compatible  with 
the  structure  in  the  field. 

At  this  stage,  no  grid  generation  has  been  performed,  only  the 
connection  between  blocks.  However,  once  this  has  been 
achieved  the  grid  generation  procedure  can  begin. 

The  grid  structure  on  the  surfaces  of  the  configuration  is  known 
and  points  can  be  generated  on  edges  of  the  blocks.  To  ensure 
continuity  of  grid  lines  across  block  boundaries  it  is  necessary  to 
form  the  same  computational  molecules  for  all  points,  including 
points  which  are  in  comers,  on  edges  of  faces  and  on  block 
boundaries.  This  methodology  ensures  that  grid  lines  are  smooth 
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everywhere,  including  across  block  boundaries.  This  is  an 
attractive  procedure  since  the  block  subdivision  was  utilised  only 
to  achieve  an  appropriate  grid  structure  for  the  geometry  under 
consideration.  It  would  detract  from  this  approach  if,  as  a  by¬ 
product,  it  was  to  produce  grid  lines  which  were  discontinuous 
in  slope  and  higher  derivatives  across  block  boundaries.  The 
practical  implementation  of  smooth  lines  across  boundary  faces 
requires  the  use  of  a  halo  or  pointer  system,  but  is  relatively  easy 
to  achieve. 

The  approach  has  proved  to  be  very  popular  and  successful  and 
many  impressive  compulations  in  aerospace  engineering  have 
been  performed^.  It  has  some  disadvantages  which  are  now 
widely  recognised.  Firstly,  a  criticism  is  the  difficulty  of  use  of 
such  an  approach  and  secondly,  its  applicability  to  all  aerospace 
geometries  and  flow  computations.  The  first  difficulty  primarily 
relates  to  the  specification  of  the  block  connectivities.  This  is  a 
difficult  task,  since  it  requires  expert  user  effort  and. 
furthermore,  if  an  inappropriate  grid  topology  is  defined  it  is 
likely  to  lead  to  problems  late  in  the  grid  or  flow  process. 
Automatic  ways  of  subdividing  a  domain  have  been  explored 
with  limited  success.  Now  emphasis  appears  to  be  given  to 
interactive  specification  and  grid  generation  using  a  graphics 

workstation^-'^-^.  However,  although  this  decreases  the  time 
for  the  task  it  still  requires  expert  user  effort  and  is  prone  to 
mistakes.  The  second  problem  is  the  application  of  the  approach 
to  ail  aerospace  geometries.  For  some  configurations,  the 
specification  of  a  suitable  block  decomposition  is  difficult  and 
even  if  achieved  can  lead  to  highlj  constrained  grids  of  poor 
quality.  Much  is  now  understood  of  the  mathematics  of 
structured  grid  generation  and  it  is  likely  that  grid  quality 
techniques  will  continue  to  improve. 


2.2.5  Unstructured  Grid  Methods 
Delaunay  Triangulalion 

Dirichlef^*^  in  1 850  proposed  a  method  whereby  a  given  domain 
could  be  systematically  decomposed  into  a  set  of  packed  convex 
polygons.  Given  two  points  in  the  plane,  pj  and  pj,  the 
perpendicular  bisector  of  the  line  joining  the  two  points 
subdivides  the  plane  into  two  regions,  Vj  and  Vj.  The  region  Vj 

is  the  space  closer  to  Pj  than  to  pj.  Extending  these  ideas,  it  is 
clear  that  for  a  given  set  of  points  in  the  plane,  the  regions  Vj 
are  territories  which  can  be  assigned  to  each  point  such  that  Vj 
represents  the  space  closer  to  pj  than  to  any  other  point  in  the 
set.  This  geometrical  construction  of  tiles  is  known  as  the 
Dirichlel  tessellation.  This  tessellation  of  a  closed  domain  results 
in  a  set  of  non-overlapping  convex  polygons,  called  Voronoi 
regions,  covering  the  entire  domain. 


A  more  formal  definition  can  be  stated.  If  a  set  of  points  is 
denoted  by  { pj  1 ,  then  the  Voronoi  region  |  Vj )  can  be  defined  as 

!  Vj )  =  I  p  :  II  p-pjll  <  llp-pjll,  for  all  j:ri  ) 

i.e.  the  Voronoi  region  ( Vj )  is  the  set  of  all  points  that  ate  closer 
to  Pj  than  to  any  other  point.  The  sum  of  all  points  forms  a 
Voronoi  polygon. 

From  this  definition,  it  is  apparent,  that  in  two  dimensions,  the 
territorial  boundary  which  forms  a  side  of  a  Voronoi  polygon 
must  be  midway  between  the  two  points  which  it  separates  and 
is  thus  a  segn^nt  of  the  perpendicular  bisector  of  the  line  joining 
these  two  points.  If  all  point  pairs  which  have  some  segment  of 
boundary  in  common  are  joined  by  straight  lines,  the  result  is  a 
triangulation  of  the  convex  hull  of  the  set  of  points  (pj).  This 

triangulation  is  known  as  the  Delaunay  triangulation^^.  An 
example  of  this  construction,  illustrated  in  two  dimensions  is 
shown  in  Fig.  2.2.14. 


Figure  2.2.14  The  Delaunay  and  Voronoi  constructions. 

Equivalent  coastructions  can  be  defined  in  higher  dimensions.  In 
three  dimensions,  the  territorial  boundary  which  forms  a  face  of 
a  Voronoi  polyhedron  is  equidistant  between  the  two  points 
which  it  separates.  If  all  point  pairs  which  have  a  common  face 
in  the  Voronoi  construction  are  connected  then  a  set  of  tetrahedra 
is  formed  which  covers  the  convex  hull  of  the  data  points. 

The  Delaunay  iriangulation  has  some  rather  interesting 
properties'^*.  One  of  panicular  interest  is  the  so-called  in-circle 
criterion.  The  vertices  of  the  Voronoi  diagram  are  at  the 
circumcentres  of  the  circles  which  pass  through  the  three  points 
which  forms  a  triangle.  In  three  dimensions,  the  Voronoi 
vertices  are  at  the  centre  of  the  sphere  which  pas.ses  though  the 
four  points  which  form  a  tetrahedron.  It  follows  from  the 
definition  of  the  Dirichlei  tessellation  that  no  points,  other  than 
the  so-called  forming  points  which  form  the  triangles  or 
tetrahedra,  fall  within  the  circles  or  spheres.  If  a  point  did  fall 
inside  then  this  would  contradict  the  basic  definition.  This 
geometrical  property  is  the  in-cia-le  criterion. 

This  criterion  forms  the  basis  for  the  most  popular  algorithms 
for  the  construction  of  the  tessellation  which  were  proposed  by 
Bowyei^*  and  Watson'^^. 

The  basic  outline  of  the  algorithm  of  Bowyer,  which  is 
applicable  in  3  dimensions  is;- 

i) .  Define  the  convex  hull  wiihin  which  all  points  will  lie.  It  is 
appropriate  to  specify  8  points  together  with  the  associated 
Voronoi  diagram  .stnicture. 

ii) .  Introduce  a  new  point  anywhere  within  the  convex  hull 
(1....8). 

■ii).  Determine  all  vertices  of  the  Voronoi  diagram  to  be  deleted. 
A  point  which  lies  within  the  sphere,  centred  at  a  vertex  of  the 
Voronoi  diagram  and  which  passes  through  its  four  forming 
points,  results  in  the  deletion  of  that  vertex.  This  follows  from 
the  'in-circle'  definition  of  the  Voronoi  construction. 

iv).  Find  the  forming  points  of  all  the  deleted  Voronoi  vertices. 
These  are  the  contiguous  points  to  the  new  point. 
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V).  Detennine  ihe  Voronoi  vertices  which  have  not  themselves 
been  deleted  which  are  neighbours  to  the  deleted  vertices.  These 
data  provide  the  necessary  information  to  enable  valid 
combinations  of  the  contiguous  points  to  be  constructed. 

vi) .  Determine  the  forming  points  of  the  new  Voronoi  vertices. 
The  forming  points  of  new  vertices  must  include  the  new  point 
together  with  the  three  points  which  ate  contiguous  to  the  new 
point  and  form  a  face  of  a  neighbouring  tetrahe^a  (these  are  the 
possible  combinations  obtain^  from  Step  v). 

vii) .  Determine  the  neighbouring  Voronoi  vertices  to  the  new 
Voronoi  vertices.  Following  Step  vi,  the  forming  points  of  all 
new  vertices  have  been  computed.  For  each  new  vertex,  perform 
a  search  through  the  forming  points  of  the  neighbouring  vertices 
as  found  in  Step  v  to  identify  common  pairs  of  forming  points. 
When  a  common  combination  occurs,  then  the  three  associated 
vertices  are  neighbours  of  the  Voronoi  diagram. 

viii) .  Reorder  the  Voronoi  diagram  data  structure,  overwriting 
the  entries  of  the  deleted  vertices. 

ix) .  Repeat  steps  (ii-viii)  for  the  next  point. 

The  Delaunay  triangulation  is  a  systematic  way  to  connect 
together  an  arbitrary  set  of  points  in  either  2  or  3  dimensions.  It 
does  not  provide  a  technique  by  which  the  coordinates  of  points 
can  be  generated.  In  the  early  applications  of  the  method,  grid 
points  were  computed  using  a  technique  based  on  structured  grid 
generation'*^'^'^.  A  .set  of  grid  points  was  generated  for  each 
individual  component  of  a  configuration  and  the  resulting 
collection  of  all  points  was  then  connected  to  form  an 
unstructured  grid.  Points  which  fell  inside  component 
boundaries  were  automatically  detected  and  then  rejected.  Such 
an  example  is  shown  in  Figure  2.2, 15. 


Figure  2.2.15  Delaunay  triangulation  of  a  structured  set 
of  grid  points. 

This  proved  to  be  successful,  but  it  is  a  clearly  limited  approach 
when  applied  to  arbitrary  geometries  since  it  involved  the 
definition  of  an  auxiliary  set  of  points.  This  motivated  the  search 
for  automatic  ways  to  generate  points  within  the  Delaunay 
triangulation  procedure.  Several  have  now  been  developed  and 
applied  to  realistic  configuiations'^^'^^. 

An  example  of  a  procedure  to  add  interior  grid  points  in  two 
dimensions  in  the  Delaunay  triangulation  is  presented'**’^^.  The 
computational  domain  is  defined  in  discrete  form  by  the 
boundary  points.  It  will  be  assumed  that  this  point  distribution 
reflects  appropriate  geometrical  features,  such  as  variation  in 
curvature  and  gi^ient.  An  algorithm  which  creates  points  within 
the  domain  which  reflects  the  boundary  point  spacing  is  as 
follows: 
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i)  Compute  the  point  distribution  function  for  each  boundary 
point  rj=  (x.y).  i.e.  for  point  i 

dpi  =0.5(sqrt(rj.^j-ri)2  +  sgrtlrj-rj,])*), 

where  it  is  assumed  that  points  i+l  and  i-1  are  contiguous  to  i. 

ii)  Generate  the  Delaunay  triangulation  of  the  boundary  points. 

iii)  Initialize  the  number  of  interior  field  points  cieated,  N=0. 

iv) For  all  triangles  within  the  domain, 

a)  Define  a  prospective  point.  Q,  to  be  at  the  centroid  of  the 
triangle. 

b)  Derive  the  point  distribution,  dp,  for  the  point  Q,  by 
interpolating  the  point  distribution  function  from  the  nodes 
of  the  triangle,  dp^,.  m=l,2,3. 

c)  Compute  the  distances  dp^,  m=  1,2.3  from  the  prospective 
point.  Q,  to  each  of  the  points  of  the  triangle. 

If  (dp,  <  (Zdpp,{  for  any  m=I.2,3  then  reject  the  point  :■ 
Return  to  the  beginning  of  step  (iv). 

If  (d,p  >  oulpp,)  for  any  m=  1,2,3  then 

Compute  the  distance  sj.  (j=l.  N),  from  the  prospective 

point  0,  to  other  points  to  be  inserted.  Pj,  j=l,N, 

If  (Sj  <  pdpp,)  then  reject  the  point Return  to 
the  beginning  of  step  (iv). 

If  (Sj  >  Pdpp,|  then  accept  the  point  Q  for 
insertion  by  the  Delaunay  triangulation  algorithm. 
Include  Q  in  the  list  Pj,  j=l.N. 

d)  Assign  the  interpolated  value  of  the  point  distribution 
function,  dp,  to  the  new  node,  P|,j. 

e)  Next  triangle. 

V)  If  N=0  g"!  to  step  (vii). 

vi)  Perform  Delaunay  triangulation  of  the  derived  points,  Pj, 
j=l,N.  Go  to  step  (iii) 

vii)  Smooth  the  mesh. 

The  coefficient  o  controls  the  grid  point  density,  whilst  3  has  an 
influence  on  the  regularity  of  the  triangulation.  The  effects  of  the 
parameters  a  and  P  are  demonstrated  in  the  following  examples. 
Figs.  2.2.16a  and  b,  show  two  triangulalions  obtained  from  the 
boundary  points  which  define  the  region  between  2  concentric 
circles. 

A  mote  realistic  example  of  the  automatic  point  creation 
algorithm  is  given  in  Fig.  2.2.17,  where  a  grid  is  shown  around 
a  multiply  connected  airfoil  system  and  a  value  of  P=0.02  has 
been  used.  It  is  clear  from  the  examples  given  that  the  'exclusion 
zone'  for  point  creation,  which  is  a  circle  of  radius  Pdp,„,  has  an 
effect  of  controlling  the  regulaniy  of  the  triangulation. 

The  method  proposed  for  creating  points  can  be  generalised  and 
applied  with  a  background  mesh  or  point  and  line  sources  to 
control  grid  point  spacing.  In  these  cases,  the  local  point 
distribution  function  is  computed  from  a  background  mesh  or 
distance  from  a  source  which  are  either  specific  by  the  user  or 
derived  from  a  previous  flow  compulation,  if  grid  adaptivity  is 
applied.  Fig.  2.2.18  shows  some  examples  of  these  techniques. 
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Figure  2.2.16 

a)  Automatic  point  creation  a»1 .0,  p=10.0 

b)  Automatic  point  creation  a=1 .0,  P=0.10 


As  was  briefly  discussed  in  (he  introductory  comments,  one  of 
the  basic  requirements  of  the  grid  is  for  it  to  be  bound^ 
conforming.  In  the  Delaunay  triangulation,  boundary  conformity 
has  to  be  checked  and  if  necessary  enforced  by  the  use  of  special 
techniques.  Given  a  set  of  points  which  describe  a  geometiy  in  2 
or  3  dimensions  and  the  Delaunay  connections  between  these 
points  there  is  no  guarantee  that  the  resulting  triangulation  will 
contain  edges  or  faces  which  conform  to  the  boun^ry  surface. 
In  fact,  for  complicated  shapes,  the  boundary  edges  and  faces 
will  almost  certainly  not  be  recovered.  The  techniques  devised  to 
correct  the  trianguladon  or  force  boundary  integrity  are  many.  In 
2  dimensions,  the  given  boundary  edges  can  be  recovered  by 
edge  swapping  and  does  not  really  represent  a  significant 
pr^lem.  In  3  dimensions  the  problem  is  much  more  severe. 

Baker^^  chooses  to  introduce  skeleton  points  to  ensure 
boundary  integrity  whilst  George®*  and  Weatherill^^'^^  have 
chosen  to  perform  tetrahedral  transformations  to  recover 
boundary  faces.  This  problem  is  often  overlooked  in  favour  of 
the  triangulation  algorithm.  However,  the  construction  of  the 
algorithm  to  form  the  connections  is  very  well  defined  and  can 
be  relatively  easily  programmed.  Boun^ry  integrity  is  a  less 
well  defined  problem  and  as  such  is  more  problematic  to  solve. 


Advancing  Front 

A  grid  generation  technique  which  is  based  upon  the 
simultaneous  point  generation  and  connection  is  the  advancing 
front  method.  Given  a  set  of  points  which  defines  a  geometrical 
boundary  or  boundaries  and  a  measure  of  the  local  spacing 
requited  within  the  domain,  the  method  extends  or  advances  the 
boundary  connectivity  into  the  field.  Grid  points  are  generated 
and  connected  to  other  local  points  and  in  this  way  the  grid  is 
advanced  away  from  the  boundaries.  The  grid  point  density  is 
controlled  by  the  user  specified  parameters  which  is  often  called 
the  background  mesh.  For  a  uniform  disnibution  of  points,  the 
background  mesh  can  be  a  single  triangle  with  point  spacing 
parameters  assigned  to  each  of  ihe  three  nodes.  Points  in  the 
interior  of  the  domain  are  created  to  be  consistent  with  the 
background  spacing. 

The  nature  of  the  method  makes  it  ideally  suited  to  complicated 
geometries  and  requires  a  minimal  input  from  the  user.  The 
approach,  first  discussed  by  George®^  has  been  enhanced  and 
extended  into  3  dimensions  by  Peraire  et  al.®®'®‘*  and 
Lohner®®. 


The  approach  of  Peraire  et  al.  is  to  define  a  mesh  parameter  6 
which  controls  the  local  node  spacing  and  a  local  stretching 
parameter  fi  and  the  local  direction  t  of  stretching.  These 
parameters  allow  a  grid  to  be  generated  with  variable  siaed 
elements  and  which  are  clustered  and  stretched  in  such  a  way 
that  one-dimensional  features  in  a  solution  can  be  captured  in  a 
very  efficient  manner. 

Before  starting  to  generate  triangles  inside  a  domain,  the  body 
points  are  created  and  the  initial  front,  containing  the  information 
about  all  the  boundary  sides,  is  initialized.  The  orientation  of  the 
boundary  contours  is  such  that  the  interior  of  the  domain  is 
always  to  the  left.  The  initial  front  is  defined  by  two  integer 
vectors  which  have  as  many  components  as  actu^  active  sides. 
In  one  vector  the  number  of  the  first  node  of  each  side  is  stored 
whereas  the  second  node  number  is  kept  in  the  other  vector.  The 
generation  front  changes  continuously  throughout  the  process  of 
triangulation  and  must  be  updated  whenever  a  new  element  is 
fortt^.  Thus  the  front  changes  during  the  triangulation  process 
and  reduces  to  zero  when  the  end  of  the  triangulation  is  reached. 
Every  time  a  triangle  is  generated  its  sides  are  added  as  new 
entries  in  the  front. 


Figure  2.2.18  Examples  of  the  use  of  point  and  line 
sources  in  the  automatic  point  creation  routine. 

The  method  also  extends  with  complete  generality  into  three 
dimensions'***''*^. 


In  the  process  of  generating  a  new  triangle,  the  following  steps 
are  involved. 

1)  A  fiont  side,  with  nodes  A  and  B,  to  be  used  as  the  base  for  a 
triangle  is  selected.  With  distance  5|  from  points  A  and  B,  a 
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point  C  is  chosen.  8|  is  chosen  as 

r  8  if0.55*AB<8<2*AB 

81=4  0.55*AB  if0.55*AB>8 

I  2»AB  if8>2*AB 

2)  Find  all  the  nodes  which  belong  to  any  of  the  cunent  front 
sides  and  lie  inside  the  area  determined  by  the  circle  (centre  C 
and  radius  r=3*AB)  and  the  points  A  and  B.  Order  nodes  (aj, 
i^l.n)  according  to  their  distance  from  the  point  C,  in  such  a 
way  that  the  first  node  in  the  list  is  the  closest  to  C. 

3)  Decide  whether  or  not  point  C  is  added  to  the  list.  If 

Aaj  <  l.5*8| 

Ba,  <  1.5*81 

then  C  is  not  included.  Otherwise  C  is  placed  in  the  first  position 
of  the  list  and  the  other  nodes  are  shift^  by  one  place. 

4) Determine  the  connecting  point  aj.  This  is  taken  to  be  the  first 
node  in  the  list  that  satisfies  the  two  following  validity 
requirements. 

I)  the  interior  of  the  triangle  ABaj  does  not  contain  any  of 
the  remaining  nodes  in  the  list  (excluding  C). 
ii)  The  segment  line  ajM  (M  midpoint  of  AB)  does  not 
intersect  any  of  the  existing  sides  of  the  front. 

5)  Form  and  store  the  new  element.  If  C  is  chosen  as  the 
connecting  point  a  new  node  is  created 

This  approach  can  be  extended  to  a  non-uniform  distribution  of 
8  and  also  the  inclusion  of  element  stretching. 


example  in  3  dimensions,  where  the  nacelle  and  pylon  have  been 
discretized  with  an  unstructured  grid  which  has  then  been 
connected  to  a  struclured  multiblock  grid. 


Figure  2.2.19  A  hybrid  ghd  in  2  dimensions 


2.2.6  Other  Grid  Types 


Overlaid  grids 

I  he  basic  techniques  outlined  indicate  that  the  generation  of  a 
grid  around  a  simple  geometrical  shape  is  not  too  problematic.  In 
fact,  sufficient  is  now  known  of  the  mathematics  of  grid 
generation  that  high  quality,  controlled  ^ds  can  be  generated. 
Only  when  the  geometrv  becomes  comnlicated  is  it  necessary  to 
resort  to  more  complex  strategies,  such  as  multiblock.  The  idea 
that  any  complicated  shape  can  be  broken  into  geometrically 
simple  components,  each  of  which  can  be  gridded,  is  at  the  heart 
of  the  overlaid  grid  approach. 


The  overlaid  approach  generates  a  suitable  grid  around 
components  of  a  configuration  and  each  grid  is  allowed  to 
overlap  other  grids.  Interpolation  of  flow  data  is  then  used  in  the 
region  of  overlap.  This  approach,  which  has  been  taken  to  a 
considerable  degree  of  sophistication  is  often  called  the 
Chimera'  method'®'*^.  The  key  problem  in  the  approach  is  the 
accurate  and  conservative  transfer  of  data  between  component 
grids.  The  approach  has  been  used  with  considerable  success  in 
simulating  moving  boundary  problems. 


Figure  2.2.20  An  example  of  a  hybrid  grid  in  3 
dimensions. 


Hybrid  grids 

The  hybrid  grid  approach  is  similar  to  the  overlaid  grid  method 
in  that  a  structured  grid  is  used  wherever  is  appropriate,  but 
where  the  geometry  tsKomes  complicated  an  unstructured  grid  is 

used^^  Both  grid  types  are  then  connected  together  in  a 
node-to  node  continuous  manner.  The  hybrid  approach  can  be 
utilised  with  a  multiblock  approach.  A  multiblock  grid  is 
generated  around  a  pan  of  the  configuration,  with  the  additional 
components  gridded  with  an  unstructured  grid.  The  unstructured 
grid  can  be  generated  using  either  the  advancing  front  or 
Delaunay  technique.  Fig.  2.2.19  shows  a  typical  example  of  a 
hybrid  grid  in  2  dimensions.  Fig.  2.2.20  shows  a  typical 
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2.2.7  Surface  Grids 


Surface  mesh  generation  is.  in  itself,  one  of  the  most  difficult 
and  yet  important  aspects  of  mesh  generation  in  3  dimensions. 
The  surface  mesh  influences  the  field  mesh  close  to  the 
boundary,  which  is  often  where  rapid  changes  in  flow  variables 
take  place.  Surface  meshes  have  the  same  requirement  for 
smoothness  and  continuity  as  the  field  meshes  for  which  they  act 
as  boundary  conditions,  but  in  addition,  they  are  requir^  to 
conform  to  the  configuration  surfaces,  including  lines  of 
component  intersection  and  to  adequately  model  regions  of  high 
surface  curvature.  Several  approaches  have  been  suggested  in 
the  literature,  but  most  rely  upon  a  parametric  representation  of  a 
surface. 

A  suitable  numerical  representation  of  a  surface  involves  aspects 
of  geometry  modelling^'^*.  Geometry  modelling  is  a  means  by 
which  a  continuous  surface  can  be  defined  from  a  discrete  set  of 
points.  Such  a  description  of  a  surface  is  valuable  for  the 
generation  of  surface  meshes  which,  in  general,  will  not 
coincide  with  the  original  geometry  definition.  A  parametric 
representation  of  a  surface  is  straightforward  to  construct  and 
provides  a  description  of  a  surface  in  terms  of  two  parametric 
coordinates.  This  is  of  particular  importance,  since  the 
generation  of  a  mesh  on  a  surface  then  involves  using  grid 
generation  techniques,  developed  for  2  space  dimensions,  in  the 
parametric  coordinates. 


Figure  2.2.21  The  steps  in  the  surface  grid  generation 


A  similar  procedure  is  followed  to  generate  an  unstructured  grid 
on  a  surface. 


In  this  way.  surface  mesh  generation  can  be  viewed  as  a 

transformation  of  the  Euclidian  Space.  91^  to  a  parametric 
representation  in  coordinates  (s,t)  within  which  the  grid  is 

3 

generated  to  be  subsequently  mapped  back  to  9i  to  give  the 
surface  mesh.  Clearly,  a  key  aspect  of  this  procedure  is  the 
mapping  between  the  Euclidian  .space  and  the  parametric  space. 

Many  such  transformations  are  available.  One  classic 
formulation  is  a  due  to  Ferguson  and  can  be  expressed  as 

r(s,l)  =  F(s)  F(t) 

where 

10  0  0 
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Surface-to-surface  intersections 

One  aspect  relating  to  surface  grid  generation  which  is  often 
encountered  is  the  computation  of  surface-to-surface 
intersections.  Obviously,  it  is  necessary  to  place  grid  points  on 
such  intersection  curves. 

If  two  surfaces  intersect  and  they  are  both  represented  in 
parametric  form  as  just  described  then  it  is  possible  to  formulate 
an  equation  which  defines  the  intersection  curve. 

Assume  the  two  surfaces  x*  and  x^  are  represented  by 

t^ 

x*=  (x.y.z)*  =  1  s^  s"  s  1)  Mj 

1 


F(s)  =  11  s  s2  s^l 


and 


and 


r(0,0)  r(0,l)  r,(0.0)  r,(0.1) 
r(I.O)  r(l,l)  r,(l,0)  r,(l,l) 
rs(O.O)  rjlO,!)  rjjfO.O)  rs,(0.1) 
rs(l,0)  rsd.l)  rs,(1.0)  rs,(l,l) 

The  matrix  Q  involves  coordinates,  derivatives  in  s  and  t,  and 
cross,  or  twist  derivatives  in  s  and  t.  The  surface  is  represented 
by  a  set  of  quadrilateral  patches  and  within  each  qu^irilateral 
patch  the  Ferguson  representation  is  applicable.  Hence  any 
surface  which  i.s  defi.ned  In  leriii.s  of  a  network  of  lines  which 
form  quadrilateral  patches  can  be  expressed  in  parametric 
coordinates  (s.t).  The  grid  generation  is  performed  in  the 
coordinates  (s.t)  before  using  the  Ferguson  formulation  to 
convert  to  physical  coordinates.  Fig.  2.2.21  shows  the  sequence 
involved  in  the  process  to  generate  a  structured  grid  on  the 
surface  of  a  configuration. 


x^  =  (x.y.z)^  =  I  u^  u^  u  I  IN; 

V 

1 

i=x,y,z 

The  (s,t)  and  (u,v)  are  sets  of  parametric  coordinates  and  Mj  and 
Nj  matrices  containing  the  blending  functions  and  parametric 
derivatives  of  x.  For  an  intersection  for  a  constant  parameter, 
say  V(,,  the  following  equation  must  be  satisfied 


3 

t3 

''o 

t2 

1 

1 

-  (  u-^  u^  u  I|Nj 

2 

'’o 

''o 
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This  results  in  three  non-linear  algebraic  equations  for  s,  t  and  u 
which  can  be  solved  using  the  Newton-Raphson  method. 
Having  solved,  it  is  then  possible  to  convert  these  parametric 
coordinates  to  obtain  the  position  of  the  intersection  in  the 
physical  space,  x  =  (x.y.z). 


2.2^  Grid  Adaptivity  Techniques 

To  resolve  features  of  a  flowfield  accurately  it  is,  in  general, 

necessa^  to  introduce  grid  adaptivity  techniques^^'^*. 
Adapdvi^  is  based  upon  the  equidistribution  of  enors  principle, 
namely, 

Wj  dsj  =  constant 

where  Wj  is  the  error  or  activity  indicator  at  node  i  and  dsj  is  the 
local  grid  point  spacing  at  node  i. 

Central  to  adaptivity  techniques,  and  the  satisfaction  of  this 
equidistribution  principle,  is  to  define  an  appropriate  indicator 
Wj.  Adaptivity  criteria  are  based  upon  an  assessment  of  the  error 
in  the  solution  of  the  flow  equations  or  ate  constructed  to  detect 
features  of  the  flowfield.  These  estimators  are  intimately 
connected  to  the  flow  equations  to  be  solved.  For  example, 
some  of  the  main  features  of  a  solution  of  the  Euler  equations 
can  be  shock  waves,  stagnation  points  and  vortices,  and  any 
indicator  should  accurately  identify  these  flow  characteristics. 
However,  for  the  Navier-Stokes  equations,  it  is  important  not 
only  to  refine  the  mesh  in  order  to  capture  these  features  but,  in 
addition,  to  adequately  resolve  viscous  dominated  phenomena, 
such  as  the  boundary  layers.  Hence  it  seems  likely,  that  certainly 
in  the  near  future,  adaptivity  criteria  will  be  a  combination  of 
measures  each  dependent  upon  some  aspects  of  the  flow  and,  in 
turn,  upon  the  flow  equations. 

Many  different  physical  criteria  have  been  suggested  for  use 
with  the  Euler  equations.  Such  measures  include, 

lu.Vsl,  lu.Vul,  lu.Vpl,  lu.Vpl,  IVMI,  iVpl,  iVpl 

where  s,  u,  p,  p,  M  are  entropy,  velocity,  density,  pressure  and 
Mach  number,  respectively. 

There  is  also  an  extensive  choice  of  criteria  based  upon  error 
analysis.  Such  measures  include,  a  comparison  of  computational 
stencils  of  different  orders  of  magnitude,  comparison  of  the 
same  derivatives  on  different  meshes  e.g.  Richardson's 
extrapolation  and  resort  to  classical  error  es'imation  .’iieory.  No 
generally  applicable  theory  exists  for  errors  associated  with 
hyperbolic  equations,  hence,  to  date  combinations  of  rather 
adhoc  methods  have  been  used. 

It  is  imponant  that  the  adaptivity  criteria  resolve  both  the 
discontinuous  features  of  the  solution  (i.e.  shock  waves, 
contacts)  and  the  .smooth  features  as  the  number  of  grid  points 
are  increased.  A  desirable  feature  of  any  adaptive  method  to 
ensure  convergence  is  that  the  local  cel!  size  goes  to  zero  in  the 
limit  of  an  infinite  number  of  mesh  points^^. 


Once  an  adaptivity  criterion  has  been  established  the 
equidistribution  principle  is  achieved  through  a  variety  of 
methods,  including  point  enrichment,  point  derefinement.  node 
movement  and  remeshing,  or  combinations  of  these. 


Grid  refinement 

Grid  refinement,  or  h-refinemem,  involves  the  addition  of  points 
into  regions  where  adaptivity  is  required.  Such  a  procedure 
clearly  provides  additional  resolution  at  the  expense  of 
increasing  the  number  of  points  in  the  computation. 

Grid  refineriKnt  on  unstructured  grids  is  readily  implemented. 
The  addition  of  a  point  or  points  involves  a  local  reconnection  of 
the  elements,  and  the  resulting  grid  has  the  same  form  as  the 
initial  grid.  Hence,  the  same  flow  solver  can  be  used  on  the 
enrich^  grid  as  was  used  on  the  initial  grid.  An  example  of  this 
approach  is  given  in  Fig.  2.2.22. 


Figure  2.2.22  H-refinemenl  on  an  unstmetured  grid. 

Grid  refinement  on  structured  or  multiblock  grids  is  not  so 
straightforward  The  addition  of  points  will,  in  general,  break  the 
regular  array  of  points.  The  resulting  distributed  grid  points  no 
longer  naturally  fit  into  the  elements  of  an  array.  Furthermore, 
some  points  will  not  conform'  to  the  grid  in  that  they  have  a 
different  number  of  connections  to  other  points.  Hence  grid 
refinement  on  structured  grids  requires  a  modification  to  the 
basic  data  structure  and  also  the  existence  of  so-called  non- 
conforming  nodes  requires  modifications  to  the  flow  solver. 
Clearly  point  enrichment  on  structured  grids  is  not  as  natural  a 
process  as  the  method  applied  on  unstructured  grids  and  hence  is 
not  so  widely  employed.  Work  has  been  undertaken  to 
implement  point  enrichment  on  structured  grids  and  the  results 
demonstrate  the  benefits  to  be  gained  from  the  additional  effort 
in  modifications  to  the  data  structure  and  flow  solver.  Fig. 
2.2.23  shows  point  enrichment  on  a  multiblock  structured  grid 
together  with  the  flow  contours  of  pressure  and  Fig.  2.2.24 
shows  grid  refinement  on  a  single  block  structured  grid. 


Figure  2.2.23  H-refinement  on  a  multiblock  grid 


tt 


Figure  2.2.24  H-refinement  on  a  single  block  structured 
grid 

Grid  Movement 

Grid  movement  satisfies  the  equidisiribution  principle  through 
the  migration  of  points  from  regions  of  low  activity  into  regions 
of  high  activity.  The  number  of  nodes  in  this  case  remains  fixed. 
Traditionally,  algorithms  to  move  points  involve  some 

optimization  principle*^.  Typically,  as  indicated  in  Section  2.2.3 
expressions  for  smoothness,  orthogonality  and  weighting 
according  to  the  flowfteld  or  errors  ate  constructed  and  then  an 
optimization  is  performed  such  that  movement  can  be  driven  by 
a  weight  function,  but  not  at  the  expense  of  loss  of  smoothness 
and  orthogonality. 

An  alternative  approach  is  to  use  a  weighted  Laplacian  function. 
Such  a  formulation  is  often  used  to  smooili  grids,  and  of  course 
the  formal  version  of  the  formulation  is  used  as  the  elliptic  grid 
generator  presented  earlier,  Eq.  (2.2.1).  Written  in  a  general 
form  for  both  structured  and  unstructured  grids  the  weighted 


X^iO 

j-1 

where  r=(x,y),  *  is  the  position  of  node  0  at  relaxation  level 

n+1,  Cjo  is  the  adaptive  weight  function  between  nodes  i  and  0 

and  0)  is  the  relaxation  parameter.  The  summation  is  taken  over 
all  edges  connecting  point  0  to  i,  where  it  is  taken  that  there  are 
M  surrounding  nodes.  In  practice,  this  relaxation  is  typically 
applied  over  X  cycles  with  a  relaxation  parameter  of  O.I .  The 
weight  function  Cjg  can  be  taken  as  a  measure  of  any  flow 
parameter  such  as  pressure,  density  or  a  measure  of  local  error. 
This  approach  proves  trivial  to  implement  on  all  mesh  types,  but 
yet  its  effects  are  impressive.  Fig.  2.2.25  shows  a 
demonstration  of  the  meth^  applied  to  both  a  structured  and 
unstructured  mesh,  respectively. 


Laplaci.tn  is 


n+1 


Figure  2.2.25  Node  movement 


Combinations  of  Node  Movement,  Point 
Enrichment  and  Derefinement 

An  optimum  approach  to  adaptation  is  to  combine  node 

movement  and  point  enrichment  with  derefinement^*.  These 
procedures  should  be  implemented  in  a  dynamic  way,  i.e. 
applied  at  regular  intervals  within  the  flow  .simulation.  Such  an 
approach  also  provides  the  possibility  of  using  movement  and 
enrichment  to  independently  capture  different  features  of  the 
flow.  An  example  of  combinations  of  these  adaptive 
mechanisms  is  given  in  Fig.  2.2.26. 


Figure  2.2.26.  Combinations  of  adaptive  strategies 
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Grid  Rem0shing 


One  method  of  adaptation  which,  to  date  has  been  primarily  used 

on  unstructured  grids,  is  adaptive  remeshing^^.  As  already 
indicated,  unstructured  meshes  can  be  generated  using  the 
concept  of  a  background  mesh.  For  an  initial  mesh  this  is 
usually  some  very  coarse  triangulation  which  covers  the  domain 
and  on  which  the  spatial  distribution  is  consistent  with  the  given 
geometry.  For  adaptive  remeshing,  the  flowfield  achieved  on  an 
initial  mesh  is  used  to  define  the  local  point  spacing  on  the 
background  mesh  which  was  itself  the  initial  mesh  used  for  the 
flow  simulation.  The  mesh  is  regenerated  using  the  new  point 
spacing  on  the  background  mesh.  Such  an  approach  can  result  in 
a  second  adapted  mesh  which  contains  fewer  points  than  that 
contained  in  *e  initial  mesh.  However,  there  is  the  overhead  of 
regeneration  of  the  mesh  which  in  3  dimensions  can  be 
considerable.  Never-the-less  impressive  demonstrations  of  its 
use  have  been  published  and  such  an  example  is  shown  in  Fig. 
2.2.27. 


Figure  2.2.27  Grid  remeshing  for  inviscid  flows 
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23  SPACE  DiSCRETIZATIO^ 

-  DISSIPATION 

All  numericiil  schemes  used  tor  obtaining  solutions  to  the  Euler 
etjualions  must  contain  a  certain  level  of  dissipation  to  prevent 
odd-even  point  decoupling,  to  mainuiin  stability  at  discontinu¬ 
ities,  and  to  eliminate  nonphysical  solutions  such  as  expansion 
shocks.  The  dissipation  may  he  explicitly  added  on  top  ol 
a  naturally  nondissipative  scheme  such  as  pure  central  difter- 
encing,  or  it  may  arise  naturally  t"om  the  spatial  discrcti/ation 
such  as  occurs  with  upwind  differencing  algorithms  The  ex¬ 
act  form  of  dissipation  has  a  large  impact  on  the  accuracy  of 
the  scheme,  as  well  as  the  stability  and  robustness  ot  the  over¬ 
all  algorithm.  While  some  discretirations  provide  some  dis¬ 
sipation  due  to  the  coupling  of  the  space-time  discreti/ations. 
these  whemes  generally  have  a  steady  state  that  depends  on  the 
time  step  and  are  discussed  elsewhere  Below,  methods  of  ex¬ 
plicitly  adding  dissipation  to  central  differencing  schemes  arc 
discu.ssed.  as  well  as  methixJs  of  achieving  naturally  dissipa¬ 
tive  schemes  through  upwind  differencing  Also  discussed  arc 
methods  of  capturing  sharp  discontinuities  without  inmxlucing 
nonphysical  oscillations  into  the  computations. 

2.3.1  Artificial  Dissipation  Models  for 
Central-Difference  Schemes 

Becau.se  the  basic  numerical  scheme  uses  central  differences  to 
represent  spatial  derivatives,  the  artilicial  dissipation  required 
to  avoid  spurious  oscillations  in  the  vicinity  of  shocks  and  to 
stabilize  the  scheme  is  implemented  in  a  convenient  manner 
by  misdify.ng  the  convective  Huxes: 

s  +Fi±,  jx)  -  j  x 

Giji  j  X  =  5(Gi.ix  +Gi,ji,  x)  ^  " 

J  ~  +  Hij><tl)  ~djjx±J 

The  terms  djj^^x-  represent  the 

dissipative  terms  in  the  i.  j,  and  k  directions,  respectively. 
Although  many  variations  in  dissipation  models  are  presented 
in  the  literature,  only  two  specific  forms  are  discus.sed  in  this 
paper. 

Scalar  Dissipation  Model 

The  basic  dissipation  model  is  a  nonisotropic  model,  where 
the  dissipative  terms  arc  functions  of  the  spectral  radii  of  the 
Jacobian  matrices  asstK'iated  with  the  appropriate  coordinate 
directions.  The  details  of  the  model  vary  with  specific  re¬ 
searchers.  and  no  attempt  is  made  here  to  de.scribe  the  many 
variations.  However,  the  essential  ingredients  are  described 
below,  and  more  details  can  be  found  in  many  excellent  ref¬ 
erences  (e.g..  Refs.  I.  2.  .1.  4,  5,  6  and  7) 

For  clarity,  a  detailed  description  of  the  dissipative  terms  for 
the  i  direction  is  given  as 

d,,a  j.x  =  -\*|,.|.K:’^^  x<Wici,j,i.  -  Wi  j.x) 

-  ^',lVj.i<Wi,3  i,i.  -  3Wi*..j.x  (2-3-2) 

+  3Wi,j  x  -  Wi_..j,x)l 


In  thw  above  expre-ssion,  the  coefficients  »  “  and  <  ■*'  are  related 
lo  the  pressure  gradient  paiamclcr  c 


|jn  - 1  j  I 


2p.  j  r  r  II, 


I2..V.J) 


+  2;;,  +  II,  -  X  ,  L 

=  s* "*iiiii.\(  u, .  1 .  u,  t  (2..V4) 

if  j  k 


where  k  ’’  and  are  constants  with  i)pica)  values  ol  1/2  and 
1/64.  respectively.  The  variable  W  is  related  to  the  solution 
vector  w  by  the  equation 


W  '  w  +  (O.  (1.  (1.  (».  ft  I  ^ 


I2.-V6) 


The  term  is  the  .scaling  factor  a.ssocialed  with  the 

^-coiirdinatc.  This  scale  factor  is  defined  as 


=  +  <2.-V 


7) 


where  is  related  to  the  spectral  radii  of  the  Hux  Jacobian 
matnx  in  the  three  cixirdinale  directions  as  follows 


(•V)  =  i-\‘l 


1  -)-  (^) 

V  Aj  / 

v  -v  / 

|2,.V8) 


The  spectral  radii  for  the  i.  i;.  and  C  dirations  are 


•'c  =  I'/rl  +  ''y'sr  +  +  t" 


=  |</.,|  -I-  iiyji):  +  +  n: 

•'s  =  I'/sl  +  "  v  <'‘ 


I2..V9) 


In  the  above  equations.  </  is  the  lixal  speed  of  sound,  and 
•It  'll,  ond  q.  arc  the  contravarianl  veliKity  vectors  in  the  i. 
j.  and  k  (i.t;.0  directions,  r-'pccti-?.';  ,  and  are  given  by  the 
relations 

'It  =  (,"  +  i„i'  +  t,  ic 


=  i;r«  +  +  '/  " 

•It  =  Cr  It  +  C,f  +  C  ,  »' 


(2..). 10) 


Expressions  for  the  artificial  dissipation  coefficients  in  the  j 
and  k  directions  can  be  derived  in  a  similar  manner  and  take 
the  form 


(2,.V1I) 


(Ac)  =  (.\.) 


(2,.A.I2) 


The  pressure  switch  given  in  Eqs.  (2. ,3.3),  (2. .3.4),  and  (2.3.5) 
serves  to  increase  the  second  difference  dissipation  while 
switching  off  the  fourth  differences  near  discontinuities.  This 
formulation  is  given  by  Jameson  et  al.'  and  increases  the 
sharpness  of  the  shock  wave  without  the  introduction  of  un¬ 
wanted  oscillations  due  to  differencing  across  the  shock. 


Matrix-Valued  DissipaHon 

The  dissipation  model  described  above  is  not  optimal  in  the 
sense  that  the  same  dissipation  scaling  is  used  for  all  the  gov¬ 
erning  equations  a  given  coordinate  direction.  Reduced  ar¬ 
tificial  dissipation  can  be  obtained  by  individually  scaling  the 
dissipation  contribution  to  each  equation,  as  is  done  implicitly 
in  upwind  schemes.*  ''  The  scalar  coefficients  used  in  the  arti¬ 
ficial  dissipation  model  are  replaced  by  the  modulus  (absolute 
values)  of  flux  Jacobian  matrices.  Thus  Eqs.  (2.3.8)-(2..J.I2) 
can  be  rewritten  as 


,\;  =  |A|.  A„  =  |B|,  Ac  =  |C|  (2.3.13) 


The  matrices  A,  B,  and  C  have  very  few  nonzero  elements  and 
can  be  found  in  Ref.  7  in  their  entirety.  The  absolute  value 
of  these  matrices,  illustrated  here  for  the  matrix  A,  is  defined 
in  the  following  manner.  Let 

A  =  T{AtTr'  (2.3.l4i 


where  A^  is  a  diagonal  matrix  with  the  eigenvalues  of  A  as 
its  elements.  Then 


|A|  =  Tj|Aj|Tj-' 


where 


!A<| 


rlA,| 

I) 

(, 

0 

.  ') 


I)  0  0  0  • 

IAjI  0  (I  (I 

0  |A,||  0  0 

n  (I  |A,i|  0 

0  0  0  |A,|. 


(2.3.15) 


(2.3.16) 


The  diagonal  clemints  of  the  above  matrix  are' 


Ai  =  '/;  +  +  6;  +  i;' 

Aj  =  '/<  -  '/y'if  +  iij  +  ir 
A,  =  ./, 


After  considerable  algebra  |A|  can  be  expressed  In  the  fol¬ 
lowing  manner  as 


1A|  =  |A,|I 


(-  -  1) 


E, 


;  +  vi  +  if 


(2.3.18) 


|Ai|-|A.,| 
2"\/ir +ir: +  i- 


{  E3  +  (  “  —  1  )E4  ) 


where  I  i-**  the  identity  matrix,  and  Ei,  E:.  E^.  and  E4  are 
given  b)  the  relations 
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(2.3.22) 

and  I  —  M*  +  /'■  +  ~  IS  the  total  veltK'ily. 

By  taking  advantage  ol  the  .‘special  form  of  the  elements 
of  |A|.  one  can  evaluate  the  matrix-vector  products  of  the 
form  |A|(U..^i  -U',  very  efficiently,  without  ever 

evaluating  |A|  directly. 

In  practice,  A».  Aj.  Ai  canmH  be  chosen  as  given  by  Eq. 
(2. .3. 17).  Near  stagnation  points.  Ai  approaches  /.ero;  near 
.sonic  lines.  Ai  or  A?  approaches  zero.  Since  zero  artificial 
viscosity  can  create  laimcrical  difficulties,  these  values  arc 
limited  in  the  following  manner 

(All  =  nia.v  (|A)|.  \  „  A5) 

|A,|  =  mux(lA.,|. 

|.\i|  =  max  (|A,|.  I'lA.) 


where  r„  limits  the  eigenvalues  associated  with  the  nonlinear 
charactcri.slic  fields  to  a  minimum  value  that  is  a  fraction  of 
the  spectral  ladius.  while  \  'i  provides  a  similar  limiter  for  the 
eigenvalues  associate:!  with  (he  linear  characteristic  Helds.  The 
values  for  the  limiting  crKl'ticienls  1  „  and  1)  are  determined 
.ugh  numerical  experimentation  such  that  sharper  shocks 
and  suction  peaks  arc  captured  without  the  intrtxiuction  of 
spurious  oscillations  in  the  solution  while  still  maintaining 
good  convergen.r  properties.  l)y  setting  I',,  =  1/  =  1,  we 
recover  the  scalar  form  of  the  artificial  dissipation,  whereas 
I ..  =  '  /  =  0  corresponds  to  the  use  of  actual  eigenvalues 
without  any  limiters.  The  eigenvalues  obtained  from  Eq, 
(2.3.23)  arc  then  modified  for  large  changes  in  cell  aspect  ratios 
with  the  cxprc.ssions  given  in  Eq.  (2  3.8).  Similar  expressions 
can  be  derived  for  the  matrices  B  and  C  by  replacing  the 
coniravariant  velocity  by  qi;  and  and  i  by  i;  and  c, 
respectively,  in  Eqs.  (2.3.14)  through  (2.3.22). 

Note  that  if  the  dissipative  fluxes  arc  interpreted  as  modifiers  to 
the  physical  fluxes  at  the  interfaces  of  the  difference  molecule, 
then  the  central-  lilTercncc  scheme  with  the  matrix  dissipation 
closely  resembles  the  characteristic  decomposition  used  in 
upwind  schemes.'"  " 

A  comparison  o',  results  obtained  with  both  scalar  and  matrix 
dissipation  is  shown  in  Fig.  2.3.1  These  results  have  been 
obtained  with  the  code  described  in  Ref.  9.  The  case  shown 
i.s  the  invist'd  flow  over  an  NAC'A  (X)I2  aii.oil  at  a  frcc- 
stream  Mach  i.ambor  of  0.8  and  an  angle  of  attack  of  1.'2.')'’. 
This  flow  field  is  ebaracten/cd  by  a  moderate  strength  shock 
on  the  upper  snrlacc  and  a  much  weaker  shock  on  the  lower 
surface.  .\s  seen  in  the  figure,  the  results  obtained  with  both 
the  scalar  and  matrix  dissipation  arc  very  similar  However, 


y 


•  # 


the  solution  obtained  with  matrix  dissipation  exhibits  slightly 
sharper  shocks  on  both  the  upper  and  lower  surfaces. 


x/c 


Figure  2.3. 1  Central-difference  scheme 
results  with  scalar  and  matrix  dissipation  for 
NACA  0012  with  .1/^  =  0.8  and  n  =  l.J.'i". 


where 


-\|.i  :>  —  <U  —  +  i;"' 

A ,  =  +u,J  a  +  i  ■;  +  a  (2,3.28) 

=  <u  -  “  +  ti  +  : 

The  eigenvalues  can  then  be  decomposed  into  nonnegative 
and  nonpositive  components 


where 


A,  =  a;  +  a; 


(2.3.20) 


(2.3.30) 


Similarly,  the  eigenvalue  matrix  A{  can  be  decomposed  into 


.\[  -  Aj  + 


(2.3.31) 


where  is  made  up  of  the  nonnegativc  contributions  of  A^ 
and  .\j  is  constructed  of  the  nonpositive  contributions  of  X~ . 
This  splitting  of  the  eigenvalue  malnx.  combined  with  Eq. 
(2.3.26),  allows  the  (lux  vector  F  to  be  rewritten  as 


F  =  TcIa;  +  ArjTj-'w 
=  (A*  -t-  A^  )w  =  F*  +  F“ 


(2.3..32) 


2.3.2  Upwind  Diflerencing 

The  flux  vector  F  has  iiirc.  df'  inct  eigenvalues  given  by  Eq. 
(2.3.28)  and  can  ihereli  re  be  V  ritten  as  a  sum  of  three  subvcc- 

FluX-VectOr  Splitting  tors,  each  of  which  has  a  d  sticct  eigenvalue  as  a  coefficient'' 


For  llux-vcctor  splitting,  the  fluxes  in  generalized  cooidinates, 
F.  G.  and  H  are  split  into  forward  and  backward  contributions 
according  to  the  signs  of  the  eigenvalues  of  the  Jacobian 
matrices  and  arc  differenced  accordingly.  For  example,  the 
flux  in  the  i  direction  can  be  differenced  as 

+  Kf-  (2.3.24) 

because  F*  has  all  nonnegalive  eigenvalues  and  F"  has  all 
nonpositive  eigenvalues.  Two  methods  of  flux-vector  splitting 
arc  discussed  below. 

The  first  method  is  the  technique  outlined  by  Steger  and 
Warming  in  Ref.  1 2.  Since  the  flux  vectors  are  homogeneous 
functions  of  degree  one  in  w,  they  can  be  expressed  in  terms 
of  their  Jacobian  matrices.  For  example,  considering  the  flux 
vector  in  the  i  direction,  F  can  then  be  written  as 

F  =  Aw  =  ^w  (2.3.25) 

<rw 


A  similarity  transformation  allows  Eq.  (2. 3. 25)  to  be  written 
as 


F  = 

Aw  =  T( 

A.T 

"'w  (2.3.26) 

where  the  matrix 

is  a  diagonal  matrix  composed  of  the 

eigenvalues  of  A  and 

is  given  by 
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(2,3.27) 
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F  =  F,  +F,  +  F,  (2.3.33) 


where 


r 

(HI 

,»r 

^(if-  +  ('■  +  tf-) 


r 

l>U  ± 
fH  ± 
f)U'  ± 


(2.3..34) 


(2.3.35) 


and  the  direction  cosines  of  the  directed  inicrtauc  in  the  ^ 
direction  are 


|Vi| 

1.=  ^  (2.3.36) 


where  _ 

|Vil  =  y'tr  +  4- e-  (2.3..37) 

The  forward  and  backward  flux  vectors  F*  and  F“  arc  formed 
from  Eq.  (2,3.33),  (2. 3. ,34).  and  (2.3.35)  by  inserting  A,  = 
and  A,  =  A,  4  rc.spcctivcly. 
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For  supersonic  and  sonic  flow  in  the  t  direction  (i.e..  |.\/(|  = 
|ii/ii|  >  1).  where  u  =  l/{/|V^|  represents  the  velocity  normal 
to  a  {  =  Constant  face,  the  fluxes  in  this  direction  become 

=  F  F"  =  0  (.U^  >  1) 

(2J.38) 

F'^  =  0  F"  =  F  (.U{  <  -I) 


can  be  used  for  the  spatial  derivatives.  In  addition,  both  Jaco- 
bians  have  one  ^ero  eigenvalue  for  subsonic  Mach  numbers, 
which  leads  to  steady  transonic  shock  structures  with  only 
two  transition  zones.'’  In  practice,  when  second-order  spa¬ 
tial  differencing  is  used,  shocks  with  only  one  interior  zone 
are  usually  obtained.'"  This  feature  is  not  observed  with  the 
Steger-Warming  flux  splitting. 


The  split  fluxes  in  the  other  two  directions  are  easily  obtained 
by  interchanging  i;  or  (  in  place  of  (. 

The  fluxes  split  in  the  aforementioned  manner  arc  not  con¬ 
tinuously  differentiable  at  zeros  of  the  eigenvalues  (i.e.,  sonic 
and  stagnation  points).  (See  Ref.  14.)  This  is  illustrated  in 
Fig.  2. ,3.2.  where  the  split  mass  flux  contributions  for  the  one¬ 
dimensional  Euler  equations,  nondimensionalized  by  /m.  are 
shown  as  a  function  of  Mach  number.  The  gradient  disconti¬ 
nuities  in  the  split  fluxes  are  evident  as  the  eigenvalues  pass 
through  zero.  The  lack  of  differentiability  of  the  split  fluxes 
has  been  shown  in  some  cases  to  cause  small  oscillations  at 
sonic  points  that  are  rarely  noticeable  for  most  aerodynamic 
applications  but  can  be  remedied  by  biasing  the  eigenvalues 
near  zero  to  a  small  value.''' 


Figure  2.3.2  Variation  of  Steger  and 
Warming  split  mass  flux  with  Mach  number. 


The  Jacobian  matrices  of  F^  and  F“  that  arc  required  for 
proper  linearization  for  an  implicit  scheme  do  not  share  the 
same  eigenvalues  as  A''  and  A"  defined  in  Eq.  (2.3.32). 
However,  the  Jacobian  matrices  of  F'*  and  F  ^  do  have  eigen¬ 
values  with  the  same  signs  as  A*^  and  A“  so  that  upwind  dif¬ 
ferencing  of  the  spatial  derivatives  remains  appropriate.'''  Al¬ 
though  A’^  arc  easier  to  form,  their  use  in  implicit  schemes,  in¬ 
stead  of  the  correct  linearizations  (OF^/t)w).  has  been  shown 
in  many  cases  to  cause  severe  time-step  limitations.''' 


The  three-dimensional  .splittings  of  Van  Leer  are  given  below 
fo'  '  (ircction;  the  others  are  obtained  similarly. 

;ilit  according  to  the  contravariant  Mach 
111  iiicction,  which  is  defined  previously  as 

|.\/.|  -  I'l/iij  >  1.  For  supersonic  flow  >  1), 

F’’  =  F  F^  =  (I  (3/,  >  1) 

(2.3..39) 

F"  =0  F  =  F  (.l/£  <  -1) 

and  for  subsonic  flow  (l-i/^l  <  1). 


P±  _  \^i\ 

^  -~r 

where 

=  ±i>n(Mi±l)-/4  (2.3.41) 

[-(3  -  1)"-  ±  -  1)«"  +  I’l-’l/i-.’  -  I) 

-f  (m'  -f  t'~  -|-  /t■")/2} 

(2,3,42) 

To  form  F*.  the  direction  cosines  t,  .  t,,,  and  4:  are  given 
by  Eq.  (2.3.36)  and  «  is  (he  velocity  normal  to  ti  4  =  Con¬ 
stant  face.  The  fluxes  in  the  other  two  directions  are  easily 
formed  by  interchanging  f  with  >)  or  (,.  In  Fig,  2.3.3  the 
nondimensionalized  mass  flux  using  the  Van  Leer  splitting  is 
shown  as  a  function  of  Mach  number  for  the  one-dimensional 
Euler  equations.  The  split  fluxes  are  continuously  differen¬ 
tiable  at  sonic  and  stagnation  points;  the  improvement  over 
the  Steger-Warming  splitting  is  apparent. 
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In  1982.  a  new  method  of  splitting  the  flux  vector  was  pro¬ 
posed  by  Van  Leer,"  Here,  the  fluxes  arc  split  so  that  the 
forward  and  backward  flux  contributions  blend  smoothly  at 
eigenvalue  sign  changes  (i.e.,  near  sonic  and  stagnation  points). 
Just  as  for  the  Steger-Warming  splitting,  the  Jacobian  matrices 
(7F*/i'>w  must  have  nonnegative  eigenvalues  and  OF'/iTw 
must  have  nonpositivc  eigenvalues  so  that  upwind  differencing 
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Figure  2.3.3  Variation  of  Van  Leer 
split  mass  flux  with  Mach  number. 
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An  interesting  numericaJ  conseijucnce  of  splitting  the  Duses 
can  be  observed  by  examining  the  differencing  of  the  mass 
and  energy  fluxes.  Considering  a  simplified  one-dimensional 
case,  an  approximation  to  the  spatial  denvativcs  of  the  mass 
and  energy  flux  is  given  by 


and  the  process  is  repeated.  The  process  described  above  is 
summarized  in  Figs.  2..i.4.  2. .1.5.  and  2.3.6. 

W  r.1/2  ,+  1/2 


lllicss 

energy 


■  II  ) 


(2.3.43) 


At  a  steady  state,  so  the  energy  equa¬ 

tion  can  be  written  as 


OipiiH) 

0.f 


(/'» 


(2.3.44) 


Because  this  will  also  equal  zero  at  a  steady  state,  the  total  en¬ 
thalpy  will  be  preserved  numerically  as  it  should  he  physically. 
When  the  fluxes  are  split  with  either  the  Steger-Warming  or 
Van  laier  method  (as  well  as  flux -difference  splitting),  it  is  no 
longer  possible  to  obtain  a  similar  relation  because  the  mass 
and  energy  fluxes  are  differenced  in  different  manners.  The 
consequence  is  that,  although  mass,  momentum,  and  energy 
are  conserved  by  the  numerical  algorithm,  the  total  enthalpy 
is  not  conserved.  In  1987,  Hiinel'''  modified  the  energy  for¬ 
mulation  for  the  Van  Leer  flux-vector  splitting  so  that  the  split 
energy  flux  is  given  simply  by 


(2.3.45) 


By  defining  the  energy  flux  in  this  way.  the  total  enthalpy  is 
preserved.  In  addition,  because  the  total  enthalpy  is  a  constant 
at  steady  state,  the  energy  flux  remains  degenerate  so  that  the 
shock-capturing  capabilities  arc  not  compromised. 


Godunov’s  Method 

A  very  successful  scheme  for  solving  the  Euler  equations  that 
has  led  to  significant  improvements  in  the  accurac  4'  modern 
numerical  algorithms  is  due  to  Godunov  (e.g..  see  Ref.  20). 
For  this  scheme,  a  piecewise  constant  approximation  of  the 
data  in  each  cell  is  obtained,  which  represents  the  average  of 
the  data  in  the  cell 


Wi  = 


.*3 


I'uh- 


(2.3.46) 


Each  cell  interface,  located  at  i  ±  l/'2,  is  then  considered  to 
separate  two  regions  of  constant  properties  in  the  same  manner 
as  a  diaphragm  separates  regions  of  high-  and  low-pressure 
gas  in  a  shock  tube.  Because  an  exact  solution  exists  for 
this  problem,  the  evolution  of  the  flow  field  can  be  easily 
determined  by  solving  for  the  interaction  of  the  resulting  wave 
,(>m,  provided  that  waves  from  neighboring  cells  do  not 
interact.  Afterwards,  the  solution  in  each  cell  is  averaged. 
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Figure  2.3.4  Average  slate  at  time  i  =  n, 
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Figure  2.3.5  Solution  of  local  Riemann  problem. 
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Figure  2.3.6  Average  state  at  time  t  =  u  -i-  1, 

To  advance  the  solution  in  time,  ibe  one-dimensional  time- 
dependent  Euler  equations  are  integrated  over  both  space  and 
time  to  yield  an  equation  that  describes  the  time  evolution  of 
(he  cell  average  in  each  cell.  For  example,  in  cell  i. 

=wr-  -F(wi_i)]  (2.3.47) 

Here.  represents  the  time  average  of  the  flux  be¬ 

tween  times  n  and  n  +  I .  Recall  that  in  advancing  the  solution 
in  time.  At  is  chosen  so  that  there  is  no  interaction  of  the 
naves  from  neighboring  cell  faces.  Therefore,  the  solution  at 
the  interface  is  constant  over  the  time  interval  of  interest.  The 
solution  can  then  be  advanced  in  lime  by  forming  the  fluxes 


y 
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on  the  faces  from  the  data  obtained  by  solving  the  Riemann 
problem  and  advancing  the  solution  using  Eq.  (2.3.47). 

The  above  process  can  be  broken  down  into  a  "projection” 
and  an  "evolution"  stage  as  described  by  Van  Leer."'  In 
the  projection  stage,  the  behavior  of  the  data  in  each  cell  is 
reconstructed  whereas  the  evolution  stage  refers  to  the  solution 
of  the  Riemann  problem.  In  Godunov's  method,  the  data  in  the 
cell  arc  reconstructed  by  assuming  it  to  be  piecewise  constant, 
which  leads  to  tirst-order  spatial  accuracy.  By  replacing  this 
approximation  b>  a  piecewise  linear  representatio.i  ul  me  data, 
the  accuracy  of  the  scheme  can  be  raised  to  second  order." 

Osher’s  Scheme 

In  Godunov's  technique,  the  solution  of  the  Riemann  problem 
requires  an  iterative  procedure  at  each  interface  whenever  a 
shock  wave  is  present.  To  circumvent  the  iterative  process,  an 
approximate  solution  to  the  Riemann  problem  can  be  obtained 
by  replacing  a  shock  wave  with  an  overturned  rarefaction."''^ 
Therefore,  because  all  nonlinear  waves  arc  expressed  in  terms 
of  rarefactions,  explicit  relations  are  obtained  for  the  interme¬ 
diate  state  variables  connected  by  each  wave. 


Flux-Difference  Splitting 


For  flux-difference  splitting,  the  solution  of  the  Riemann  prob¬ 
lem  is  again  considered.  However,  the  solution  of  the  Riemann 
problem  is  foregone  in  favor  of  an  exact  solution  to  an  ap¬ 
proximate  problem  that  does  not  require  any  iteration.  More 
specifically,  for  one  space  dimension,  data  arc  advanced  in 
time  through  a  linearized  version  of  the  Euler  equations  given 
by 


i)w  ;  (7w 


=  0 


(2.3.48) 


where  A  is  a  specially  constructed  constant  matrix  that  satisfies 
the  property  that  for  any  wl  and  wr  (which  represent  the  left 
and  right  state  variables  on  either  side  of  a  cell  face). 


A(wl.wr)Aw  =  AF  (2.3.49) 


where  A(  )  =  (■),  -  (■)„  (i.e.  the  jump  across  an  interface). 
Note  that  the  tilde  (~)  denotes  that  the  matrix  is  con.structcd 
with  a  specific  averaging  procedure  that  is  described  below. 


Equation  (2.3,49)  can  also  be  written  as 

fAT^‘Aw  =  AF  (2.3..‘iO) 

Since  the  eigenvalues  represent  wave  speeds  of  individual 
waves.  Aq  =  T"'  Aw  represent  jumps  in  the  variables  due  to 
the  influence  of  each  wave.  Hence,  the  change  in  flux  between 
the  left  and  right  states  is  cxprcs.scd  in  terms  of  the  jumps  in 
these  states  projected  onto  the  eigenvectors: 

AF  =  ^(AcAq)Tc  (2.3.51) 

By  considering  the  backward-moving  (Ac  <  0)  and  forward- 
moving  waves  (A;  >0)  separately,  the  flux  on  the  face  at  /  -(- 4 
in  Fig.  2.3.5  can  be  determined  through  any  of  the  following 
equations  (all  of  which  are  equivalent): 

F;^^  =  Fl  +  (2,3.52) 

A<-  O 
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Fi^^  =  Fr  -  ^(.\iAq)Tc  (2.3.53) 

V  •() 

J  F  Fr)  -  ^(jAi|Aq)Tc  (2.3.54) 

The  last  form  can  be  considered  to  represent  a  central- 
difference  term  plus  a  dissipative  term. 

Note  that  if  wl  and  wr  are  such  that  only  a  single  disconti¬ 
nuity  IS  present,  tq.  t2.3.4yi  icdueCs  to 

.S'Aw  =  AF  (2.3.55) 

where  S  is  the  speed  of  (he  discontinuity  and  is  an  eigenvalue 
of  A.  In  this  ca.se.  the  discontinuity  will  be  resolved  exactly. 

The  specific  determination  of  A  is  presented  in  Ref.  25. 
Here,  note  that  the  flux  F  and  dependent  variables  w  are  both 
quadratic  in  the  components  of  a  parameter  vector  given  by 

vi'  =  ^i(l.  II.  r.  ir.  H  }'  (2.3.56) 

With  this  relation,  the  jumps  across  a  wave  in  both  the  de¬ 
pendent  variables  and  the  fluxes  can  be  cxprcs.scd  in  terms  of 
jumps  in  the  parameter  vector 

Aw  =  BAw'  (2,3.57) 


AF  =  CAw 


(2. 3. .58) 


In  Ref.  25.  the  exact  form  of  B  and  C  are  shown  to  be  rea¬ 
sonably  simple.  For  example,  for  three-dimensional  Cartesian 
cotirdinates. 
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(2.3,60) 

Here,  the  overbar  denotes  the  arithmetic  average  of  w'  from 
the  left  and  right  states.  From  Eqs.  (2.3.57)  and  (2.3.58),  the 
matrix  A  is  given  hy 


A  =  CB' 


(2.3.61) 


This  matrix  corresponds  to  the  Jacobian  matrix  A  =  (')F/(7w, 
evaluated  at  an  averaged  stale  given  by 
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(2.3.62) 
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For  thfee-dimensional  flows  in  generalized  coordinates,  the 
flux  on  each  face  is  detennined  in  a  one-dimensional  manner, 
based  on  the  assumption  that  the  waves  travel  in  the  directions 
of  the  grid  lines.  Considering  the  t  direction  as  an  example. 


the  Hux  is  determined  on  a  cell  lace  l(x;aled  at  i  -f  7  wnh  Eq 
(2.3.54),  where  Aq  =  Tj" '  Aw.  T  =  Tj,  and  the  subscript  (; 
denotes  that  the  matrices  are  formed  from  the  vectors  normal 
to  a  t  =  Constant  face.  The  matrices,  T{  and  T^'  arc 
formed  with  the  averaged  values  from  Eq.  (2.3.62)  as  are 
the  eigenvalues.  The  resulting  matrices  are  given  as 
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where  ii  is  the  dot  produci  of  ihc  veliK'ily  vector  with  the  unit 
vector  normal  to  a  cell  face. 


Many  researchers  currently  use  the  flux-difference  splitting 
technique  described  above.  Further.  Van  Leer  et  al.'*'  demon¬ 
strate  that  for  viscous  Hows,  this  flux  function  is  more  accurate 
than  central-difference  formulations  with  scalar  dissipation,  as 
well  as  upwind  formulations  based  on  flux-vector  splitting. 
The  explanation  lies  in  the  consideration  of  Eq.  (2..3..54)  as 
a  central-difference  flux  with  an  added  dissipative  term.  By 
considering  Ihe  influence  of  the  individual  waves,  it  is  appar¬ 
ent  that  as  an  eigenvalue  as.sociatcd  with  the  wave  vanishes, 
the  corresponding  dissipation  al.so  vanishes.  This  mechanism 
is  the  means  through  which  the  exact  solution  to  a  single  dis¬ 
continuity  is  obtained,  as  shown  in  Eq.  (2.3.55).  For  viscous 
flows,  the  boundary  layer  is  considered  to  consist  of  a  series 
of  shear  waves  normal  to  the  body.  Because  the  velocity  in 
this  direction  is  small.  Ihe  corresponding  dissipation  is  also 
small;  the  result  is  that  boundary  layers  arc  captured  with  very 
high  accuracy. 


Observe  that  vanishing  eigenvalues  (hence  artificial  viscos¬ 
ity  for  the  wave)  occur  at  shock  waves,  where  At  =  »  -  " 
gasses  through  zero,  as  well  as  contact  discontinuities,  where 
Ai  =  H  =  0.  Unfortunately,  vanishing  eigenvalues  also  oc¬ 
cur  at  sonic  points  at  which  the  flow  transitions  from  subsonic 
to  supersonic  flow  and  At  =  n  —  n  is  again  zero.  This  is  a 
consequence  of  replacing  the  full  nonlinear  problem  with  a  lin¬ 
earized  version  in  Eq,  (2.3.48)  which  considers  an  expansion 
to  be  described  by  a  single  wave  instead  of  a  series  of  waves. 
This  can  lead  to  expansion  shocks  in  which  the  flow  transi¬ 
tions  from  subsonic  to  supersonic  in  a  discontinuous  manner. 
To  remedy  the  situation,  the  eigenvalue  At  —  u  -  n  is  often 


modihed  slightly  so  that  it  does  not  vanish  at  these  points.  As  a 
result,  a  small  amount  of  dissipation  is  added  to  the  scheme  so 
the  wave  is  .spread  slighlly  over  several  mesh  points.  Although 
many  forms  of  this  mtxiilicaiion  exist,  the  most  lommon  im¬ 
plementation  is  to  modify  the  eigenvalue  according  to’'' 


(2.3.661 


An  example  of  an  expansion  shtKk  is  shown  in  the  lower 
portion  of  Fig.  2.3.7,  which  depicts  ihe  Mach  number  distri¬ 
bution  through  a  quasi-one-dimcnsional  converging/diverging 
nozcl  obtained  with  a  first-order  spatially  accurate  discretisa¬ 
tion.  As  seen,  without  the  smoothing  of  the  eigenvalue,  an 
expansion  shock  appears  as  the  Mach  number  passes  through 
unity.  However,  by  restricting  the  value  of  Ai  =  »  -  n  to 
be  nonzero,  a  smooth  transition  through  the  sonic  point  is  ob¬ 
tained.  and  the  expansion  shtKk  is  eliminated.  In  practice, 
the  addition  of  eigenvalue  smoothing  is  often  not  required  for 
higher  order  methods.  However,  several  conditions,  usually 
associated  with  very  strong  shocks,  necessitate  the  inclusion 
of  dissipation  through  the  eigenvalue,  similar  to  (iq.  (2.3.66). 
Several  researchers  have  independently  observed  these  phe- 
norrrena;  an  interesting  summary  of  many  of  these  conditions 
is  given  in  Ref.  27. 
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Figure  2.3.7  Example  of  expansion  shock 
and  the  effectiveness  of  Eq.  (2.3.66). 

Several  other  flux  runetion.<i  have  been  developed  in  rei.enl 
years  that  arc  not  as  widely  utilized  as  those  discussed  above, 
but  are  nevertheless  wonhy  of  mention.  The  advection  up¬ 
stream  splitting  method  (AUSM)’"  is  a  flux-vector  splitting 
method  that  includes  some  of  the  favorable  properties  of  flux- 
difference  splitting  while  maintaining  the  computational  effi¬ 
ciency  of  flux-vector  splitting  and  is  easier  to  linearize  for  use 
in  implicit  methods.  It  has  been  >hown  to  capture  contact  dis¬ 
continuities  with  accuracy  similar  to  flux-difference  splitting 
but  does  not  suffer  some  of  the  deficiencies,  such  as  expan- 
.sion  shtvks.  Two  similar  methodologies  are  the  wave/particle 
split  (WPS)  method  recently  developed  and  reported  in  Ref.  29 
and  the  convective  upwnd  and  split  pressure  (CUSP)  scheme 
developed  by  Jameson.'’  Both  of  the.se  schemes  are  similar  to 
the  AUSM  scheme  and  exhibit  similar  accuracy.  Several  other 
variations  to  flux-vector  splitting  have  also  been  derived  and 
are  discus.scd  in  Ref.  .W.  These  include  flux-splitting  schemes 
based  on  higher  order  polynomials  of  the  Mach  number,  sim¬ 
ilar  to  those  of  Liou  and  Steffen."  In  addition.  Coquel  and 
Liou'""  have  recently  developed  flux  functions  which  com¬ 
bine  the  best  features  of  both  flux-vector  splitting  and  flux- 
difference  splitting  by  using  flux-vector  splitting  for  non  linear 
waves  such  as  shocks,  while  using  using  a  nux-dii  'u  .  ,,  .'lil¬ 
ting  for  the  linear  waves.  This  approach  simuiu.icousl.  ■■■• 
serves  the  robustness  associated  with  flux-vee  .nliiiini  - 
well  as  accuracy  in  capturing  .stationary  contact  0 

The  characteristic  flux  extrapol  '.uon  technique  of  Eberic  has 
been  used  for  computing  iio^^  ^  out  many  practical  geome¬ 
tries  and  is  described  in  K.fs.  .U.  .15.  .16,  .17,  and  ,18.  This 
method  has  been  shown  to  be  capable  of  capturing  .strong 
shocks  and  can  also  recover  a  constant  total  temperature.  In 
Ref.  17,  modifications  to  the  flux-limiter  of  Van  Albada”*  are 
also  discussed,  as  well  as  the  incorporation  of  equilibrium  real 
gas. 

Multidimensional  Upwind  Methods 

The  upwind  techniques  discussed  above  are  applicable  strictly 
to  one-dimensional  problems.  To  apply  these  techniques  to 


two-  and  three-dimensional  ppiblems.  the  usual  procedii'’"  is 
to  assume  that  waves  propagate  normal  to  grid  lines,  which 
allow  Riemann  solvers  to  be  applied  in  a  one-dimensional 
manner  separately  in  each  coordinate  direction  This  approach 
leads  to  quite  satisfactory  solutions  when  features  such  as 
shiK'k  waves  and  shear  waves  are  essentially  aligned  with  the 
mesh.  However,  severe  degradation  of  accuracy  can  ixicur 
when  the  features  are  oblique  to  the  gnd  lines  because  they 
are  interpreted  by  the  Riemann  solver  to  be  compo.sed  of  pairs 
of  grid-aligned  waves  instead  of  a  single  wave  The  result  is 
that  shocks  and  shear  waves  may  be  severely  smeared  An 
illustration  is  given  in  Fig.  2.1  8  in  which  a  single  shear  wave 
(dashed  line)  is  misrepresented  as  a  compression  plus  a  shear 
wave  because  of  the  orientation  of  the  gnd  (solid  line).  The 
consequence  in  this  case  is  that  an  incorrect  pressure  difference 
across  the  wave  is  obtained,  which  may  manifest  itself  in  a 
computation  as  a  pressure  distortion.*’ ■" 


shear  compression  shear 


Figure  2.3.8  Representation  of  an  oblique 
shear  wave  by  two  waves  aligned  wtth  the  grid. 

In  recent  years,  several  research  elforts  have  been  aimed  at 
overcoming  the  possible  loss  of  accuracy  attributable  to  the 
dimension-by-dimension  approach  to  upwind  differencing.  A 
summary  of  some  of  the  more  promising  techniques  is  given 
in  Refs.  40  and  42. 

In  general,  the  approaches  to  mullidiincnsional  upwinding  can 
be  categorized  into  two  groups;  those  based  on  computing 
a  flux  function  and  those  that  rely  on  fluctuation  splitting. 
The  first  approach  can  further  be  divided  into  techniques  that 
use  a  single  dominant  direction  and  those  that  use  more  than 
one  direction.  Flux-function  methixls  that  use  a  single  dom¬ 
inant  wave  direction  use  a  frame  of  reference  aligned  with 
the  3s,sumed  wave  direction  to  compute  fluxes  that  are  then 
rotated  back  into  the  grid-aligned  frame.  Examples  of  this 
type  of  approach  include  the  work  by  Davis,*'  Dadone  and 
Gros.sman.**  Goorjian.*'  Hirsch  el  al.*'*’  and  Levy.  Powell, 
and  Van  Leer.'""  Generally,  these  methods  show  good  im¬ 
provement  over  grid-aligned  methods  for  first-order  accurate 
spatial  differencing.  For  higher  order  methods,  the  improve¬ 
ments  are  less  dramatic,  and  convergence  to  a  steady  stale  is 
sometimes  diflicult.*' 

Rux-funclion-bascd  methods  that  utilize  more  than  one  wave 
direction  include  those  of  Rum.sey  cl  al. Parpia  and 
Michalek."’  and  Powell.  Barth,  and  Parpia.""  In  Refs.  41, 
49,  and  .50.  slates  arc  obtained  on  either  side  of  a  coll  face 
in  much  the  same  manner  as  in  the  dimension-by-dimension 
approach.  However  the  fluxes  arc  computed  by  assuming  that 
the  states  on  either  side  of  the  face  are  connected  by  two 
acoustic  waves  and  an  entropy  wave,  all  in  the  direction  of 
the  velocity  difference,  as  well  as  a  fourth  (shear)  wave  that  is 
normal  to  the  first  three.  In  Rumscy  ci  al..*'  the  directions  arc 
usually  frozen  after  a  certain  number  of  iterations  to  enhance 


i.iinvergence.  This  reijuircs  that  a  fifth  wave  also  be  added 
because  the  four  wave  model  can  no  lunger  correctly  connect 
the  states  on  either  side  of  the  face.  The  fifth  wave  is  a  weak 
shear  wave  that  is  assumed  to  be  perpendicular  to  the  velocity 
difference  direction.  In  this  way.  the  difference  in  states  can 
be  expressed  as 


Aw  =  ^  ruRk  (2..T67) 

where  lu  is  the  strength  of  the  f  '*  wave  and  Rk  is  an 
eigenvector  of  the  inairix  A  cos  Hi  +  Bsiiidj  (A  and  B  are 
flux  Jacobian  matrices,  and  ffi  is  the  propagation  angle  of  the 
A'*  wave).  The  flux  on  the  cell  face  is  now  computed  by 
accounting  for  the  influence  of  each  wave  as 

=  ifFt  +Fr)  -  i^(|.\/;.|Aw)Bk  (2.3.68) 


In  general,  the  success  of  schemes  based  on  this  methixlology 
is  similar  to  that  described  previously. 

Multidimensional  schemes  based  on  fluctuation  splitting  arc 
rapidly  evolving.  In  general,  these  schemes  are  composed  of 
three  primary  pieces; 

1.  A  residual  calculation  method  for  the  cell  (typically  a 
trapezoidal  numerical  integration  of  the  fluxes) 

2.  A  method  for  decomposing  the  cell  residual  into  wave¬ 
like  components  (the  "wave  model") 

.V  A  method  for  distributing  changes  caused  by  waves  to 
the  vertices  of  the  cell,  in  such  a  way  that  the  positivity 
of  the  resulting  scheme  is  maintained. 

Perhaps  the  most  familiar  fluctuation-splitting  scheme  is  that  of 
Ni'"  in  which  the  Lax-Wendroff  scheme  is  ca.st  as  a  cell-vertex, 
or  fluctuation-splitting  method.  More  recent  work  in  fluctua¬ 
tion  splitting  has  improved  this  method  in  two  important  ways; 
the  residual-distribution  scheme  (i.e..  the  method  for  "pushing" 
the  changes  to  the  vertices  of  the  cell)  has  been  improved  with 
careful  study  of  the  scalar  advcction  case^’ and  var¬ 
ious  ways  of  breaking  the  residual  into  pieces  due  to  planar 
waves  (i.e..  wave  model)  have  been  developed.^" Progress 
on  the  residual-distribution  schemes  has  been  quite  g<Kid,  and 
positive,  accurate  methixJs  for  distributing  the  pieces  of  the 
residual  have  been  developed  and  extensively  tested.  Many 
wave  models  have  been  developed  to  date,  and  the  advan¬ 
tages  and  disadvantages  of  the  various  models  have  not  been 
clearly  established.  Some  of  the  differences  among  the  wave 
models  include  the  number  of  waves  that  are  used  (typically 
between  four  and  six)  and  the  directions  in  which  the  waves 
are  assumed  to  propagate. 

The  fluctuation-splitting  schemes  have  been  shown  to  work 
quite  well  in  supersonic  flows,  hut  issues  of  solution  conver¬ 
gence  and  accuracy  in  subsonic  flows  have  not  been  thoroughly 
addressed.  Current  work,  such  as  that  of  Paillere  ei  al.'"  is 
concentrated  on  these  issues,  and  substantial  progress  is  being 
made. 


Higher  Order  Schemes 

Up  to  this  point  m  the  discussion  of  upwind  schemes,  the  de- 
temiinaliun  of  the  left  and  right  state  vanables  on  cither  side  of 
a  cell  face  has  been,  for  the  most  pan,  left  unspecitied  Recall 
that  for  Godunov’s  method,  if  a  piecewise  constant  approxi¬ 
mation  of  the  data  in  each  cell  is  assumed,  then  the  resulting 
scheme  is  first-order  accurate  in  space.  The  accuracy  ol  the 
approximation  can  he  raised  to  higher  order  by  replacing  the 
piecewise  constant  approximation  ot  the  data  with  a  [iiecewise 
polynomial  approximation."  For  instance,  the  state  van- 
abics  on  the  left  and  right  side  of  the  cell  interface  located  ai 
i  -I-  1/2  in  Fig.  2  3.9  can  be  dctemiined  as 

wl  =  Wi  -(-  ^[(  1  -  ciA  .  -(-  ( 1  -t-  I.  )A. ], 

■*  ^  12  3691 

wr  =  Wi+,  -  -((1  -  >.  lA,  -H  ( 1  -i-  /.  )A-1,,  , 

where 

1  A*  )  =  Wj .  I  -  w, 

(2.3.70) 

( A  .  1,  s  vvj  -  Wj  I 

Equation  (2.3.69)  represents  .i  one-parameter  family  of 
schemes.  A  fully  one-sided  approximation  of  the  data  is 
obtained  by  inserting  =  - 1  while  /,  =  1  /.i  leads  to  a 
third-order  upwind-biased  approximation,  and  /.  =-!-)  yields 
a  second-order  central-difference  scheme.  All  the  upwind- 
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Figure  2.3.9  Higher  order  interpolation  stencil. 


bia.scd  approximations  use  the  same  number  of  cells  for  the 
residual  computation  as  the  fully  one  sided  scheme  and  may 
be  implemented  with  only  a  slight  increase  in  computational 
effort.  The  third-order  scheme  is  strictly  third-order  accurate 
only  in  one-dimensional  calculations.  To  obtain  a  third-order 
.scheme  in  two  or  three  dimensions,  computation  of  the  flux 
across  a  cell  face  on  the  basis  of  an  averaged  stale  is  not  sufti- 
cient  because  the  difference  between  that  average  flux  and  the 
flux  computed  from  the  averaged  states  is  a  term  of  second 
order  and  vanishes  only  for  a  linear  system  of  conservation 
laws.  Nevertheless,  by  switching  fmm  a  fully  upwind  approx¬ 
imation  (/;  =  —1)  to  the  third-order  (n  =  1/3)  scheme,  the 
accuracy  of  smooth  soliilioiis  can  be  increased.''" 

A  dclicicncy  in  using  Eq.  (2.3.69)  for  reconstrucling  the  data 
at  the  cell  faces  is  that  new  extrema  can  he  introduced  even 
when  the  original  d.iia  is  monotone.  For  example,  in  Fig 
2.3.10.  a  nonmonotonc  interpolation  is  obtained  between  cells 
I  —  1  and  I.  If  this  prolilc  is  convected  and  the  cell  averages 
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are  then  reconstructed,  nonphysical  oscillations  can  result  in 
the  solution. 


In  Fig.  2.3.11,  a  plot  of  Rio)  from  Eq  (2.3.77)  is  shown, 
where  a  has  been  assumed  to  be  rero  (s  =  D)  in  Eq.  (2.3.73). 
In  the  tiguce.  the  area  that  lies  inside  the  curve  is  the  region 


W^1  W,  W 


Figure  2.3.10  Introduction  of  new  extrema 
using  upwind-biased  interpolation. 


For  determining  acceptable  limits  on  the  slopes,  the  data  in 
each  cell  are  first  represented  by  a  Taylor  series  expansion 
about  the  center  of  the  cell.  For  example,  the  data  on  the 
boundaries  of  cell  i  in  Fig.  2.3.10  can  he  determined  as 

w,.^j  =w. =  (2.3.71) 

w,_  j  =  w,  -  i  j  Ax  =  w,  -  (2.3.72) 

where  Ar  is  the  width  of  the  cell  and 

.Vw=  i[(l  - /()A_ -(-!H-S')A,1,  (2..3.73) 


For  monotone  increasing  data,  a  sufficient  bound  on  the  si^c  of 
A.,,  and  A.,,  is  obtained  by  requiring  that  the  interpolated  data 
on  the  cell  faces  does  not  exceed  the  values  in  the  surrounding 
cells.  This  limit  is  achieved  provided  (hat 


Wj  -h  <  Wj+i  =>  <  2A.^ 

Wi  -  ii'w  >  Wi_i  =>  3w  <  2A- 


(2.3.74) 


In  order  to  ensure  a  monotone  interpolation,  the  magnitude  of 
may  have  to  be  limited  to  be  no  larger  than  either  2A4. 
or  2A-: 


(I'w)  <  mill  (2Ai..  2A- )  (2.3.75) 
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Figure  2.3.11  Boundary  of  Rio) 
lor  monotone  interpolation. 

for  which  monotone  interpolation  is  obtained 

For  0=1.  A+  is  equal  to  A-.  and  the  data  in  the  cell  appears 
linear.  Because  a  second-order  scheme  should  reconstruct 
linear  data  exactly,  a  basic  requirement  on  the  limiter  function 
is  that  it  pass  through  unity  for  o  =  1,  which  can  easily  be 
achieved  by  modifying  Eq.  (2.3.77)  to  read 

Rio)  =  mill  - — e — - — .  1. - — - 

( ( 1  —  K )  4-  ( 1  -(-  /.■  )o  ( 1  —  i; )  -i-  ( 1  h  )o 

(2.3,78) 

In  this  manner,  the  slopes  as  calculated  from  Eq.  (2.3.73)  arc 
left  unchanged,  provided  the  interpolations  remain  monotone. 

Many  variations  for  Rio)  have  appeared  in  the  literature  ihal 
preserve  monotoniciiy  and  are  second-order  accurate.  One 
of  the  most  commonly  used  limiters  is  developed  by  Van 
.Albada’’  and  is  given  by 


Rio)  = 


2o 

(o^  -t-  1) 


(2.3.79) 


while  a  limiter  function  of  Van  Leer  is  given  by'' 


Equation  (2.3.75)  provides  a  guideline  for  reducing  the  mag¬ 
nitude  of  any  gradient  that  would  result  in  a  nonmonotone 
interpolation.  Following  Van  Leer,*'  the  value  of  Aw  that 
will  maintain  monotone  interpolation  will  be  referred  to  as 
(Aw)|,„,^,,„(  and  can  be  written  as 


(2.3.76) 

where  o  =  ^  and  Rio)  serves  to  limit  the  size  of  the  original 
gradient.  From  Eqs.  (2.3.73),  (2,3.75),  and  (2.3.76).  Rio)  is 
written  as 


Rio)  =  mill 


4o 


(1 


« )  -b  ( 1  -I-  )0  { 1  ~  K  )  -b  ( 1  -b  K  )0 
(2.-3. 


’7) 


Rio)  = 


to 

(o  -b  1)  - 


(2.3.80) 


Note  that  as  long  as  Rio)  maintains  second-order  accuracy  and 
remains  within  the  monotone  region.  Rio)  docs  not  need  to 
remain  below  1  in  magnitude.  Therefore,  the  limiter  function 
can  actually  serve  to  increase  the  slope  calculated  from  Eq. 
(2.3.73).  An  example  of  .such  a  limiter  is  Roc's  "superbec" 
limiter*' 


Rio)  = 


lo 

(1+.SI 

z 

1  \  ►oi 

. 

(  I 


0  <  c  <  i 
3  <  o  <  1 
1  <  o  <  2 
0  2 


(2.3.81) 
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A  pkx  of  the  Van  AlbatU.  Van  Leer,  ami  Roe's  superhee 
limiters  is  shown  in  Fig.  2.3. 1 2.  Note  that  all  the  limiters 


total  variation  diminishing  (TVDl 


T  ime  Level  n 


2.0 

1.5 

R(«)  1.0 

0.5 

0.0 


Superbee 
Van  Albada 
Van  Leer 

Uonotonicity  Boundary 


0  2  4  6  8  10 


Figure  2.3.12  Superbee,  Van 
Albada,  and  Van  Leer  limiters. 


shown  pass  through  unity  when  0=1  which  maintains 
second-order  accuracy. 
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Figure  2.3.13  Example  ot  increasing  total  variation 

Sullicient  conditions  lor  constructing  rVD  schemes  were  lirst 
developed  by  Hanen  While  many  insesiigators  have  exam¬ 
ined  criteria  for  constructing  TVD  schemes,  le  g  .  67  and  6X). 
the  method  of  analysis  given  by  Banh  in  reference  bV  relies 
upon  a  mainx  inlcrpretalion  and  is  described  below 

For  obtaining  hounds  on  the  v.iri.ition.  ,i  general  lorm  lor  a 
conservative  difference  scheme  is  lust  written  as 


In  the  previous  discussion,  it  has  been  assumed  that  the  data  are 
monoionically  increasing:  similar  arguments  hold  for  mono- 
tonically  decreasing  data.  For  nonmonoione  data  in  which  the 
sign  of  A*  and  A-  differ,  ,,  can  be  simply  set  to 

zero  to  make  sure  that  any  cxtrcma  are  not  magnitied.*''  In 
the  work  of  Spekreijse,^^'  general  conditions  arc  derived  for 
the  limiter  function  that  will  maintain  second-order  accuracy 
as  well  as  monotone  steady-state  solutions  that  do  not  set  the 
gradient  to  zero  at  the  cxtrcma. 

Another  method  that  is  useful  to  the  design  of  nonoscillatory 
schemes  is  based  on  the  delinition  of  total  variatton.  For  a 
discrete  one-dimensional  scalar  solution  on  an  infinite  domain, 
the  total  variation  is  defined  at  time  level  n  as 


mil"')  =  - ir,|  (2.3.82) 


In  the  top  part  of  Fig.  2.3. 1 3.  for  a  monotone  grid  function, 
the  total  variation  is  determined  strictly  by  the  endpoints  ti  e. 
|ll'"  —  However,  if  a  new  extrema  is  introduced 

as  in  the  lower  half  of  the  figure,  the  total  variation  will 
increase.  Hence,  for  a  scheme  to  remain  nonoscillatory.  the 
total  variation  should  remain  the  same  or  decrease  as  the 
solution  is  updated: 


rr(ir’'"')  <  mir"i  (2.3,s3) 


Schemes  derived  from  ihesc  guidelines  urc  vjppropriaicly  called 


i2,3.84) 

nv'  + 

1=  -  I' 

where  and  ('tj)  .i  are  nonlinear  functions  of  11' 

at  the  grid  points  and 


A..^!!'  =  ir,.,  -  ir,  (2.3.8.S) 


By  assuming  a  periodic  domain,  the  delinition  ol  the  discrete 
total  variation  can  be  expressed  in  terms  of  a  difference  matrix 
H  as 


•  -1  I  II  II 
0-1  1  II 

I)  0-1  1 


0 

II 

0 


(2.3.86) 


0  0  0  0  -1  1 

1  0  0  II  0  -I 


With  Eg.  (2.3.86),  the  total  variation  can  be  written  as 

rr.  in  =  (iHii'ii,  (2.3.87i 

where  llvH,  is  the  L[  vector  norm  given  as 

l|vl|,=^lr,l  (2.3.88) 

J 

The  TVD  condition  can  then  he  expressed  as 

IIHU-’':',  <  IIHin'll,  (2.3.80) 


[ 
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The  general  difference  scheme.  Et^.  (2  .1.84).  can  he  rewritien 
with  the  forward-dilTetence  matrix  as 


If  this  expression  is  wntlen  at  each  mesh  point  and  assembled 
into  a  matrix,  then 


I  +  «MH  W""'  =  (I  -  (1 


where  M  and  M  are  matrix  operators  that  may  he  nonlinear 
functions  of  W  because  the  C's  and  D's  in  Eq.  (2. .1.84)  are 
themselves  functions  of  W.  For  =  0.  a  fully  explicit  method 
is  obtained  and  implicit  formulations  are  otherwise  obtained. 


I  -  -  C 


Multiplying  Eq.  (2  . 1.90)  from  the  left  by  the  forward- 
difference  matrix  H  and  regrouping  terms  yields  an  equation 
for  the  evolution  of  the  variation 

t'lHW"'')  =  /?(HW")  => 

,  ,  (2.1.91) 

HW"''  =  r  '/?(HW‘) 


(2  197) 

.Now.  if  each  clement  of  this  matrix  is  required  lo  be  (Xishhc. 
then  the  TVD  enieria  given  by  Harten  in  Ref  bb  results. 


("  .XI 


C  =  I  +  9HM 


/?  =  (I  -  (1  -  «)HM1  (2.1.91) 

By  taking  the  ii  matrix  norm  of  E^.  (2.1.91) 

<  ijcr 'Ril,||HW"|l,  (2.1.94) 

<  :iC--'|IJ|R||,||HW"l|, 

a  sufficient  condition  for  the  scheme  to  remain  TVD  is 
IK  '^|l|  S  1-  If  addition,  bccau.se  ;|i.'‘'R||j  < 

iit:''||,||R||,.  if  both  !K''I|,  <  land  1|R||*  <  1,  the  re¬ 
sulting  scheme  will  be  TVD  as  well. 


By  first  considering  the  explicit  operator  R.  one  can  sum  the 
elements  in  the  columns  by  multiplying  on  the  left  by  a  row 

matrix  s  =  (1. 1 . 1].  Now.  because  sH  =  (O.ll . (1).  Eq. 

(2.1.91)  shows  ihai  the  columns  of  R  will  sum  lo  unity  regard¬ 
less  of  the  choice  of  M.  The  L  i  matrix  norm  corresponds  to 
summing  the  absolute  value  of  each  of  the  columns  and  tak¬ 
ing  the  largest  of  these  values.  Because  each  column  sums  to 
unity,  a  necessary  and  sufficient  condition  for  ||  R || ,  <  1  is  that 
each  clement  of  R  be  nonnegaiivc.  Otherwise,  when  the  ab¬ 
solute  value  of  the  individual  elements  is  taken  to  compute  the 
norm,  the  sum  would  be  greater  than  unity  (i.  e.  ii/s'il,  >  It. 

Application  of  this  criteria  to  explicit  .schemes  results  in  iden¬ 
tical  requirements  given  originally  by  Flarlcn.^  as  can  be  seen 
by  considering  a  general  explicit  scheme  written  at  a  node- 
point  j  in  the  form 

"T'  =  "7+Cy("';K  -117) 

(2.1.9.11 

-r;_^(ii;  -1171,) 

By  subtracting  the  expression  at  node  j  from  that  at  j+l.  an 
expression  for  the  evolution  of  HH'  at  ntxlc  point  j  can  he 
obtained: 

HU-;*'  =  [i-(- ^ 

‘  (2.1.%) 

+  c"  ,Hir;L,  H-r*  cHir"  , 

./—  T  ^  J  -  -k  ^ 


A  similar  prtKcdurc  can  be  used  for  implicit  schemes  and  is 
not  repealed  here 

Many  schemes  have  been  dcvelo|)ed  and  applied  to  difticuii 
aerodynamic  problems  that  rely  heavily  on  the  TVD  concepts 
discussed  atxnc.  While  by  no  means  complete,  a  few  exam' 
pics  can  be  ftnind  in  Refs.  24.  2f>.  70.  71.  and  72.  as  well  as 
in  the  references  contained  ihercm. 

rhe  methodologies  described  above  only  achieves  higher  order 
accuracy  for  smtHUhly  varying  meshes.  To  obtain  higher  order 
accuracy  on  general  meshes,  as  well  as  to  extend  the  accuracy 
beyond  second  order,  an  extensive  amount  of  research  has  been 
conducted  for  both  structured  and  unstructured  grids  An  im¬ 
portant  class  of  such  schemes  is  the  essentially  nonosclllaiory 
(ENO)  schemes.  Although  no  details  arc  gisen  here,  the  es¬ 
sential  ingrcdiem.s  include  a  polynomial  recon.sirucuon  of  the 
data  from  cell-averaged  data  that  is  up  to  a  specitied 
order  of  accuracy; 

W)  =  w(  .r  )  i-  (){h"  )  l2..V9y ) 

where  /?(r:wl  represents  the  data  reconstructed  Irom  the 
cell  averages  and  w{.r)  is  the  exact  value.  7'he  scheme 
also  must  be  conservative  in  the  sense  that  if  one  integrates 
the  reconstructed  data  over  the  cell,  then  the  cell  average  is 
recovered.  The  last  criteria  is  that  the  reconstructed  data  be 
“essentially  iiomxscillatory.  ”  That  i>. 

T\  '{  /?(-r:  w))  <  7r(w{  .r  i  i  +  t  h  /»'■  i  (2.3.  i(K)) 

In  order  to  satisfy  Eq.  (2..3.l(X))  in  a  smixnh  region  of  a 
discontinuous  solution,  the  stencil  used  in  the  reconstruction 
prtKcss  is  varied  as  the  calcntation  proceeds.  Further  details 
and  descriptions  of  the  theory,  as  well  as  applicaiii'ns  ol  this 
type  of  technique,  can  he  found  in  many  references  '  ^  '  ' 

Another  technique  lo  obtain  higher  order  accuracy  that  has 
been  particularly  useful  for  unstructured  grids  is  the  so-called 
“k-cxaci  *  method.  Here,  the  conservation  of  the  mean  is  en¬ 
forced.  and  the  reconstruction  is  such  that  a  polynomial  of 
degree  k  or  less  is  reconstructed  exactly.’’'  In  the  implcmcn- 
luitons  of  Refs.  77.  7^>,  and  SO.  the  stencil  generally  remains 


u, 


Axed  which  lexults  in  a  somewhat  lower  computational  ex¬ 
pense.  However,  in  order  to  avoid  oscillations,  a  limiting  pro¬ 
cedure  must  be  applied  where  steep  gradients  are  present  in  or¬ 
der  to  avoid  nonphysical  oscillations.  This  tends  to  reduce  the 
order  of  accuracy  in  these  regions.  More  recently .  algorithms 
have  been  proposed  that  incorporate  stencil-varying  techniques 
into  high-order  ENO  methods  for  unstructured  gnds.”'  "• 

High-order  ENO  schemes  cun  also  be  implemented  in  a  finite- 
difference  manner  in  which  the  reconstruction  operator  acts 
upon  pointwise  Iluxes.*' 

13.3  Extension  to  Real  Gases 

Many  of  the  flux  functions  discussed  above  have  been  ex¬ 
tended  fur  use  with  real  gases,  including  both  equilibrium  and 
finite-rate  chemistry.  In  Ref.  84.  for  example,  the  flux-splitting 
schemes  of  Steger-Warming'"  and  Van  l.eer''  are  extended  for 
real-gas  considerations  as  well  as  for  the  flux-difference  split¬ 
ting  of  Roe,''  Alien).  1.  .lerivations  that  do  not  rely  on  some 
of  the  assumptions  iiuvle  in  the  previous  reference  arc  given 
for  an  equilibrium  real  gas  in  Ref.  85  for  flux-vector  splitting 
and  in  Ref.  86  for  Roe's  flux-difference  splitting  scheme 
Additional  real-gas  extensions  are  given  in  Refs.  87  and  88. 
For  the  characteristic  flux  extrapolation  technique  of  Eberle." 
real-gas  extensions  have  also  been  made  and  are  reported  in 
Refs.  .?4.  il.  and  89. 
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2.4  TIME  DISCRETIZATION 

A  number  of  different  explicit  and  implicit  schcntes  which 
have  been  i?scxl  to  compute  three-dimensional  solutions  to  the 
Euler  eduations  are  reviewed  below.  The  general  process  of 
discrcti/ing  the  governing  How  equations  leads  to  a  system  of 
equations  of  the  form 

H(w)  =  0  (24  1) 

where  w  is  the  vector  of  unknowns  at  all  gnd  points  tor  a  mxlc- 
based  scheme  and  at  elements  for  a  celi-hased  formulation 
The  solution  of  these  equations  can  be  obtained  by  using 
an  explicit  or  implicit  b>rniulation  for  w.  Algorithms  ot  an 
explicit  formulation  c  m  written  as 

w"  ■ '  =  H(  w" )  (2.4.2) 

while  an  implicit  scheme  can  be  expressed  as 

H(w  ' ' ' .  w‘'  )=  0  (2.4..^) 

Here.  w'‘  can  be  mlcrpreicd  as  the  value  i>l  w  at  either  time 
level  or  iteration  level  n;  the  particular  icrm  of  H  arises  from 
the  (ype  of  time  discrcti/ation  used.  Most  of  the  appli  itions 
to  dale  have  been  lor  steady  Mows,  in  whi-  h  the  role  of  the 
time  discrcti/ation  i.”.  to  facilitate  or  accelerate  convergenee  to 
steady  state,  A  requirement  also  exi'.ts  for  lime-uccuratc  sim¬ 
ulations  of  the  unsteady  Mow  t'clds  assiKiaicd  with  dynamic 
vehicle  motions  or  time-depenJent  MuiJ  motions  arising  fr<»m 
separated  and/t^r  vortical  Mow  (iclds. 

The  lime  discretization  methtvl>  used  io  solve  the  Euler  equa¬ 
tions  can  be  ty|X'd  into  two  classes'  ciiupled  space-time  meth¬ 
ods  and  semidiscrcie  algornhms.  In  the  latter  approach,  the 
spatial  uiscrcii/alitni  is  decoupled  f.om  the  temporal  discreii/a- 
lion  by  first  differencing  the  spatial  derivative  terms,  the  partial 
diffcreniial  cquatums  arc  thus  transtormed  to  a  system  td  first- 
order  ordinary  differentia)  equations  jn  lime,  Eor  4ead>  M(»ws. 
the  iime-rate-of-change  of  the  spatial  residual  equatum  can  be 
driven  lo  zero,  and  the  resulting  physical  solution  is  indepen¬ 
dent  of  the  particular  path  taken  to  convergence  or  ihc  time  ''-'p 
used  to  advance  the  equations.  As  a  eonsequence.  (he  solution 
IS  only  dependent  on  the  spatial  differencing  apprtuimadon. 

Explicit  schemes  ( prcdietor-correetor  or  Runge-Kuiia.  lor  ex¬ 
ample)  are  simpler  techniques  than  implicit  schemes  and 
lend  ihcrnsclv.’s  to  extremely  efficient  implemcnialions  on 
either  vector  or  parallel  priK-cssimz  computers.  The  ex¬ 
plicit  schemes  have  a  time-step  limitation,  corresponding  ii>  i 
('ourant-Fricdrichs-I^*w  ((’FL)  number  on  the  Jer  of  unity, 
in  order  'o  maintain  n'lmerical  stability  of  ihc  solution.  The 
time  step  lor  a  (‘FI,  number  of  unity  scales  on  the  distance  be- 
iv.ccn  the  grid  points,  this  time  step  limitation  generally  leads 
to  ineftieicnt  simulatmns  of  unsteady  Mows  corresponding  lo 
(i>w  reduced  (requcncies.  In  these  cases,  the  lin»e  step  required 
for  accurate  resolution  of  (he  time -dependent  phenomena  (gen¬ 
erally  associated  with  a  fixed  number  of  time  steps  per  cyelc) 
can  be  much  larger  than  the  allowable  lime  N»ep  based  on 
''lability 

One  of  the  motivations  lor  developing  in  implicit  liuler  solver 
IS  to  serve  js  a  vehicle  for  M*lving  (he  viscous  equations  For 
a  dillusion-dominaicd  Mow.  the  allowable  explicit  time  -.tcp 


scales  on  the  square  of  the  distance  beiwecn  the  grid  pv)inis; 
lor  the  highly  clustered  grids  required  for  the  resolution  of 
visetms  Mows  al  high  Reynolds  numbers,  the  maximum  lime 
step  of  purely  explicit  schemes  is  prohibitively  small  Implicit 
s/'hemes  have  a  less  restrictive  time  step  limitation  and  arc 
'-'r.diy  more  versatile  and  efiiciem.  especially  tor  iirne- 
depcndciit  computations  However,  the  implicit  schemes  entail 
more  arithmetic  o|K‘ration.s.  since  the  soiuiion  ol  a  coupled 
system  of  equations  is  generally  required 

The  implicit  methi>ds  discus>cd  bcUiw  are  restricted  to  the 
c}a.vs  of  scmidisereie  algorithms.  Direct  nwihods.  which 
have  been  used  to  solve  the  accompanying  large  banded  sys¬ 
tem  v>r  linear  equations  in  a  lixed  number  of  ojxTJtions. 
are  contrasted  with  approximate  faLion/aiii>n  meihods.  which 
have  beef'  used  to  approximate  the  linear  sysum  as  a  prou- 
uct  i)f  ^tmpler  and  iiuire  easily  invertible  matrices.  The 
taclori/ations  discussed,  which  rely  on  a  regular  ordering 
of  the  grid,  have  been  widely  used  In  structured-grid  ap¬ 
plications.  Ilcraiive  techniques  are  then  discussed,  includ¬ 
ing  relaxation,  hybrid  relaxaiu>n-iaciori/aiU)ii  approaches,  and 
mimnium-rcMdual  meth^HJs.  such  as  conjugalc-gradicni  o: 
Krylov -subspacc  inclhtHis.  The  direct  mclhikis  and  the  iter¬ 
ative  techniques  can  he  generalized  for  use  as  imphcK  solvers 
lor  unstructured-grid  schemcN  (’tinvcrgence  acccleraii4>n  tech¬ 
niques.  s  ich  as  rmiliignd.  cm  he  applied  to  either  the  linear 
or  nonlinear  implicit  schemes  above,  as  well  as  to  explicit 
schemes,  and  are  discussed  m  a  suhsequeni  scvtion. 

2.4.1  Explicit  Schemes 

Tt>  illustrate  the  cxpiicc  procedures,  consider  the  nuHlei  prt>b- 
lem 

•  hi 

- -i-t  =  tl  (2  4  4) 

./I 

where  u=ii(x.t)  and  f  =  f(  4^  .  n.  \.  1 1  f-quations  tit  this  lyjv 
arise  in  many  branches  of  continuum  mechanics,  for  example, 
one-dimcnsfonal  unsicadv  fluid  Mow.  where  the  cquaUon 

•  ill  ,i 

- f  ■ — /.II  ;  -r  I)  (  2.4.5 » 

•  h  .fv 

represent'  conservatnm  of  mass 

In  the  application  t»f  the  Imiic  difference  metht>d.  differences 
must  be  taken  with  rcs|X'ci  to  time  i  and  disi.inee  x  \  grid  is 
constructed  t>ver  the  (x.ti  plane  and  the  equ  timn  is  solved 
at  each  mesh  point  or  cell.  A  iypie.il  mesh  |K)int  can  he 
represented  as  (  I'  l  =  (jAx.nAt).  The  value  »»!  u  at  this 
mesh  ptiini  is  ti "  n.e..  n”  —  m,  j^x.  uAt  •).  and  the  .'quation 
evaluated  al  ix  .f’i  is 

'hi  ,  ij  u 

—  i  .  +t  .  -  n  (2.4.()) 

./I  I  I 

Tsmg  a  simple  lorwarcl  differenee  lor  the  time  deriv.uivt.  and 
a  eeniral  vhlterenec  lor  the  space  denvaluc.  the  discretized 
lonmilation  takes  (he  form 

-Atf((«r,'.,  m!.'  ,  )/2An.  if,  X  .  t  I  i2.4,?i 

(iiven  the  solution  at  time  level  n  lor  i=1.2.  .n.  the  explieil 
lorn.  Malion  can  be  used  it>  cv.ilii.ile  direelK  ihe  stijulion  .it 
lim«'  level  n+1  .As  a  s|Keilie  example,  the  iranspon  equation 

'  ’»!  ,J 

-  -V  ,(  —  —  1 1  I  _  4  S  I 

•  u  .n 


( 


T 
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where  "a"  is  a  aiiislani.  can  be  expressed  as  ihe  explicil 
I'urmulatiun 


aAi. 


(2.4,y) 


A  formulation  of  this  type  indicates  that  time  can  be  used 
to  progress  the  numerical  solution  to  steady  state  and  is  often 
referred  to  as  the  melhttd  of  false  transients.  In  such  cases.  Eij 
1 2.4.4)  indicates  that  steady  state  can  be  achieved  by  chortsing 
the  time  step  At  to  be  large.  However,  if  this  were  true,  it 
would  appear  that  At  could  be  chosen  to  achieve  steady  state 
in  one  step.  This  is  clearly  unrealistic  and  can  be  contirmed 
by  investigating  the  stability  of  the  numencal  formulation. 

Stability  Analysis 

Two  main  techniques  are  commonly  used  to  assess  the  stability 
of  numerical  formulations.  The  first  is  called  the  Von  Neumann 
or  Founer  methtxl,  and  the  second  is  called  the  matrix  method,' 

The  Fourier  method  expresses  an  initial  distribution  (line)  of 
errors  in  terms  of  a  finite  Fourier  series  and  considers  the 
growth  or  decay  of  the  errors.  It  proves  convenient  to  express 
the  errors  in  terms  of  a  complex  potential  form 


(2.4.10) 

where  i  =  \/—  1.  [0,1 1  is  the  mierva!  throughout  which  the 
function  is  defined,  and  h  is  the  grid  spacing.  Denote  the 
errors  at  the  mesh  points  along  1=0,  between  x=0  and  Nh.  by 
E(ph)  =  Ep.  p=0,1.2 . N.  Then  the  (N+l)  equations 

N 

E,,  =  E  A,,.''"'’'’,  (p  =  (),  L . N, 

II  =  I) 

are  sufficient  to  determine  the  (N+'i  unknowns  A.i,  Ai.A;. ...As. 
Assuming  the  finite  difference  equations  to  be  linear,  it  is 
necessary  to  only  consider  the  propagation  of  a  single  term, 
such  as  !•'  'f'’’.  To  investigate  the  propagation  of  this  error  as 
I  (defined  as  t=qki  increases,  it  is  necessary  to  find  a  solution 
of  the  finite  difference  equation  which  reduces  to  c‘  when 
t=0.  Assume 

L-  _  ''  O  _  <|'(i 

r,j,.|  —  I  •  —  I  I  —  I  ^ 

where  i=c''‘  and  i.  in  general,  is  a  complex  constant  This 
reduces  to  e'  *'*  when  q=0  The  error  will  not  increase  as  I 
increases  provided  that 


k!  1 1 


which  reduces  to 

■‘L’*'  = -*1  -  ^(’Jisiiii  lA.xija" 


and 

ai'  ' '  =  (  1  -  i( '  sin  ( .  iAx )  lai' 
with  C  =  The  scheme  is  stable  if 

Ax 


j  1  —  iC‘  >.in  (  J  A\4  <  1 


If  ihe  ampliticauon  factor  g.  defined  as  «*;  =  is  complex, 

then  lgl‘  =  gg*.  with  g*  as  the  complex  conjugate.  Hence,  the 
siahiliiy  condition  is 

1  +  C"  sin"  (  ^Ax )  <  1 

which  is  not  satislied  for  any  Ax.  At  >  0:  thus,  the  simple 
scheme  is  unstable  and  so  not  of  much  practical  use  In  prac¬ 
tice  the  numerical  errors  pnxiuced  would  grow  unbourdedh 
and  the  numerical  answer  after  a  few  time  steps  w<>uld  be 
meaningless.  It  is  clear  from  this  simple  .  xample  that  it  is  niM 
possible  14)  formulate  arbitrary  explicit  schemes. 

In  the  above  analysis  no  account  has  been  taken  of  the  effect 
on  stability  of  the  htuindary  condiiuins.  The  b'ouncr  methexi  is 
not  able  to  take  such  effects  into  acct'uni  and  for  such  analysis 
the  alternative  matrix  method  of  stability  is  required.* 


Lax  Schemes  of  First  Order  Accuracy 

It  IS  clear  from  stability  analysis  that  the  mcilu>d  4)1  forward 
difference  in  time  and  central  difference  in  space  is  uncondi¬ 
tionally  unstable.  To  allcviaie  this  problem.  Lax*  proposed  a 
mixJilication  to  give  a  stable  explicit  numcncai  procedure.  As 
an  example  consider  the  following  form  for  the  discreii/cd 
transport  Lq.  (2.4.K); 


-*  'Tlif.’.tJ-  n'.'-j J  ^  n".,,  -  1]'; 


At 


2Ax 


=  1)  (2.4.12) 


This  is  similar  to  the  uiKiablc  Euler  method  (2.4  S>).  except 
that  iij'  has  been  replaced  b>  i  -(■  n\'  ,  ). 

A  Eouncr  stability  analysis  of  this  formulation  reveals  that 

»  =  «  n-x  1  (Ax ;  -  it '  ''in  '  < Ax  ' 

where  <’  =■  f  or  stability.  Igi  <  I.  hence. 


Hence,  the  stability  of  a  scheme  can  be  investigated  by  apply¬ 
ing  a  Eouncr  mode  of  the  l»)rm 

■  u  t  "  '  '  1-4.1 1 ) 

to  the  discTcii/cd  equations;  the  scheme  is  sijbic  provided  aiiii 
d«K‘s  not  increase  in  lime  foi  all  k 

Appiving  these  ideas  i(»  the  simple  example  4»t  the  iransp4»rt 
equation  by  siibstitultng  Eq  <2  4  1 }  i  in  Faj  (2  4  ^1  leads  it' 


jl«|-  =:  1  +  -jt  '  -  1  J  wiiT  1  J^\  . 

and  so  the  scheme  is  stable  tor  (.*  <  1  t'  is  rclcrrcd  it)  as  the 
C’ourant  numKT  and  for  a  given  *  onsiani  sfK’cd  a  and  mesh 
spacing  Ax.  it  determines  the  hit  .  at  which  the  numerical 
toiTnulatu)n  can  be  stepped  in  time  (o  sle.uiv  stale 

It  IS  well  known  why  the  Lax's  scheme  is  stable  while  the 
lorward  time,  central  space  scheme  is  iinct*ndilionalK  unstable 
The  Lax  ftirmulaluMt  can  be  written  as 


At 


2An 


K 


•  • 
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or 

“  ""  "I'+i  -  (u'V,  -  2u;'  +  u;^i) 

At  “  2Ax  2At  Ax'* 

which  show^  thal  the  averaging  of  the  term  u"  leads  to  the 
intrtxJuction  of  a  term  which  is  a  central  difference  of  a  second 
space  derivative.  In  other  words  Lax's  scheme  can  he  seen  as 
an  Euler  scheme  applied  to  a  moditied  equation 


•111  On  _  Ax'  O'li 

~  2A7  5^ 


(2.4.13) 


where  the  right  hand  side  is  a  term  which  represents  an  added 
diffusion-like  term  with  a  grid  dependent  coefficient.  It  is  the 
right  hand  side  which  provides  the  stability.  A  truncation  error 
analysis  reveals  that  the  scheme,  for  a  fixed  Courant  number, 
IS  first  order  accurate  in  space  and  lime. 


The  Lax  scheme  can  be  applied  to  the  system  of  Euler  equa¬ 
tions  in  two  dimensions 


with  either 


^  =  ~(  A.  +  A.q.  I  ) 

This  scheme  requires  ihe  evaluation  ol  the  Jacobian  matrix 
A.  which  can  be  To  alleviate  ihi.s.  several  iwo-siep 

schemes  have  been  developetJ, 

One  such  scheme,  which  has  proved  to  be  very  popular,  was 
devised  in  1969  by  MacCormack/*  ^  The  scheme  is  a  iwo-siep 
prcdicior-corrcciof  method  which  lor  the  equation 


<)f  i)\ 


lakes  the  form 


()w  ()f  Og 
- L  —  4-  ~ 

.Ot  Ox  Oy 


=  I) 


(2.4.14) 


to  give,  lor  a  structured  grid, 

*■.'1*'=  ^{'*""-11  +  +  '^>1+1  +  "^'1-1  I 

-  -  gu-i)  (2,4. i5) 

Schemes  of  this  type  together  with  many  variants  arc  classed 
as  Lax  or  Lax-Friedrichs  schemes.  They  have  played  a  major 
role  in  the  development  of  numerical  .schemes.  However,  they 
are  not  generally  applied  now  because  of  ihcir  lack  of  accuracy. 


Lax-Wendroff  Schemes  of  Second 
Order  Accuracy 

Schemes  with  second  order  accuracy  arc  generally  classed 
as  Lax-Wendroff  schemes  of  which  today  there  arc  many 
variations  on  that  originally  proposed.' 

The  major  criticism  of  the  Lax  scheme  is  its  first  order  accu¬ 
racy.  The  Lax-Wendroff  class  of  techniques  uses  central  space 
representation  but  achieves  second  order  accuracy.  Again  con¬ 
sider  the  first  order  equation 


A  Taylor  series  expansion  in  time  shows 


Figure  2.4.1  Information  used  in 
the  two-slep  MacCormack  scheme. 

The  scheme  is  second  order  accurate  in  both  space  and  time. 
The  scheme  readily  extends  to  holh  two  and  three  dimensions; 
for  example,  in  two  dimensions,  for  the  cqualion 

,1ii  .(f  <■)« 

-- —  -f-  y —  -3  “ —  —  1) 

(l|  <(x  'Iv 


,,  -SI  -SI 

II  ~  n  +  At  III  4-  ——'1,1  -i - — -Hill . 

2  (' 

which,  using  the  original  partial  differcniial  cqualion.  can  he 
expressed  as 


II 


ti" 


-K)(Ar') 


where  the  Jacobian  A  =  The  discreii/ed  form  ot  this 
equation  gives 


f,"  •  ) 


l2.4.l(>) 


i ‘f,".  1  -  f 

1  -  .  ifi"  -  fi"  I '] 

V  Axi 

'  :  '  '  '  1 

the  scheme  is 


-f." ")  -  .i 


1 ,  „ 

:  -111,,  -(^  11,,. I 

At 
2  As 


(/,•-„  -  /,;i 


2A(i 


(./•.,  --/•)  12.4.18) 


A  technique  which  is  oflcri  used  in  the  rcprcscnlalion  ol 
general  schemes  is  o(K*rator  spiiiimg  The  onc-dimcnsion.il 
prcdiclor-corrcclor  sequence  in  Lq.  (2.4. 1 7,i  is  represented  b\ 


=  I...  A'  .i' 


i2.4.1')i 


y 
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Combining  i  and  j  operalois  then  gives 

=  L,(At)L,(At)u"  (2.4.20) 

which  is  a  representation  of  a  20  scheme.  However,  this 
unsymmetfical  sequence  is  only  first  order  accurate.  The 
MacCormack  scheme  results  from  a  symmetric  split  sequence 
of  the  form 


»'■**  =  (2.4,21) 

in  this  form,  it  is  clear  how  such  a  scheme  could  be  used 
to  advantage  if  for  some  flows  the  time  step  is  limited  by 
a  particular  direction,  either  Ax  or  Ay.  In  such  cases,  a 
sequence  could  be  devised  which  takes  more  .steps  in  one  of 
the  directions  .so  as  to  reduce  the  computational  cost. 

Time  Stepping  Schemes 

A  common  practice  for  the  solution  of  the  time-dependent  Eu¬ 
ler  equations  is  to  first  discretize  the  equations  in  space  while 
ignoring  the  time  derivative.  This  semidiscrete  procedure  then 
results  in  a  system  of  ordinary  differential  equations  which 
must  be  integrated  in  time.  For  steady  stale  problems,  the 
equations  arc  integrated  in  time  using  any  appropriate  integra¬ 
tion  routine  and  flexibility  is  present  for  convergence  accelera¬ 
tion  techniques  (such  as  local  time  stepping)  to  be  used.  Such 
schemes  are  independent  of  the  lime  step  At  at  convergence 
to  the  steady  stale. 

Time  stepping  priKcdures  can  be  based  upon  the  schemes 
available  exien.sively  in  the  literature  for  the  solution  of  or¬ 
dinary  differential  equations,  Single-.sicp  methods  can  be  used 
ba.sed  upon  Euler  and  Taylor  series  methods.  Consider  the 
lirsi-order  .scalar  differential  equation 

^=f(x.y(x)i  (2.4.22) 

«lx 

with  ihe  iniiial  conditions 

y(x..)  =  y.. 

The  simplest  numerical  method  for  treating  this  initial  value 
problem  consists  of  approximating  the  solution  curve  ytx) 
by  its  tangent.  With  the  step  size  h  and  the  corresponding 
equidistant  support  abscissae 


Xk  =  X.,  +  kli  (k  =  1. 2 . ) 

an  approximation  yk  to  the  exact  solution  can  be  obtained  by 
the  genera!  formula 

yc+i  =  yk  +  lif(Xk.yk)  (2.4.23) 


At  each  fK)int  (Xk.yk),  ihl.s  method  (named  after  Euler)  usc.s 
(he  slope  of  the  directional  field  that  is  defined  by  the  given 
differential  equation  to  determine  the  next  approximation  yk*i- 
This  procedure  is  o'^viousiy  quite  coarse  and  its  accuracy 
is  dependent  upon  the  size  of  h.  However,  the  procedure 
represents  the  simplest  member  of  a  one  step  method  which 
uses  only  the  known  approximate  value  Vk  at  the  supptirt 
abscissa  Xk  to  compute  the  approximation  yk*i  at  Xko  =  Xk  +  h. 


An  alternative  procedure  is  to  note  that  in  a  small  neighbor¬ 
hood  of  (he  initial  point  (xii.yit).  a  better  approximation  of  the 
desired  solution  ytx)  can  be  obtained  by  means  of  the  Taylor 
senes  with  a  remainder  term 


(x  —  Xo)  ,  (x  -  X.*  ,, 

y(x)  =  y(x«)  + - - — y  (x,, )  -f - - - y  (x„  )i- 


1 X  -  X,,  f 


1! 

>'‘(Xo)  -i  n|.,.i 


It  the  remainder  term  Rp*j  is  neglected,  the  approximate  value 
of  yk*i  for  the  step  size  h=tXk,i-Xk)  is  given  by  the  general 
formula 


li  z  ,  li*  „  h‘ 

yk-^l  =  Vk  +  TTVktk)  +  -77  >■  k  +  •  •  •  4-  -r  Vk  ‘ 
i'  2.  p: 


Here,  yj."*'  denotes  the  value  of  the  mih  derivative  at  the 
point  (Xk.yk)  This  procedure  requires  the  derivative  .  of  the 
function  yt  x)  and  this,  for  general  cases,  can  prove  inaccurate 
or  unwieldy  to  compute  However,  with  a  slightly  different 
funiiulation  the  method  can  be  used  effectively /’ 


Various  methixis  exist  for  improving  these  simple  formula- 
(ions.  Since  Euler’s  method  ts  of  order  one.  an  extrapolation 
can  be  applied.  Assuming  that  two  integrations  have  been 
performed,  the  first  with  step  h  and  the  second  with  step  h/2 
and  then  using  the  principles  of  Richard.son  exirapolaiion.  an 
improved  Euler  method  ol  the  form 

ki  =  ft  Xk.yk) 

k,  =f(x.  -t-  j  (2.4.241 

- 1  =  yx  +  Ijk,' 

can  be  uved.  This  (s  a  second  order  I'orniulation;  a  single  step 
requires  the  evaluation  ol  the  I'unclion  Kx.v)  at  two  dillereni 
pairs  of  values. 


Other  single  step  methods  lor  the  solution  of  the  differential 
equations  can  be  obtained  by  the  use  of  standard  definite 
inlcgralion  methods.  The  trapezoidal  methixl  can  be  inuiked 
to  derive  the  I'ormulaiion 

Vk  .  I  =  Vk  +  Ijtft.Xk.Vk  I  -f  ftXk-i  ■  k-i  ))  (2.4.2.")) 

For  a  general  nonlinear  equation  this  represents  an  implicit 
equation  lor  the  unknown  yk.i. 

in  practice  such  schemes  can  be  implcmcnied  using  a  sequence 
of  successive  approximations  to  vi.i.  denoted  as  One 

such  priKcdurc,  known  as  Heun's  method,  can  be  written 

y’l,''.’,  =  Vk  -f  lift  Xk .  Vk  ■ 

Yk  *  I  =  .  k  -i-  77  ( b'  Xf, .  >  k )  X-  f  ^  ..k .  1 .  >  k* ,  I  )  j  1 2.4.2b) 

The  explicit  first  order  Euler  method  (2.4.2bal  is  used  to  deter¬ 
mine  a  predictor  value  which  is  subsequently  corrected 
in  Eq.  (2.4.26b)  by  means  of  the  implicit  trapezoidal  method 
to  obtain  yv.i.  This  is  called  a  predietor-correeior  method; 
it  IS  second  order  accurate  and  for  practical  purposes  can  be 
rewriuen  as 

k(  =  f>  .St  - fc  / 

k..  =  f'  Xk  +  h.  Vk  +  Ilk,  I  (2.4.27) 
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The  improved  Euler  method  and  Hcun’s  method  are  exampleii 
ut  explicit  two-stage  second  order  Runge-Kutta  methods. 

Tiie  formal  derivation  of  Runge-Kulla  methods  is  covered  in 
many  standard  texts  on  ordinary  differential  equations.  Here, 
it  is  worth  quoting  the  cla.ssical  fourth-order  Runge-Kutia 
method 

ki  =  fixi.  V), ) 

kj  =  f^xj,  -I-  "Ii.yi,  -f  — liki^ 

k,  =  f^xt  -f-  ih.  vc  -t-  ^hk,j  (2.4.2!il 

k  i  =  f(xk  -t-  h.  yw  +  hka  } 

Vk  - 1  =  ,vk  -t-  —  ( k  I  -f  2k2  H-  2k.i  -f-  k  I J 
() 

It  is  clear  Irom  these  formulations  that  to  compute  yv.i  they 
require  information  based  upon  the  previous  approximation 
point  (Xk.yk).  In  contra.st.  an  alternative  set  of  methods  is  to 
use  a  mullistep  approach  which  uses  information  at  previous 
support  abscissae  Xk  i,  Xk  :,  Xk  i  .  Xkm.  These  methods  arc 
referred  to  as  linear  multistep  methods,  and  they  can  be  either 
explicit  or  implicit  in  lime,  A  cla.ssical  example  is  the  method 
of  Adams-Ba.shforth  which  can  be  expressed  as 

.'•k-i  =  .Vk  -b  Tj^l  Vrfk  -  -VJfk-  ,  -b  3Tfk- .  -  Ofk-x) 

(2.4.29) 


The  residual  in  the  q-rJ  >tagc  is  evaluated  as 

R""  =  5:  i.„R(w'‘')  (2.4.321 

1=1) 


x;  ‘.i.  =  1 

r  =  I) 

Typically,  three-,  four-,  or  fivc-.slage  schemes  have  been  ex 
lensively  used. 

The  stability  properties  of  the  multistage  method  have  been 
used  to  auvaiiiagc  in  the  solution  of  (he  Euler  equations 
Consider  a  lime  stepping  scheme  for 


The  stability  region  is  the  region  of  the  complex  plane  lor 
which  the  scheme  is  stable  in  terms  of  the  time  step  multiplied 
by  the  eigenvalues  of  A:  the  lime  step  is  selected  so  that  the 
eigenvalues  of  the  A  matrix  he  within  the  stability  region.  For 
a  multistage  scheme, 

ii" '  =  ii'"’  +  ii  I  .All'”' 
u'-'  =  ll'"’  -b  n,All‘" 
n' ''  =  u'"'  +  .1  i.Aii'"' 


This  formulation,  which  assumes  equal  spacing  h,  is  an  ex¬ 
plicit,  linear  four-step  method.  It  requires  only  one  function 
evaluation  at  each  step,  but  requires  previous  values  fk.  If  i. 
Ik :.  Ik  1.  Other  variants  of  this  multistep  method  exist,  as  well 
as  generalized  formulations.*' 


Thus,  for  a  complete  step 

ll"  =  i»ii" 

where  the  amplilicatitin  factor  g  is  a  polynomial  in  A: 


It  is  clear  from  this  discussion  that  multistage,  two  level 
schemes  of  the  Runge  Kutta  type  have  the  advantage  that  they 
do  not  require  any  special  starting  prtKcdures.  in  contrast  to 
the  multistep  methods  of  Adams-Bashforth  type.  In  addition, 
extra  stages  in  the  multistage  methods  can  be  used  to  improve 
accuracy  or  to  extend  the  stability  region.  Jameson  el  al.’"’ 
have  used  Runge-Kutta  methods  to  great  advantage  for  the 
solution  of  the  Euler  equations,  In  general,  the  selection  of 
a  particular  temporal  integration  scheme  is  closely  tied  to  the 
type  of  discretization  selected  for  the  spatial  derivatives. 

The  extension  of  these  ideas  di.scu.s,scd  for  the  one-dimensional 
model  problem  to  the  governing  flow  equations  is  straightfor¬ 
ward.  The  discictization  of  spacial  operators  in  the  equations 
leads  to  a  system  of  coupled  ordinary  differential  equations  of 
the  form 

-b  R(w)  =  0  (2. 4. .30) 

lit 

where  R(w)  is  the  vector  of  the  residuals.  Let  w"  be  the 
numerical  result  after  n  time  steps;  the  formulation  to  advance 
the  solution  to  time  level  n+l  is 
w'“’  =  w" 

w'"  =  w“”-o,AiR." 


w 

w" 


.III) 


„1" 


(2.4.31) 


■w'  -  AiR'"' 

=  w'"” 


It  =  I  +  h  .\  -b  (|  -b  .  .  . 

and  l|  =  l.  .J’=iik  I.  (t=ok.i'ik : .  The  siability  region  is  (he 

region  in  which  IgISI.  and  we  require  the  Fourier  symbol  z(c) 
=  z(  JAx)  to  lie  in  the  region  of  stability  for  all  wave  numbers 
0<(,<.T.  Figure  2.4.2  shows  (he  stability  region  for  commonly 
used  Runge-Kutta  methods 


Figure  2,4.2  Stability  regions 
for  explicit  Runge-Kutta  methods. 
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The  equation 


lit  +  Ux  +  m^iUxxxx  = 

is  more  typical  of  an  appropriate  model  equation  for  the 
Euler  equations,  where  dissipation  is  added  explicitly  to  the 
convective  terms.  In  this  case,  modifications  to  the  stability 
plots  can  be  obtained  with  single  or  multiple  evaluations  of 
the  dissipationlike  term  within  the  multistage  procedure.  The 
variety  of  possibilities  have  been  considered  by  Jameson."’ 

2.4.2  Implicit  Schemes 

In  the  discussion  that  follows,  the  system  of  ordinary  differ¬ 
ential  equations  to  be  solved  is  written  as 

+  R(v/i  =  t)  a.A.M) 

where  R(  w)  is  the  discrete  representation  of  the  spatial  deriva¬ 
tive  terms  evaluated  as  a  function  of  the  solution  vector  w 
The  prototype  implicit  algorithm  considered  is  the  backward 
time  differencing  equation,  given  as 

-t-R"'’  =0  (2.4..M) 

./  A  t 

where  At  is  the  time  step.  R"'^'  is  the  discrete  residual 
evaluated  at  time  level  (ii  -f  I  j  A  f.  and  Aw"  =  w"*’  -  w" 
is  the  change  in  the  dependent  variables  over  a  time  step. 
The  scheme  is  first  order  accurate  in  time.  The  Trapezoidal 
scheme  can  be  written  as 


where  the  hatted  notation  denotes  that  ihe  residual  contains 
both  temporal  and  spatial  discreli/ation  terms.  Applying  New¬ 
ton’s  method  for  the  root  of  a  nonlinear  system  ol  equations 
gives  a  linear  system  to  be  solved  ileraiisely. 


R" 


R  + 


i>R  (  ... 

I* 

i  =  . 


The  linearuation  in  jbi>ut  an  estimaie  w'.  which  can  he  laken 
initially  as  and  the  solution  converges  to  the  solution 
at  the  new  lime  level  w"^'  The  reguircmeni  to  M>lve  a 
linear  equation  arises  from  the  Imean/.ation  ot  the  nonlinear 
spatial  residual  terms  at  the  new  tune  level  In  that  respect, 
the  treatment  ot  second  order  accuracy  in  lime  is  similar 
to  that  of  the  tirst  order  scheme,  since  the  addiiuma)  terms 
involved  arc  all  evaluated  at  lime  levels  which  have  already 
been  computed.  Hence,  rcsinciing  the  discussion  below  to  the 
first-tirdcr  backward  time  scheme,  the  linear  Nvsiern  jn  wniien 
a.s 

+  =  -[w' -  w" -h/,R(w')| 

1=1..’..!....  l2.4..!y) 

where  li  —  I  At.  J-or  each  licralion.  Eq  (2.4..W)  requires 
the  solution  ot  a  bliKk-bandcd  linear  system  of  equations  w  iih 
the  properly  thal  quadratic  conscrpencc  can  be  attained  at  each 
iteration  if  the  approximation  is  sullicienlly  near  the  root  of  the 
equation.  For  large  time  steps.  Newton's  meihixl  is  recovered 
for  the  solution  of  the  stcady-siaic  residual  equation 


Aw" 
■f  At 


4-  i[R"  +  R'‘*']  =0 


(2.4..'!,‘i» 


and  the  three-point  backward-time  .scheme  can  he  written  as 


■Aw"-  -c  Aw"-'  4-  R"“  = 


(2.4..'!6) 


A  geneia.  liKk-matrix  equation  solved  with  (iauss  eliminalion 
requires 

(t{.\  ' III  ']  I.]..  y.tfntii;*  l2.4,40) 

where  .V  i.s  the  total  number  of  eqUiSlions  and  m  is  the  block 
size.  A  general  blrKk-handed  matrix  equation  can  be  solved 
in 


both  of  which  arc  second  order  accurate  in  time.  The  three 
schemes  above  can  be  considered  as  examples  from  the  well- 
known  class  of  linear  multistep  methods  developed  for  solving 
ordinary  differential  equations.  The  stability  of  such  methods 
can  be  determined  from  an  analysis  of  the  eigenvalues  of  the 
cocffieienl  matrix  arising  from  linearization  of  the  nonlinear 
terms.  For  discrete  solutions  to  the  Euler  equations,  these 
eigenvalues  generally  lie  in  the  left  half  of  the  complex  plane. 
A  melhrxl  without  any  lime  step  stability  limit  in  such  a  case  is 
rcfcired  to  as  an  A-stabIc  method.  It  is  known  from  a  theorem 
of  Dahlquisi  that: 


f  J(.Vh'ui ' )  o//(  rufooi.s:  /*  =  in ii.v\ ji.  tj)  (2.4.41) 

where  p  is  the  number  of  non/ero  oil -diagonals  in  the  matrix 
at  or  above  the  mam  diagonal  and  //  is  ihc  number  at  or  bcloxv 
the  main  diagonal  of  the  matrix  to  be  solved. 

The  computational  work  for  typical  slnioiured-grid  solvers 
can  be  estimated  assuming  an  implicit  computational  stencil 
which  spans  ihrcc  points  in  each  ctxirdinalc  direclion.  For 
a  three-dimensional  ordering  of  the  unknowns  by  generalized 
coordinate  directions. 


1 1 )  The  order  of  an  A-slabIc  method  cannot  exceed  two. 

(2)  The  second-order  A-siable  scheme  with  lowest  trun¬ 
cation  error  is  Ihc  Trapezoidal  scheme. 

Generally,  the  three-point  backward-time  scheme  i.s  preferred 
for  second  order  accuracy  since  the  Trapezoidal  method,  also 
known  as  Crank-Nicholson.  is  susceptible  to  an  odd-cven 
decoupling  in  lime  of  the  highest  frequencies  in  the  solution. 

Either  Evq.  (2.4. .44)  or  (2.4. .46)  represents  a  nonlinear  system 
of  equations  to  be  solved  at  each  lime  step  and  can  be  written 
gencrically  as 

R=  I)  (2.4..47) 


.\’  =  .1  ■  h  1. 

=  K 

where  ./.  A  .  L  is  the  number  ot  points  in  each  ot  the  three 
coordinate  directions,  respectively  For  a  two-dimensional 
case  with  ordering  by  rows. 

=  ./  A' 

P~  '1  ~ 

Hence,  the  computational  work  scales  as 

t ^  *7/7 '  j q  —  D  (2-4.42) 

<  ~  III '  j  o/Hrut  iDii  s  :  '2  —  D  (2.4  4-^1 
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assuming  equal  number  of  points  in  each  coordinate  direction, 
tn  two  dimensions,  the  relative  bandwidth  is  smaller  which 
results  in  a  smaller  operation  count;  since  both  .V  and  m 
are  usually  smaller  in  this  case,  direct  solutions  of  the  linear 
system  are  possible  with  available  computers,"  at  least  for 
steady-slate  solutions. 

Because  of  the  number  of  operations  and  storage  involved  in 
a  direct  solution  of  the  linear  system  at  each  iteration,  the 
complexity  which  can  arise  in  linearizing  the  equations  ex¬ 
actly.  and  the  realization  that  quadratic  convergence  is  only 
obtained  when  the  approximation  is  near  to  the  exact  solution, 
the  method  as  outlined  above  is  rarely  used  in  application. 

A  number  of  approximate  lecnniques  have  been  devised.  Ap¬ 
proximate  lii.carizations,  denoted  with  double  tilde  overscripts, 
can  be  used  on  the  left  side  of  the  equation  ( 1 )  to  reduce  the 
bandwidth  of  the  linear  system  or  (2)  to  reduce  the  complexity 
as.sociated  with  an  exact  linearization,  as 
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(w’^'  -  w'  I  =  -  |w'  -  w"  -I-  h  R(^w‘  ij 
;=1.2.:!. ...  (2.4.44) 


Since  the  equation  is  cast  in  delta  form."  the  nonlinear  equa¬ 
tion  on  the  right-hand  side  will  be  satisfied  as  long  as  the 
sequence  of  iterates  converge.  With  an  approximate  lineariza¬ 
tion,  the  property  of  quadratic  convergence  at  a  minimum  is 
lo.st.  Furthermore,  all  approximate  linearizations  are  not  sta¬ 
ble,  even  if  the  linear  system  is  solved  exactly."  "  For  ex¬ 
ample.  Jesperson  and  Pulliam"  show  a  one-dimensional  sta¬ 
bility  analysis  corresponding  to  steady-state  convergence  of  a 
second-order  accurate  .scheme;  an  exact  linearization  with  a 
first-order  implicit  stencil  was  unconditionally  stable.  How¬ 
ever.  with  a  second-order  implicit  stencil  hut  an  approximate 
Jacobian  (linearization  terms),  stability  was  only  conditional. 


Another  approach  is  to  determine  a  solution  to  the  linear 
system  but  accept  the  first  iteration  as  the  solution  at  the  new 
time  level,  as  a  so-called  single-step  scheme."  "  i.e., 

(w"’’'  -  w" )  =  -[/(R(w")l  (2.4.45) 

The  equation  is  now  of  the  standard  form  Ax  =  b,  where 
X  =  Aw,  and  a  number  of  iterative  methods  adapted  from 
the  study  of  linear  algebraic  equations  can  be  applied  to  solve 
the  linear  system  of  equations.  Note  that  the  convergence  of 
the  solution  to  the  linear  system  depends  only  on  the  coefficient 
matrix.  The  use  of  large  time  steps  and  the  retention  of  the 
A-stable  properties  of  the  implicit  integration  scheme  can  be 
attained  if  the  linear  system  is  solved  to  near  completion. 
However,  in  mast  ca.scs.  the  linear  equation  need  not  be 
solved  exactly,  since  Ibr  steady  flows  the  ultimate  objective 
is  the  solution  to  a  nonlinear  equation.  Likewise,  for  unsteady 
simulations,  it  is  necessary  only  to  solve  the  equation  to  a 
tolerance  below  that  of  the  truncation  and  linearization  errors 
associated  with  the  single-step  approximation. 

The  two  approximations  can  be  combined,  as  an  approximately 
linearized  implicit  scheme,  in  which  the  linear  equation  is 
hopefully  much  easier  to  solve,  as 
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A  number  of  schemes  are  in  current  use  which  are  based  on 
this  model.  For  example,  since  this  coefficient  matrix  depends 
only  on  the  left-side  spatial-difference  approximation  of  tq 
(2  4.45),  first-order  upwind  differencing  can  often  he  used 
to  ensure  block-diagonal  dominance  of  the  coefficient  matrix 
and  relaxation  methods  can  be  used  effectisely  Also,  the 
approximate  factorization  methods  discussed  sub.sequcntly  are 
a  special  case  of  the  algorithms  described  by  Eq  (2  4  4b) 

Direct  Methods 

Direct  locihods  can  he  used  to  solve  the  system  ot  linear 
cquation.s  asscKiated  with  the  miplicit  schcrr:c:  •  .*  D:rwVt 

methods  arc  distinct  from  iterative  solvers  m  that  they  solve 
the  system  of  equations  in  a  tiniie  and  predetermined  amount 
of  work.  5ioluiions  to  the  linear  system  using  direct  methods 
are  exact  if  infinite  precision  arithmetic  is  used  On  computers, 
direct  solvers  will  generate  solutions  that  are  as  accurate  as  the 
anihmciic  used  to  generate  them 

The  coefficient  matrices  resulting  from  Euler  solvers  are  gen¬ 
erally  sparse  tie.,  composed  t>l'  few  nt>n/.ero  and  many  zero 
coefficients).  Linear  systems  resulting  from  stojclurcd  gnd 
Euler  solvers  will  have  an  ordered  siruciure  of  nonzero  coef- 
ficicnis.  For  example,  a  two-dimensional  tirst-order  upwind 
scheme  results  in  a  peniadiagonal  matrix  comptiscd  of  two 
“diagonal  entries”  clustered  around  the  central  diagonal  and  a 
diagonal  entry  farther  out  on  either  side  Adding  more  dimen¬ 
sions  and/or  higher  order  accuracy  leads  to  a  /nairix  cimiposcd 
of  more  diagonal  entries  This  form  of  sparsencss  is  known 
as  structural  sparseness  since  it  is  known  a  prion  which  co¬ 
efficient  elements  are  zero  and  which  are  nonzcni  The  use 
of  unstructured  grid  Euler  solvers  leads  to  implicit  inainccs 
with  nonzero  cwflicienis  ItKaied  on  the  diagonal  entry  and 
randomly  UK'aied  off  the  diagonal  entry  . 

Specialized  versions  of  Gaussian  elimination  arc  used  for 
sparse  linear  systems  to  minimize  suirago  costs  and  reduce  op¬ 
eration  counts.'^ Banded-matrix  direct  solvers  arc  perhaps 
the  most  common  approach  to  reducing  the  storage  and  op¬ 
eration  count  of  a  full  Gaussian  elimination.  Banded  solvers 
store  diagonal  cnincs  of  the  matrix  as  vectors  and.  hence,  store 
all  coefficient  elements  of  the  matrix  our  to  the  last  diagonal 
entry  that  has  a  nonzero  coclficicni  in  it.  In  large  part,  most 
work  on  banded  direct  solvers  has  been  done  in  the  structural 
finite-clement  field.  Consequently,  most  banded  solvers  arc 
specialized  for  symmetric  posiiivc-dclinitc  matrices. 

Matrices  that  possess  general,  rather  than  structural,  sparse¬ 
ncss  have  nonzcr<»  coefficients  randtimly  located  in  the  array. 
Consequently,  very  few  nonz.ro  coefficients  exist  next  to  the 
maximum  bandwidth  of  the  matrix.  Skyline  solvers  take  ad¬ 
vantage  of  this  fact  by  tmly  storing  row  or  column  vectors 
from  the  diagonal  to  the  last  nonzero  cocflicicni  in  each  row 
(lower  triangular)  or  column  t upper  triangular),  respectively. 
Skyline  solvers  arc  also  known  as  envelope,  profile,  or  vari 
able  bandwidth  solvers. 

The  most  common  approach  to  solving  general  sparse  matri¬ 
ces  has  been  to  renumber  the  grid  to  minimize  the  bandwidth 
or  minimize  the  numerical  fill-in  during  the  solution  process. 
Bandwidth  minimization  will  make  both  band  solvers  and  sky¬ 
line  solvers  much  more  efficient  for  any  linear  problem.  .Sev¬ 
eral  methods  have  been  proposed  to  minimize  (he  bandwidth  of 
sparse  linear  systems.  The  most  successful  and  best  known  of 
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the  bandwidth  minimization  aJgonlhms  is  the  Cuihill-McKee"' 
ordering  algorithm.  This  algorithm  makes  extensive  use  of 
graph  theory  as  do  most  reordering  algorithms.  For  each  node 
(equation),  a  list  of  adjacent  nodes  can  be  generated  from  the 
graph  of  the  matrix.  If  v  is  the  node  number,  then  Aitjir} 
is  a  list  of  the  nodes  immediately  adjacent  to  r.  The  algo¬ 
rithm  takes  a  list  of  nodes  and  the  associated  list  of  adjacent 
nodes  and  generates  a  new  list  of  nodes.  The  old  and  new 
list  of  nodes  acts  as  a  translation  table  for  the  matrix  so  that 
the  graph  of  the  matrix  may  be  renumbered.  The  matrix  as¬ 
sociated  with  the  new  graph  of  the  males  will  often  have  a 
dramatically  reduced  bandwidth. 

Matrix  dissection."*  or  nested  dissection,  is  a  methixl  to 
renumber  the  graph  of  a  matrix.  The  bandwidth  of  the  matrix 
is  not  reduced  but  the  numerical  lill-in  that  occurs  during  the 
matrix  factorization  is  greatly  reduced.  The  minimum  degree 
method  also  reduces  fill-in  through  a  minimization  process  and 
has  proved  useful  for  unstructured  grids.'" 

The  principal  advantage  of  the  direct  solvers  is  their  robust¬ 
ness.  since  steady-state  solutions  can  be  generated  in  cases 
where  iterative  methods  fail  to  converge  and  there  are  fewer 
parameters  to  adjust  for  improved  convergence."  The 

rapid  convergence  of  the  scheme  allows  solutions  to  he  ob¬ 
tained  in  four  to  five  iterations;  because  of  the  increased  op¬ 
eration  count  of  the  direct  solution,  the  method  is  generally 
only  invoked  after  an  approximate  solution  is  generated  with 
an  iterative  solver. 


Approximate  Factorization  Methods 

Within  the  framework  of  approximate  factorization  ( AF)  meth¬ 
ods,  implicit  schemes  which  factor  spatially  the  unsplit  ma¬ 
trix  equation  into  a  sequence  of  simpler  matrix  equations  are 
known  as  alternating  direction  implicit  (ADI)  schemes'"'’  and 
have  been  widely  used.  In  addition  to  the  classical  spatially 
factored  scheme,  a  number  of  alternative  schemes  are  possible 
by  factoring  the  implicit  operator  according  to  the  eigenval¬ 
ues  of  ihc  split  Jacobian  matrices  and  using  type-dependent 
differencing. ’■*  These  alternate  factorizations  can  he  used  to 
split  the  full  operator  into  a  lower  (L)  and  an  upper  (U)  fac¬ 
tor  independent  of  the  number  of  spatial  dimensions  of  the 
problem,  thereby  increasing  the  allowable  time  step  based  on 
stability  considerations  and/or  a  decrease  in  the  number  of 
operations.  These  LU  schemes  can  be  used  to  converge  dis¬ 
cretizations  corresponding  to  either  central  or  upwind  schemes 
(c.g..  Rieger  and  Jameson’'’). 


For  the  compressible  Euler  and  Navicr-Stokes  equations.  Beam 
and  Warming"  and  Briley  and  MacDonald'*’  laid  the  foun¬ 
dations  of  the  current  ADI  algorithms  which  are  gcneraliza- 
lior’i  of  the  allemating-dircct.  n  implicit  algorithms  devel¬ 
oped  in  the  1950’s  for  solving  parabolic  equations.  The  ADI 
algorithms  approximate  the  left-hand  implicit  matrix  of  Eq. 
(2.4. .19)  as  a  product  of  oic-dimcnsional  matrices,  solved  in 
a  series  of  sweeps  through  the  mesh.  The  nonlinear  implicit 
scheme  for  first-order  backward-time  differencing  can  be  writ¬ 
ten 
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Aw*  =  Aw"  (2.4.4X) 


I  +  /» 


Aw‘  =  Aw* 


w'*'"  =  w‘  +  Aw' 


(2.4.49) 
(2  4.50) 


where  R’  denixes  ihe  right  side  of  (2.4,39>  and  ^  is  a 
spatial  difTerence  operator.  Each  sweep  require.s  the  .solui»t>n 
of  a  block  tridiagonal  or  pcniadiagonal  mainx  equation.  I'he 
compulaiional  molecule  tor  a  three-point  spatial  ditlerencmg 
IS  shown  in  Eig.  2.4.3<a).  Since  the  solution  on  a  given 
line  in  the  gnd  decouples  from  the  other  lines  on  a  sweep, 
the  operations  can  he  performed  elficiently  on  cither  vector- 
processing  or  parallel -priKCssing  computers  by  simultaneous 
solution  of  the  linear  system  along  parallel  coordinate  line^  m 
the  mesh.  On  the  basis  that  the  facton/ation  and  linean/aiion 
errors  can  be  considered  small,  the  algorithm  is  usualU  applied 
as  a  single-step  mmitcraiive  scheme 

Lf  L.f  ~  w”)  =  -jA  R(  w"  )j  (2,4.51) 


for  N>th  steady  and  unsteady  applications  The  spatial  lacior- 
ization  is  largely  independent  of  the  type  of  spatial  didercnc 
ing  (i.e  central  or  upwind).  The  algorithm  i.s  widely  used, 
in  part  because  the  ihin-laycr  form  i>f  ihe  viscous  terms  can 
be  easily  accommodated,  cross-dcnvaiivc  temis  arising  from 
mixcd-dcrivaiivc  terms  arc  difliculi  u>  ircat  with  the  spatially 
factored  algorithm,  however,  and  are  generally  treated  explic¬ 
itly  or  lagged  in  time 


Pulliam  and  Chausscc*'  developed  a  diagonalized  scheme  in 
order  to  reduce  the  number  of  operations  assosiaicd  w  ith  the 
ADI  solution.  The  similarity  transformation  of  the  mviscid 
Jacobian  matrix  is  used  to  derive  an  approximate  set  ol  scalar 
equations  on  each  sweep,  as  shown  for  the  left-hand  side  of 
the  ^  sweep: 

T.  (I  -f  A  1  '  Aw"  (2.4.52) 

where  A  =  <7F/V''w  =T.Af;T,  ‘  The  linear  system  /s  un¬ 
coupled  since  A^  is  a  diagonal  maln.x  of  eigenvalues,  note 
that  the  similarity  transformation  matrix  has  been  moved  out¬ 
side  the  differencing  operator  to  achieve  ihc  cflicicncy.  The 
original  bl<Kk-iridiagonal  or  bl(Kk-)K'niadiagonal  inversion  is 
replaced  by  scalar  inversions  and  two  matrix  nuilitpllcation.s. 
leading  to  appro.ximatcly  a  factor  of  two  reduction  in  the  over¬ 
all  compuiaiional  time  of  the  ADI  algorithm,  with  generally 
no  appreciable  loss  in  convergence 


Obayashi  el  al.*^  have  used  tlux  splitting  to  simplify  the  matrix 
inversions  further  by  factoring  each  sweep  into  two  bidiagonal 
inversions.  Applying  lypc-dcpcndcni  one  sided  differeneing  to 
the  eigenvalue-split  components  of  the  Jacobian  matrix  as 

.VA  =  .\“A'  f<\'A  (2.4,53) 

where  and  arc  backward  and  forward  difference 
operators,  respectively;  the  left-hand  side  of  the  sweep  can 
be  represented  with  the  Lll-ADl  scheme  as 

a;  ; 

[  I  -1-  b  a;  a,  I  T;  ■  a w'  ■  1 2.4.54 ) 

To  enhance  the  diagonal  dominance  of  the  equations,  the  im¬ 
plicit  equation  on  each  sweep  can  he  factored  slightly  ditfer- 
cnily  following  the  work  of  Lombard  ei  al  '  as 

T,  a;  -  Aj  i: 
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where  the  diagonal  entry  ot  each  bidiagonal  inveri^ion  beconie^^ 
D  =  I  +  /i  |A^1.  Termed  uDU-ADI,"**  the  operator  m  each 
direction  can  be  considered  a  single  iteration  of  a  symmetric 
Gauss-Seidel  relaxation  sweep,  as  discussed  in  greater  detail 
later.  The  extension  ot  the  diagonalized  mcihixJs  to  the  vj.sciHis 
equations  is  not  so  straightforward,  since  these  terms  cannot 
be  .simultaneously  diagonalized  with  the  mvi.wid  terms  ar  '  arc 
either  ignored  or  represented  approximately/'*'  as,  lor  example, 
by  approximating  the  vi.sctius  Jac<ibian  with  its  spectral  radius. 

The  largest  deliciency  of  the  spaiiall)  factored  approach  is 
that  the  factored  operator  incurs  a  splitting  error  in  three  di¬ 
mensions  which  IS  proportional  to  the  cube  of  the  time  step, 
i  A  /  )  .  and  the  resulting  algorithm  is  only  conditionally  stable 
at  best.''  '*'  For  example.  South''  has  presented  a  prtKif  that  the 
three-factor  spatially  spin  AF  scheme  with  central  differenc¬ 
ing  is  unconditionally  unstable  according  to  a  Von  Neumann 
stability  analysis  for  a  scalar  ihrec-dinicnsional  mtxiel,  iime- 
depcndeni  hyperbolic  equation.  In  practice,  the  addition  of 
artificial  viscosity  can  be  applied  to  siabili/e  the  scheme,  as 
the  second-order  upwind  scheme  (which  can  be  viewed  as  a 
central  difference  scheme  plus  dissipation)  is  conditionailv  ''ta¬ 
ble.  In  two  dimensions,  the  splitting  error  is  onK  ( A  M'  and 
unconditional  stability  can  be  attained,  although  the  splitting 
error  causes  a  general  detenoration  in  convergence  rate  as  A  / 
lends  to  inlinity  The  lA'  'vchcmcs.  on  the  other  hand,  incur 
only  ( A/r  splitting  errors  in  two  and  three  dimensions  and 
can  attain  larger  stability  hounds. 

Considering  only  the  Fulcr  equations  and  factoring  (ho  o|)cr- 
ator  according  to  the  positive  and  negative  eigenvalues  of  the 
spill  and  lype-dependenily  differenced  Jacobian  matrices,*'  a 
two-factor  scheme  is 

[  I  +  //[V  A*  -f  B*  -h  '‘•‘C*)  ]‘  ■ 

[  I -f A '+ f'',' B  "  -H C  )i  Aw'  =  R’  (2.4.56) 

Dctining  L  and  L  "  as  the  factors  containing  the  backward 
and  forward  difference,  respectively,  the  .scheme  can  he  written 
as 

L‘L“  Aw'  =  R’  (2.4.57) 

The  computational  molecule  is  shown  in  Fig.  2.4..^(h).  and  the 
operation  counts  for  several  schemes  arc  given  in  Tabic  2.4.1. 
The  operation  count  for  the  cigenvaluc-factori/alion  scheme  is 
reduced  to  25  percent  of  that  required  with  the  ADI  scheme.*" 
since  only  bidiagonal  inversions  arc  requir'd  on  each  of  the 
two  LI'  sweeps.  Originally  thought  to  be  inefficient  on  vector- 
processing  computers,  the  operations  can,  in  fact,  be  vccton/cd 
by  simultaneous  operations  along /-f-j 4- A'  -  C'<)n>rant  aH>rdi- 
nales  lines.'""  The  algorithm  is  unconditionally  stable  in  three 
dimensions.  For  a  scalar  wave  equation,  the  eigenvalue-split 
scheme  becomes  a  direct  solver  for  the  unfactored  equations 
The  results  from  a  linearized  analysis  of  the  coupled  Euler 
equations  at  a  Mach  number  of  O.S  for  several  schemes  is 
shown  in  Fig.  2.4.4.  The  results  indicate  unconditional  stabil¬ 
ity  with  the  two-factor  eigenvalue-split  scheme;'”  the  spatially 
split  scheme  shows  only  conditional  stability.  However,  as  is 
true  of  facifired  schemes  in  general,  the  optimum  damping  of 
the  error  rKcurs  at  relatively  small  time  steps,  on  the  order  of 
a  time  step  of  five  to  ten  times  that  of  an  e.xplicit  scheme. 

The  extension  of  the  melhixJoJogy  for  visc(>u.s  Hows  is  not  ob¬ 
vious;  however,  the  viscous  terms  can  be  included  by  express¬ 
ing  the  three-point  diffusion  operator  as  the  sum  of  a  forward 


and  backward  diltcrcnce  and  factoring  accordingly,  although 
some  lorm  ot  approximation  is  generally  required  ttir  the  com¬ 
pressible  equations.  Ftir  example,  a  sj>cctral  radius  scaling  ot 
the  viscous  Jacx>bian  matrices  is  readily  incorp^>rated.  simi¬ 
lar  lo  that  used  tor  the  diagonalized  schemes.  Often,  as  m 
the  work  ot  Ciailin  and  Whiilield,'*  the  implicit  viscous  terms 
arc  ignored  without  an  adverse  effcci  on  the  slabiliiy  of  high 
Reynolds  number  viscous  flows 


Table  2.4.1  Operation  counts  for  solving  the 
implicit  approximate  factorization  schemes. 


Relaxation  Methods 

With  the  development  and  use  of  upwind  discretizations  tor  the 
Fuler  equations.  Chakravanhy  “  and  Van  Leer  and  Mulder*' 
observed  that  the  linearized  implicit  equations  can  be  solved 
efficicmfy  with  classical  relaxation  methods.  For  example, 
with  first-iirdcr  upwind  differencing,  the  ci>eHieieni  mains 
on  (he  left  side  of  Eq.  (2. 4. .^9)  cun  he  constructed  to  he 
bliK'k-diagonally  dominant  for  any  iime  stop  and  standard 
relaxation  techniques,  such  as  Jacobi  or  line  f  lauss-.Seidcl.  for 
the  Iterative  solution  of  large  linear  systems  can  be  used.  Also, 
for  supersonic  Hows,  relaxation  schemes  can  he  consiruciod 
to  recover  efficient  space-marching  schemes.''  f-or  higher 
order  spatial  differencing,  the  ciK'flicieni  matrix  is  no  longer 
diagonally  dominant;  it  is  more  difliculi  to  construct  cUicicni 
schemes,  and  generally  symmetne  (iauss-Scidcl  schemes  are 
required 

There  are  two  genera)  approaches  to  incorjvorating  relaxation 
techniques  lor  the  Navicr-Siokcs  equations.  The  first  approach 
is  u»  solve  the  linear  system  via  relaxation  to  near  completion 
before  updating  the  residual  cqualion  I  hus.  as  mentioned  pre- 
vmusly,  using  first-order  upwind  differencing,  the  ciK'flicicnl 
matrix  can  often  be  consinicicd  lo  be  blwk-diagonally  dom¬ 
inant.  The  .>ccond  approach  is  to  approximate  the  Icli-side 
matrix  of  Eq.  (2.4.39)  as  a  diagonal  tJacohi)  or  bidiagonal 
I Ciauss- Seidel )  matrix  and  solve  for  a  sequence  of  iterations, 
with  a  nonlinear  evaluation  of  the  residual  after  every  puss 
ibrough  the  mesh  At  convergence,  the  iH>nlinear  Eq.  (2.4.34) 
is  satisfied.  The  convergence  depends  on  the  spatial  differenc¬ 
ing  of  both  the  left  and  righl  sides  of  Eq.  12.4.39),  '' 

The  first  approach  is  illustrated  below  for  the  difference  equa¬ 
tions  arising  from  the  Euler  equations  Considering  Hq, 
l2.4  39)  as  an  equation  li>  f>e  sidved  at  each  iteration  lor  Aw‘. 


•  • 


n 

4  sequence  of  subiteraies  Aw"' ' .  u.  =  1.2.3 . is  compuicd. 

Using  a  symmeuic  point  Gauss-Seidel  procedure,  one  sweep 
through  the  mesh  with  Aw"  0  can  be  written  as  below 

[I  +  /.(bf  A'"  + 

-A”  -  B“  -  C^l]  Aw' ‘  =  R'  a-d.-SH) 

The  second  pass  becomes 

(I  +  i|(^7A'  4-b7B"  +<\'C" 

TA’’  +  B""  +  C"  )]  Aw'  ' 

=  R‘  -  X"  +  ^,;b^  +  .'7C* 

-A"  -  B^  -  C’j  Aw' '  (2.4.59) 

On  subsequent  passes.  Eqs.  (2.4.5XM2  4.59)  are  solved  re¬ 
peatedly.  except  Eq.  (2.4.58)  is  moditied  to  use  available  val¬ 
ues  of  Aw"' '  from  the  previous  iieraiion.  If  the  iterations  to 
the  linear  system  are  continued  sufficiently  far  to  convergence, 
Eq.  (2.4  39)  is  classified  as  a  qua.si-Newton  method,  since  ap¬ 
proximate  lin'^arizaiions  of  the  right-hand-side  arc  generally 
used  to  simplify  the  operations  or  ensure  diagonal  dominance. 
The  second  pass  can  be  rewriuefi  using  Eq.  (2.4.58)  and  the 
two  passes  written  as  below 

[I  +  /fC^r A"  -f 

-A  '  -  B  ■  -  C”  ll  Aw'  ■  =  R'  (2.4.W)) 


+  +\'C' 

+A^ -f  B*  +  )|  Aw" '  =D  A  w' '  (2.4.61) 

where  D  =  I  +  /i  ( | Aj  +  |B|  +  1C|)  ^  5x5  hlcK~k-diagonal 
matrix  in  three  dimensions.  Delining  L"  and  L*  as  the  diag¬ 
onally  dominant  factors  containing  the  backward  and  forward 
differences,  respectively,  the  scheme  can  be  written  as 

IFD''  IF  Aw'  =  R'  (2.4.62) 

Thus  the  symmetric  Gauss-Seidel.  Eqs,  (2.4.60H2.4.6i). 
can  be  viewed  as  an  approximate  factorization.'"  termed  LU- 
SGS,"*'*  and  consequently  considered  as  a  time  accurate  scheme 
for  unsteady  applications.  The  complete  viscous  terms  can  be 
easily  incorpom^cd  into  the  algorithm,  and  Chakravarthy'*'  has 
shown  that  the  cross-derivative  tenns  can  be  differenced  to 
enhance  the  diagonal  dominance  of  the  coefficient  matnx.  Of 
the  schemes  considered  above,  the  relaxation  scheme  is  the 
only  one,  other  than  direct  inversion,  for  which  the  cross- 
dcrivaiivc  terms  can  be  treated  implicitly.  Note  that  the  relax¬ 
ation  approach  can  be  incorporated  directly  into  unstructured 
grid  methods  since  the  coefficient  matrix  can  be  considered 
to  be  a  general  banded  system  to  be  solved  iteratively.  The 
factored  schemes  rely  on  a  regular  ordering  of  the  grid  and  are 
not  applicable  to  unstructured  grid  methods. 

The  second  approach,  in  which  nonlinear  residual  evaluations 
are  used  in  each  sweep  of  the  mesh,  can  be  written  as 


L“  Aw"  =  R*  =  -(w*  ~  w"  -I-  /(  R* ) 


corresponding  to  a  forward  and  a  backvsard  sweep  Expanding 
R*  in  a  Taylor  >ene.s  about  R"  and  retaining  only  the  first- 
order  terms,  the  total  change  over  (he  two  sweeps  is  conqx>sed 
of  the  sum  of  the  two  sweeps  as 

Aw"  =  Aw"  +  Aw‘  (2  4  64) 

Combining  the  two  sweeps  into  a  single  step-scheme,  the 
scheme  can  be  written  as 

IFD  '  if  Aw"  R“  (2  4.65) 

which  IS  very  similar  to  ihe  symmetric  (Jauss-Seidel  relaxation 
Eqs  i2  4.60)--(2  4  6! ) 

Eberle  el  al-"*'  ''  have  dcvcU>(>ed  implicit  si>lvers  based  iin  the 
use  ol  approximate  implicit  Jacobian  matrices  and  vcclon/ahle 
relaxation  schemes.  The  schemes  arc  designed  s(>  that  the  time 
-Step  can  be  arbitrarily  large  for  stcady  stale  applications  or 
taken  as  a  global  constant  along  with  subiteraiions  for  iime- 
accuraie  simulations.  A  number  ol  different  transformations 
from  the  usual  conservation  variables  as  the  trnplieii  vanahles 
in  della  form  have  been  used  to  improve  the  robustness  of 
the  priKcdure  at  higher  .Mach  numbers,  Brcnneis.  Ehcrie.  and 
Schmalz^'  show  the  effect  of  large  aspect  ratio  in  reducing  or 
even  eliminating  the  diagonal  dominance  of  upwind  schemes 
in  more  than  one  dimension,  with  the  use  of  aliernaie  variables 
this  prohiem  can  be  overcome  li  is  interesting  to  note  that 
several  linear  upwind  schemes  which  arc  unstable  for  nuxicl 
hyperbt^lic  equaiions  according  to  the  usual  Von  Neumann 
stability  analysis  have  been  used  routinely  in  applications  to 
the  full  Euler  equations. in  ihe  applications,  the  diflcrencing 
stencils  vary  because  ol  the  nonlinear  limners  used  to  mamiain 
monoionic  results  near  disconiinuuics  and  the  coetiicienis  of 
the  linearized  equations  change  from  point  to  point  in  the  grid: 
both  effects  arc  neglected  in  the  Von  Neumann  analysis. 

It  is  suflic'cm  for  diagonal  dominance  of  (he  mairix  cquaiums 
to  spill  the  plus  and  minus  Jacobian  matrices  into  matrices 
with  nonnegative  and  nonposiiivc  eigenvalues,  rcspcciivcly. 
The  convergence  of  the  quasi-Newu>n  pri>cess.  however,  de¬ 
pends  on  ‘he  form  of  the  lineari/aiion.  ihe  convergence  is 
improved  as  the  implicit  Jacobian  matrix  approaches  that  of 
a  true  linearization  of  the  residual  equation  lo  be  saiislied  at 
convergence.  A  true  lincan/aiion  is  often  dilliculi  or  imprac¬ 
tical  to  attain  in  practice,  as  shown  for  example  by  Barth^^ 
using  the  fiux-diffcrcncing  splitting  of  Roe  All  approximate 
linearizations  are  not  stable,  as  discussed  earlier,  A  crude  es¬ 
timate  of  the  Jacobian  matrices  using  (he  spectral  radius  ti  c. 
A*  =  ( A  i:  paI}/-),  results  in  a  strictly  diagonal  form  for 
the  matrix  D  =  I  +  /•  (/»a  +  rn  +  I'cil  and,  consequently,  a 
reduced  operation  count  for  the  LU-SGS  scheme.  This  sim¬ 
ple  linearization  proved  effective  In  the  incompres.siblt'  viscous 
rtow  calculations  of  Yoon  and  Kwak."’  the  reduced  operation 
count  of  the  scheme  with  the  approximate  Jacobian  compen¬ 
sates  for  (he  reduction  in  convergence  per  iicraiion. 

Hybrid  Methods 

An  alternate  LU  factorization  can  be  derived  by  spliiiinc  he 
Jacobian  matrices  in  a  single  cwrdinaic  direction,  generally  in 
the  direction  langcniiai  to  the  Nxiy  surface.'^  The  algorithm 
can  be  written  as 

[i-i-/.(^rA" 

[I  4- A^  -H  j  Aw'  =  R'  (2.4.(i()) 
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Figure  ?  4.3  Computational  molecules  for  advancing  the  Figure  2.4.4  Stability  analysis  of  three-dimensional 

solution  in  time  using  approximate  factorization  schemes.  approximate  factorization  schemes;  M  ^  ~  0.«:  o  =  () ". 
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Since  ihe  impliol  spuUaJ  disc^eli/auo^^  ot  ivwo  ot  ihc  cvx>r- 
dinate  directions  are  mx  required  to  be  split,  cither  central  or 
upwind  differencing  can  be  used  in  those  directions:  it  is  a 
simple  matter  to  extend  the  method  to  include  the  correspond¬ 
ing  ihin-layer  viscous  terms.  The  computational  molecule  is 
shown  m  Fig.  2.4.3(c)  The  Imeari/ed  siahihiy  analysis  of  the 
coupled  Euler  equations'*’  is  shown  in  Fig.  2.4  4tc).  the  algo¬ 
rithm  retains  unconditional  stability  The  operaiion  count  for 
the  implicit  inversion  is  71  ivrceni'"  of  that  of  the  spatially 
split  schente,  as  given  in  Table  2.4  1.  and  the  compuiaiums 
can  be  vecuin/ed,  although  the  vector  Icngih.s  arc  smaller  than 
the  spatially  split  scheme 

Hybrid  rclaxation-facion/aliun  hemes  hast-  .iKo  been  devel¬ 
oped  to  improve  the  siabihiv  chaructensiics  of  the  three-factor 
ADI  scheme. Relaxation  is  applied  along  one  coordinaic 
direction  only  tgcnerally  sircamwisc)  and  approximate  factor- 
i/ation  IS  applied  in  the  other  two  directions.  The  resulung 
matrix  equation  to  be  solved  in  each  crossflow  plane  can  he 
wntien  for  relaxation  in  the  ^  direction  as 

lI  +  /.(|Al+.\,B)!lI  +  /n|A|)l  ' 

[  I  +  //( |A|  +  -\C )  j  Aw'  =  R(  w'  w’  ■ '  ) 

t2.4,(>7 1 

where  ihe  riuhl-haiiil-Mile  InUiealeN  the  nunlinear  u(\laiine  ol 
ihe  residual  while  sweeping  haek  and  lonh  in  ihe  ;  diree- 
lion.  Each  t'acior  has  ihe  same  hluck  iridiagonal  or  (vmadiag- 
onal  form  of  Ihe  spatially  split  seheine  and  all  ihe  o()eraiions 
can  he  veelori/ed.  The  hybrid  seheine.  termed  an  AF  SPG.S 
(Symmeirie  Planar  Gauss-.Seidel)  scheme,'''  avoids  ihe  ( A  1 1 ' 
splitting  error  common  to  the  three-factor  schemes  and  is  un¬ 
conditionally  stable  for  a  scalar  wave  equation.  The  Ihin-layer 
viscous  terms  can  be  incorpsiraled  easily  in  the  two  oHirdtnale 
directions  perpendicular  to  'Liaxalion  since  the  o|vraiors  can 
remain  un.split  in  those  directions. 

Minimum-Residual  Methods 

A  class  of  algorithms  that  can  be  very  effective  and  is  appli¬ 
cable  to  both  structured-  and  unsiruciurcd-gnd  mcthtxfs  are 
minimum-residual  meth<xJs.  F(x  non-symmciric  matrices  that 
appear  in  the  solution  to  the  Euler  equations,  mcthixls  such 
a.s  Conjugate  (iradient  Squared  iCCS)/’'  BiC’onjugaie  OraJi- 
eni  Slahili/cd  tBi-CGSTAB).^  '  and  the  Gcncrali/cd  Minimum 
Residual  Mcthixl  (OMRES)*'*’  are  often  used.  One  of  the  most 
widely  used  and  most  reliable  procedures  is  GMRES  which  is 
briefly  described  below. 

The  foundation  of  GMRES  is  the  projection  of  the  residual  er¬ 
ror,  due  to  an  approximate  solution,  onto  an  ortlionorma!  basis 
for  the  Krylov  subspace  which  is  of  smaller  dimension  than 
the  original  problem.  Amoldi's  mcthcxl.'  '  which  is  essentially 
a  Gram-Schmidi  prtKcdurc.  is  used  to  generate  an  orthonorma) 
basis  for  the  Krylov  subspacc  of  dimension  A'  defined  as 

Ki,  = ‘vpaii  ^rri.  AFtt.  A'fi, . A'' (2.4.bH) 

where  rt,  is  the  residual  of  the  initial  guess  (r..  =  Ax.  bi 
and  K  =  r.,/{|rf.|l-  The  resulting  vectors  arc  i>rihonormal  and 
salisfy  the  relation 


where  V\,i  is  a  N  k  ij.  -r  I .  malrix  lormcd  Ironi  ihe  /.  t  1 
vectors  obtained  after  A  sieps  of  Ariu'ldi  >  incih\.>d  and  H  l^  a 
•,  A  T  1/  A  A  uj>pef  Hevsenberg  mairu 

bor  stdviiig  a  linear  system  ol  A  equatuHih.  in  \  "nknowns 
ihc  final  solution  is  given  by 

X  -  X  r  /  I  2  4 

whtTe  X.:  IS  an  milia]  approvinuiH'ii  n>  i)»e  sfjJuUon  and  t  is 
a  tLi>rreelu>n  to  ihe  initial  guess  tful  satisiies 

Az  T  r  --  u  >  2  4  M  I 
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(2  4  7  m 

then  uiili/ing  b.qs  i24(>0)  and  ehiH>Mng  the  iiiilial  vect‘>r  in 
the  Kf>l<H  subspacc  m  be  the  milial  /cMdua)  divided  by  its 
magmlude.  I.q.  i2  4  72»  can  be  wriucn  as 

Hy  r  j'r  i:<‘[  —  tl  1 2  4  ^4 1 

wiicrc  <*i  IS  a  column  vcy.ior  with  uniiv  as  iis  tirsi  element  and 
zero  for  all  the  remaining  elements  l-.kj  i2  4  74 1  lepiesenis 
a  system  of  A-  +  I  equations  with  A  unknowns  which  can  be 
siilved  with  a  least  squares  priKcdure  using  Givens'  loiaitons 
Note  that  if  the  error  had  been  proiccied  onto  .»  subspace  ot 
vectors  ol  dimension  A  instead  vq  A  s-  \  m  l.g.  1 2.4  72'  this 
would  yield  a  system  of  A  equalK>ns  in  A  unkntiwns  whikli 
could  be  solved  '’smg  standard  climinaiion  techniques  and  is 
referred  to  as  the  full  orihogonali/alion  ineihiH).'"’  However, 
the  least-square  approach  allows  an  efhciciu  stopping  cniena 
since  the  last  clenieni  m  the  righi-hand-side  secii>r  alter  apply¬ 
ing  the  Given.s  roiuiions  will  foprcseni  the  error  in  the  solution. 

Note  that  vi.,.,  is  computed  during  the  A"  step  of  ihe  algo¬ 
rithm  and  will  be  non/ero  unless  the  exact  solution  obtained 
This  leads  to  an  imponanl  propcilv  ol  GMRES  in  that  the  algo¬ 
rithm  can  break  down  only  alter  the  exact  solution  is  ohiaincd. 
Another  related  pro|XTty  is  that  when  solving  an  x  .V  ma¬ 
trix  equation,  the  exact  solution  will  he  obtained  in  at  most 
.V  steps. 

The  disadvantages  of  the  (j.MRE-'S  algorithm  are  ih.ii  laree 
memory  rcquircmeius  arc  required  lor  (he  Arrioldi  procedure 
because  each  vector  must  be  stored  in  order  to  orthogonali/e 
each  new  vector  with  respect  to  all  the  previous  vectors  using 
a  modified  (iram-.Schmidl  process.  This  also  mereiises  ihe 
compuiatiiuial  time  as  more  vectors  are  accuinulaicd  lo 
circumvent  these  problems  the  priKcdure  is  usually  restarted' 
bv  using  a  fixed  number  of  vectors  to  obi.un  an  approximate 
solution  which  is  then  used  as  an  imiial  eucss  from  which  the 
pnvess  can  be  rcpc'ated 

The  fi.MRI-S  pnK,*edurc  is  usually  applieil  to  .i  '  'reconJi 
tinned"  svstem  of  equations  such  as 


AVi  =  V,.,H 


M,  'AM,  '  M,x  -  M,  1. 


:  4.'s 


o 


where  M«  and  arc  called  (he  Icti  and  right  prccundiiKm- 
ers,  reikpeclively.  The  rule  ot  the  prccondilioner^  is  to  obtain 
a  more  favorable  diMnbultun  of  eigenvalues  chan  the  ongina) 
system  in  order  to  obia’n  faster  convergence  so  that  suitable 
accuracy  can  he  obtained  while  reducing  the  dimensnm  of  the 
Krylov  subspace.  In  practice,  the  success  t>f  using  GMRES  de 
()cnds  very  sironglv  on  the  effectiveness  of  the  precondiiioners 

The  GMRES  priKCdure.  as  originally  deveU»jx*d  and  as  de¬ 
scribed  above.  IS  for  solving  a  linear  system  of  equations. 
Wigion  ct  al  have  extended  this  algorilhin  lor  accelerat¬ 
ing  the  convergence  of  nonlinear  equations  such  as  ihc  Euler 
equations  with  gtKxl  success.  This  prixedure  is  described  in 
section  2.5.5. 


Extensions  to  Unstructured  Grids 

With  un.struciurcd  grids,  no  regular  a  prion  ordering  t>f  the 
grids  exists  such  that  the  matrix  equation  can  he  lacuired  ex¬ 
plicitly  as  a  pnxJuci  of  simpler  matrices,  as  m  the  ,-\DI  al¬ 
gorithms.  Hence,  the  general  approach  is  to  solve  the  ma¬ 
trix  equation  with  a  direct  incth^xl  or  iieraiivelv  with  re- 
la.xaiion  meihixJs.' ' Consider  as  the  starting  tHimi  the  lin- 
cari/ed  single-step  backward-Eulcr  time  differencing  scheme. 
Eq.  (2.4.45),  written  as 

[A]"Uw}"  =  {R}'  (2.4.76) 

where 

iAi"  =  tT  (2.4,77i 

•IJif  ,/w 


The  solution  of  Eq,  (2.4,76)  can.  in  principle,  be  obtained 
by  a  direct  inversion  of  [A|''.  This  technique,  while  quite 
successful  in  two  dimensions,  is  currently  not  very  feasible 
for  practical  calculations  in  three  dimensions. 

Instead,  hrst-order-accurate  upwind  approximations  on  the  left 
hand  side  of  Eq.  (2.4.76)  can  be  utilized  in  order  to  reduce 
both  the  bandwidth  of  the  equaiion.s  and  thereby  the  required 
storage,  as  discussed  previously.  The  resulting  scheme  can 
retain  the  desirable  property  of  stability  for  large  time  steps,  for 
cither  (irsi  or  second  order  spatial  differencing  iif  the  residual, 
if  the  linear  system  is  solved  to  a  suHicicntly  low  tolerance. 

Now  consider  a  sample  eontiguraiion  of  triangles  in  which 
the  cells  arc  randomly  ordered,  shown  in  Fig.  2,4.5.  The 
corresponding  form  of  the  matrix  [A]"  is  shown  in  Fig.  2.4.6 
where  a  circle  represents  the  nonzero  entries. 
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Figure  2.4.6  Form  of  Matnx  for  Cells  in  Fig  2  4  5 

A  variety  of  reiax.ition  .wheincN  ^...<  iv  consirucied  hi  wh;ch 
the  solution  of  Fq.  i2  4  76*  in  t>blaiiied  lhri>ugh  a  sequence 
ol  iieralions  in  whicli  an  approximation  t>f  Aw  is  ciMUinuailv 
retined 

Id  taciliiaie  the  derivaiu>n  ol  these  schemes.  [A\"  is  hrsi 
written  as  a  linear  combination  ol  three  matrices  leprescnling 
(he  diagonal,  subdiagonal.  and  sujx’rdiagiMial  terms,  i.e  . 

(Ai"  ^  [D]-  f  (Mj"  f  (Nl"  .2.4.78) 

fhc  siinplcsl  Iterative  scheme  foi  obtaining  a  solutuHi  to 
the  linear  system  tif  equations  is  a  iaci>bi  iy|x’  inethtKj 
in  which  all  the  off-diagomi)  terms  id  |AJ'  |Awf  lie. 
iMl'MAwf  +  |Nl''Uw  I ).  arc  taken  to  the  right-hand  side 
of  Hq.  l2.4,76>  and  arc  evaluated  using  the  values  ol  |  Aw}' 
Inim  the  previous  subiieralion  level  i.  This  seheme  ean  be 
represented  as 

!D]"jAw}"  '  rr  f|R)"  ..  IM  T  N)''!Aw)'l 

=  [iR)"  -:()>"  |Aw}'j  12  4.791 

where  |0]“  denotes  the  ol!-dtagona!  terms  jn  the  matrix  I'lie 
disadvantage  of  the  above  scheme  is  ilu»t  the  sequence  ot 
Jacobi  Iterations  may  cimvcrgc  somcwh.u  siowK  In  order  to 
accelerate  the  convergence,  a  Gaiiss  Seidcl  pnxedure  may  be 
employed  in  which  values  i>f  { Aw }  are  used  on  the  right-hand 
side  of  Eq.  (2-4.79)  sis  stnm  as  they  are  available.  An  example 
o!  this  .scheme,  corresponding  to  a  sequential  solution  of  the 
equations  from  the  first  to  (he  last  clement,  can  be  written  as 

(DHAwl'-'  =  f(Rf"  -  IMflAwr"  -  ('Ni'iAwrl 

(2.4,81)) 

where  the  latest  values  v»t  {Aw}  assixiated  with  (he  subdi- 
agonai  terms  are  immediately  used  on  the  right  hand  side  of 
the  iteration  equation.  A  slight  mojiiication  to  the  above  .il- 
gonihm  in  which  the  latest  values  of  {Aw}  assixiated  with 
the  supcrdiagonal  are  used,  corresponding  to  a  sequential  solu¬ 
tion  f.'om  the  last  to  the  tirsl  elcmcru.  results  in  a  very  similar 
scheme  which  is  given  by 

lD)|Aw}’*'  =  [jR)"  -  (Mj'MAwl'  ^  iNl"iAw)'-'l 
'  (2.4  SI  I 

A  .symmetric  Gauss-Seidel  type  procedure  is  obtained  by  al¬ 
ternating  the  use  of  Fq.  (2.4  SO)  with  Fq.  (2,4  81  l 


Figure  2.4.5  Sample  Cell  Configuration. 


Note  that  the  algorithms  given  above  ny  Fqs.  .2.4  80)  .ind 
(2  4. SI  )  can  fvoth  he  implemented  by  sweeping  sequentially 


through  each  mesh  cell  and  simply  using  ihe  laicsi  salues  ol 
{Aw  }  for  ail  inc  otl-Uia^onal  terms  which  have  hocn  taken 
u>  the  right  hand  side  Thi>  can  be  represented  as 

[DlUwr' =  ftRl”  ~ioi"(Awi''  ]  i:4s:i 

where  w  is  the  most  recent  value  id  w  and  will  he  m 
subiicration  level  i+l  tur  the  cells  which  have  been  previ¬ 
ously  updated  and  at  level  i  tor  the  cells  which  remain  u> 
be  updated.  The  distinction  between  algorithms  i2  4  HO)  and 
1 2.4.x I )  comes  about  Irom  the  sequential  solution  ol  the  equa¬ 
tions  in  Opposite  directions  l forward  and  backward,  resjxrc 
tivelvi  through  the  elements. 


There  arc  two  disadvantages  ol  the  scheme  as  described  above 
The  (irsi  disadvantage  is  that  the  prixoss  is  not  vecn>ri/able. 
since  the  solution  ot  each  clement  must  he  obfjined  hetore 
priKceding  to  the  ne.vt  one  I  he  second  disadvantage  ol  this 
scheme  is  that  the  degree  of  implicitness  is  set  by  the  ordering 
ol  the  elements.  This  can  he  illustrated  by  noting  that  although 
the  oil -diagonal  lemis  may  he  u^xiated  and  immediaielv  used 
on  the  right-hand  side,  the  solution  of  the  next  unknown  may 
or  may  not  depend  vm  previously  determined  quantities  hor 
example,  as  can  he  seen  trom  Fig.  2.4.5,  when  solving  U>r 
unknown  numher  2  using  [-q.  {2. 4. HO),  ihe  ujxiated  value  ol 
the  solution  at  element  I  is  ntil  used  so  the  solution  lor  {nnnt 
2  remains  a  Jacobi  "lep 

Note  that  lor  structured  giids  in  which  ihe  cells  are  ordered 
in  a  natural  manner  te.g.,  left  to  right  and  lop  to  hoiiom). 
the  latest  inlonnation  will  he  used  iiTiniediately  (or  calculation 
of  the  next  unknown.  This  is  because  the  ordenng  of  the 
cells  produces  a  handed  matrix  with  terms  grouped  along 
the  diagonal.  The  fact  that  the  latest  available  data  is  mil 
necessarily  used  for  updating  information  in  unstructured  grids 
IS  strictly  due  to  the  random  ordenng  of  the  cells. 

An  improvement  can  be  obiauicd  by  simply  renumbering  the 
cells  in  such  a  way  as  to  group  terms  along  the  diagonal  of 
the  matrix  In  this  manner,  the  solution  vil  each  point  will 
(end  to  ensure  that  previously  updated  information  from  the 
surrounding  cells  is  used  as  sixm  as  it  i>  available.  An  ex¬ 
ample  of  this  IS  shown  in  Fig.  2,4.1  where  the  same  sample 
set  <if  cells  u.scd  in  Fig.  2  4,5  is  simply  renumbered  from  bot¬ 
tom  to  top  and  left  to  right.  The  resulting  form  of  the  matrix, 
shown  in  Fig,  2  4.X.  shows  that  the  grouping  along  the  di¬ 
agonal  is  greatly  improved.  The  ordering  of  the  cells  in  ihis 
way  results  in  a  faster  convergence  of  the  linear  system  than  .i 
random  ordering  of  cells.  !'or  general  iinsiruclurcd-gnd  ci»cl- 
lieicni  matrices,  the  bandwidth  reduction  algorithms  discussed 
previously  are  effective  in  clustering  unknowns  along  the  di¬ 
agonal.  Again,  it  should  he  noted  that  several  variations  of 
this  scheme  can  be  obtained  by  using  various  combinations  t)l 
Eqs.  (2. 4. SO)  and  (2.4,Sli,  An  imnortant  disadvantage  of  this 
scheme.  h(»wcvcr.  is  that  it  Mill  suffers  from  the  fact  that  fhe 
contribution  of  the  off-diagonal  terms  to  the  right-hand  side  of 
fiq.  (2.4.82)  is  not  vecton/ahlc. 
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Figure  2  4.8  Form  of  Matrix  tor  Cells  in  Fig  2.4  1 

The  Jact>bi.  (iau-vs-Seidel.  and  svmmeinc  Cjauss-Seidci 
schemes  described  abiwc  have  ail  been  used  m  (iractice  by  \ ar- 
lous  researchers.  Applicaiions*’^  lo  a  circular  arc  in  a  channel 
indicated  that  the  svmmetric  Causs-Seidel  scheme  exhibited 
the  fastest  convergence  rate  of  these  three  schemes  Fhe  svm- 
mcinc  (iausN'Seidci  algorithm  i>f  Batina.^ '  applied  u*  irjns*>nic 
Mow  over  airfoils,  enhanced  ihe  grouping  ot  the  ijiiknov.ns 
aUmg  the  diagonal  bv  sorting  lliem  according  lo  the  x 
dinalc  direction  X.ifiants  ol  Imc-relaxalion  schemes  can  be 
constructed  bv  ordering  the  elcmenis  into  groups  ot  .ipproxi 
maiely  collinear  el'unenis  and  ihen  uptlaiing  the  elements  by 
griHips  Note  that  in  the  particular  case  above  correspimding 
to  the  Use  of  lirst-order  upwiru)  implicil  Jitferenemg.  ihe  re¬ 
laxation  IS  applied  to  solve  the  linear  system  ol  equaiioi  s  and. 
as  a  eonsequence.  lU)  pariieular  sweeping  directions  need  be 
maiiitamed.  such  as  symincine  Oauss  Sciue!  Howeve.  I  the 
relaxatmn  is  applied  directly  io  the  nonlinear  iinphcii  equation, 
where  the  residual  cquatum  is  evaluated  .ii  every  iieralion.  then 
the  stability  of  the  seheme  is  coupled  u>  the  diseien/ation  of 
bi»th  ihc  iinplieit  ojvraior  and  the  sp.iiuil  disereti/aiion  In 
that  ease,  a  Von  .Neumann  stability  aii.ilysis  indicates  that  a 
second-order  spatial  Jiffereneing  of  the  residual  requires  an 
alternating  Ciauss-Scidel  scheme  in  t*rder  lo  remain  stable 

A  numbering  ol  the  cells  which  has  proved  asdul  on  vector 
prtKcssmg  computers  is  shown  in  Fig  2  4  d.  The  ordenng  is 
obtained  by  grouping  eelK  so  th<ii  no  iwo  eelK  in  a  given 
group  share  a  common  edge  The  rcsuliing  matrix  form 
for  jAj  is  given  in  Fig.  2.4.  M).  Ni'!e  ihai  for  the  eurrcni 
example,  only  iw-o  groups  are  formed;  the  tirsl  group  evnisisls 
of  the  cells  numbered  )  -h.  and  the  scci'nd  group  contains  cells 
7-12.  In  practice,  tour  groups  are  generally  suflicieni  for  two 
dimertsumai  calculations  and  live  grt>ups  foi  three  dimensional 
ealeiilaiions 
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Figure  2.4.7  Sample  Cells. 


Figure  2,4.9  Sample  Cells. 


®  ©o 

®  o 

®  ©  ® 

o  o  o 
o  o  o 
oo  o 

oo  o  o 

oo  o 

oo  q 

Figure  2.4.10  Form  of  Matrix  for  Cells  in  Fig.  2.4.9. 

The  solution  scheme  can  he  svritien  as  belbre  using  Eq 
(2.4.X2)  and  is  implemented  by  solving  lor  all  the  unknowns 
in  a  group  at  a  time.  In  this  manner,  the  cells  in  the  lirst  group 
arc  solved  using  a  Jacobi  type  iteration  while  the  cells  in  all 
the  subsequent  groups  are  obtained  by  using  the  most  recently 
updated  values  of  |Aw}  from  the  off-diagonal  contnbutions. 
In  this  way.  a  Gauss-Seidel  type  scheme  is  obtained  which  is 
easily  implemented  and  is  fully  vectori/able.  The  relaxation 
can  he  considered  as  a  generalization  of  the  checkerboard  re¬ 
laxation  schemes  used  for  structured  grids  with  a  three-point 
stencil  in  each  ctxvrdinate  directions.  The  points  are  colored 
in  a  checkerboard  fashion  as  either  red  or  black;  all  the  red 
points  are  updated  simultaneously,  followed  by  all  the  black 
points,  and  so  forth.  Note  that  in  the  discussions  above,  the 
exact  number  of  subiterations  required  in  order  to  sufficiently 
converge  the  linear  problem  (Eq.  (2.4.76))  has  not  been  spec- 
ilicd.  The  optimum  number  of  subilerations  used  for  each 
global  time  step  is  generally  determined  through  numerical 
expenments  and  is  problem  dependent.*'' 
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2^  CONVERGENCE  A.  .  *  i. RATION 

The  atceleralion  ol'  the  convergence  rale  ol  nuinencal  compu¬ 
lations  Is  very  Importanl  when  conducting  grid  convergence 
studies  to  verify  the  accuracy  of  numerical  solutions.  An  in¬ 
tegral  part  of  this  priKCss  is  the  uniform  refinement  of  the 
grid  in  each  direction  until  little  or  no  variation  in  the  solu¬ 
tion  is  oh.served  with  increa.sed  grid  size.  Unfortunately,  with¬ 
out  convergence  acceleration,  the  convergence  rate  of  iterative 
methixls  severely  degrades  as  the  grid  spacing  is  decreased 
through  the  grid  refinement  prtKcss.  To  milig  ite  the  penalties 
assiKiated  with  the  use  of  tine  grids,  several  methods  of  con¬ 
vergence  acceleration  have  been  introduced  and  arc  discussed 
below.  These  methixls  are  especially  important  in  three  di 
mensions.  where  an  eight-fold  increase  in  the  number  of  grid 
(xnnts  iKcurs  when  the  points  are  doubled  m  all  three  cixir- 
dinate  directions. 


2.5.1  Local  Time  Stepping 

One  ol  the  simplest  and  most  commonly  used  methixls  of 
convergence  acceleration  is  the  use  of  Ux;al  lime  stepping.' 
When  a  steady-state  solution  Is  of  interest,  a  spatially  varying 
step  size  can  be  used  for  each  cell  iiidepcndeiii  of  the  other 
cells.  The  lime  step  is  generally  based  on  a  combination  of 
the  How  variables  in  each  cell  as  well  as  the  cell  size. 

Perhaps  the  most  commonly  used  method  of  lixal  time  step¬ 
ping  is  to  base  the  time  step  in  each  cell  on  a  lix.al  CFL 
number,  E.vamplcs  of  this  can  be  found  in  many  references, 
as  can  be  seen  in  the  citations  of  the  code  summaries  in  chapter 
.1.  in  which  the  time  step  in  each  cell  is  determined  by 

Af,,ii  =rC'FL  - Af,, r,  ,1,  (’..ID 

where  Af,,  |  i  .i,  is  the  time  step  required  for  a  CR,  of 
unity  and  may  he  determined  with  a  variety  of  definitions  for 
multidimensional  problems.  One  form  that  is  commonly  used 
is  given  by 


Ar(. I ,  ■= 


All  example  of  the  effectiveness  of  liK;al  lime  stepping  is 
shown  in  Fig  2.5.1,  where  an  explicit  mcihixi  is  used  to  com¬ 
pute  the  How  around  an  NACA  (K)l2  airfoil  at  a  Mach  number 
of  0.8  and  an  angle  of  attack  of  I  .'J.'f  The  effect  of  lixal  time 
stepping  is  dramatic  By  using  lix'al  time  stepping,  the  resid¬ 
ual  is  reduced  10  orders  of  magnitude  in  approximately  'IKK) 
iterations;  without  lixal  time  stepping,  little  progress  towards 
convergence  is  achieved  The  effect  is  even  more  dramatic  on 
the  lift  cixifficient.  where,  with  lix  al  time  stepping,  the  linal 
lift  value  is  obtained  in  about  .‘'(K)  iterations.  The  solution  ob¬ 
tained  without  lixal  lime  stepping  has  failed  to  reach  .i  steady 
state  after  .'(KK)  iterations.  This  technique  is  very  simple  and 
easily  implemented  and  offers  a  clear  advantage  toward  accel¬ 
eration  of  the  solution  to  a  steady  state. 

2.5.2  Residual  Smoothing 

To  accelerate  the  convergence  of  explicit  algoriihiiis.  one 
methixfology  that  has  been  extremely  effective  is  residual 
smixilhing.’’ '  For  this  meihixl,  the  steady-state  residual  calcu¬ 
lated  at  each  step  is  mixlilied  in  such  a  way  that  the  support 
of  t*-  is  enhanced,  which  increases  the  implicitness 

>1  'I.  In  practice,  this  technique  has  been  par- 

t  .  for  central-differencing  schemes  when  used 

in  Cl  a  •  I  with  multistage  time  stepping,  a’.lhough  recent 
improve  .ts  for  upwind  iliscreii/aiions  have  been  reported.’ 
For  this  reason,  th^  general  prixcdure  is  outlined  below  for  a 
four-stage  Runge-Kulia  ty|X'  of  algorithm,  applied  to  a  one¬ 
dimensional  mixlel  problem  with  central  ililfercnciiig  The  ef¬ 
fect  of  residual  smixilh  .ig  on  the  stability  is  examined  through 
the  application  of  a  Ft  .  analysis. 

Consider  the  mixiel  probler-  given  by 

III  +  II ,  +  llS.l' II , , , .  —  o 

•A  four-stage  Runge-Kutta  type  melhixJ  is  giv.'r  by 


-  ,.,At/f'”’ 

-  o,Af/?"’ 
=  «"■’  -  At 

-  At/?"’ 


/( |v  •  h]  +  <1  )ll.i 


where  the  integral  is  evaluated  over  the  surface  of  each  control 
volume. 


where  /?'"  =  is,ii’ "  -(-/lA  r  'h, denotes  the  discretized 
steady-state  residual  formed  from  data  at  stage  level  i.  Note 


10' 

Res  10' 


Figure  2.5.1  Effect  of  local  time  stepping  on  convergence  rate. 


that  in  the  present  form  this  scheme  is  one  in  which  the 
dissipative  term  is  evaluated  at  each  stage.  It  is  possible  (and 
more  economical)  to  use  schemes  in  which  the  dissipation  is 
only  evaluated  periodically,  for  example  on  the  lirst  and  third 
stages.'  However,  for  illustrative  purposes,  the  dissipation 
will  be  evaluated  on  each  stage. 

To  determine  the  stability  of  the  current  scheme,  a  Fourier 
mode  is  substituted  for  «; 

»  =  (2.5.5) 

The  Fourier  symbol  for  Af/?'''  is  now  written  as 

Affi'"  =  (2.5.6) 

where 

Z  =  -.\(/sin4  +  4/i(  1  -  cosj )' )  (2.5.7) 

and  .\  =  Ar/ A.i'  is  the  Courant  number.  Substitution  of  Eiqs. 
(2.5.5).  (2.5.6).  and  (2.5.7)  into  Eq.  (2.5.4)  yields  an  equation 
for  the  amplilication  factor 

f/  =  1  -h  Z  -i-  H  I  Z~  -h  o  to.iZ  '  ~t-  H I  H  jH.iZ  (2.. 5. 8) 

which  indicates  the  extent  to  which  errors  decrease  (or  grow) 
from  one  iteration  to  the  next.  Stability  of  the  scheme  requires 
that  |;/|  <  1  for  all  Z. 

By  cycling  through  values  of  0  <  i  <  ,t.  with  Eq.  (2.5.7) 
used  in  Eq.  (2.5.8).  the  amplification  factor  can  be  obtained 
for  a  fixed  value  of  A  and  a  dissipation  coefficient  //.  Figure 
2.5.2  shows  the  amplification  factor  as  a  function  of  i  with  a 
"slandatxi"  set  of  coefficients  given  by  m  =  1/4.  oi  =  I/."}, 
'l  l  =  1/2.  and  /;  =  1/;S2.  As  shown  in  the  figure,  the 


Figure  2.5.2  Amplification  factor  for  standard 
four-stage  scheme;  A  =  2.8,  h,  =  1/4, 

=  i/,3,  =  1/2.  and  II  =  1/.82. 


algorithm  with  these  parameters  is  indeed  stable.  If.  however. 
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the  value  of  A  is  increased  to  .t,  then  the  scheme  becomes 
unstable  near  4  =  ;r/2.  as  shown  in  Fig.  2.5..f. 


Figure  2.5.3  Amplification  factor  for  standard 
four-stage  scheme:  A  =  .'t.o,  im  =  i/t, 

H.  =  i/:i,  '1,  =  1/2,  and  =  i/.!2. 

To  obtain  a  stable  algonihm  lor  higher  values  of  \.  the  support 
of  the  scheme  may  be  increased  by  replacing  the  residuals 
(■  ■  ■./?,  - 1 /?,»i.  '  )  at  each  point  with  an  average  of  the 
residuals  on  either  side: 

+(1  -  JoR,  +iR,^i  =  ( 1  +  iri, ,  )/?,  (2.5.9) 

With  this  modification  to  the  residual,  the  Founer  symbol  Z 
is  now  given  by 

=  —  A  [/  siii^  +  4/'(  1  —  I'osi;  )■  j  (1  -  2'  ( 1  —  cos  t  )J 

(2.5,10) 

With  the  addition  of  the  second  factor,  the  value  of  A  may 
be  increased.  An  example  is  shown  in  Fig,  2.5.4  for  the 
four-stage  scheme  described  above,  hut  A  =  A  is  used  where 
the  residual  is  replaced  by  the  aver, aging  procedure  in  Eq. 
(2.5.9)  with  r  =  1/4.  As  shown  in  the  figure,  the  scheme  is 
now  stabilized  for  A  =  A.  whereas  it  was  previously  unstable. 
Experimentation  has  shown  that  for  <  —  1/4  an  increa.se  of 
approximately  50  percent  in  the  value  of  A  can  be  obtained. 


K 

Figure  2.5.4  Amplification  factor  for  standard  four-stage 
scheme  with  explicit  residual  smoothing;  A  =  ;5.(), 

,  =  1/4,  O,  =  1/4,  02  =  i/.A,  o;,  =  1/2,  and  /<  =  1/.A2. 

A  disadvantage  of  the  above  procedure  can  be  illustrated  for 
f  =  1/4.  For  this  value  of  r.  if  the  residuals  exhibit  an 
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odd-even  type  of  behavior,  the  value  of  /?,  computed  with 
Eq.  U-5.9)  will  be  zero,  so  that  no  update  of  the  dependent 
variables  at  each  grid  point  would  occur  regardless  of  the  value 
of  B,  at  that  point.  To  overcome  this  difficulty  and  to  allow 
arbitrary  values  of  >.  an  average  residual  may  be  calculated 
from  an  implicit  relation  given  by 

-.S.-i  +  (1  +2,)B,  =  (1  -  =  B, 

(2,5  II) 

In  this  manner,  the  support  of  the  scheme  can  be  made  to  c.\- 
tend  over  the  entire  gnd  thus  relaxing  the  time  step  limitation. 
The  Fourier  symbol  of  the  resulting  scheme  is  given  by 

^  +  -  cosj)-]  (IS,-,, 

[l-l-'Jfd  -rosill 

The  denominator  is  greater  than  I  for  all  values  of  i  >  0  and 
reduces  the  magnitude  of  Z  so  that  larger  lime  steps  can  be 
taken.  Reference  5  shows  that  in  the  absence  of  dissipation, 
stability  is  maintained  for  any  value  of  .\  if  >  is  chosen  so  thal 


f  > 


(2.5.15) 


where  .\'  is  the  limit  for  the  original  scheme  without  residual 
averaging. 

The  success  of  this  technique  is  demonstrated  in  Fig.  2.5.5. 
where  the  value  of  A'  is  assumed  to  be  2.8.  which  is  the 
stability  limit  of  the  standard  four-stage  scheme  without  added 
di.ssipaiion  (/i  =  0).  For  example,  to  achieve  stability  for 
A  =  7,  Eq,  (2.5. 1,^1  indicates  thal  a  value  of  »  of  1;  is 
appropriate.  As  shown  in  the  figure,  the  amplif'cation  factor 
remains  below  unity  for  all  values  of  0  <  i  <  t. 


Another  technique  for  implementing  residual  smoothing  in 
multidimensions  is  to  solve  the  system  of  equations  with  a 
point  Jacobi  or  Gauss-Seidel  type  of  priK-edure.  This  tech¬ 
nique  has  been  predominantly  used  for  unstructured  grid  algo¬ 
rithms  in  which  a  spatial  faclori/aiion  is  not  easily  achieved;'’ 
however,  the  implementation  of  residual  sminithing  into  struc¬ 
tured  grid  codes  has  also  been  achieved  in  this  manner  ind 
has  yielded  advantageous  convergence  properties  over  the  fac¬ 
tored  form.’ 

As  previously  mentioned,  the  technique  of  implicit  residual 
smiHtthing  has  been  ex  .nded  to  include  upwind  discreli/.a- 
tions  for  the  implicit  smiKithing  operator.’  "  For  the  one- 
dimensional  model  problem,  the  previously  central-differenced 
snvMithing  operator  given  by  Eq.  (2.5  1 1)  is  replaced  by  an 
upwind  operator 

-■B.,+{l+'}B,-=B,  (2.5.15) 

With  this  imxJilication.  a  signiticant  increase  in  the  allowable 
CFl.  number  is  achieved  over  the  central-ditfcrence  formula¬ 
tion  without  destroying  desirable  smixithing  properties  of  the 
high-frequency  error  components  While  the  implementation 
of  this  technique  is  not  straightforward  for  multidimensional 
problems  because  of  omnidirectional  wave  propagation,  re¬ 
sults  in  Refs.  4.  7.  and  8  for  two-dimensional  Euler  computa¬ 
tions  indicate  significant  improvements  over  residual  smixvth- 
ing  with  pure  central  differencing. 


2.5.3  Vector  Sequence  Extrapolation 

Sequence  Acceleration 

Vector-sequence  extrapolation  is  a  well-known  technique  for 
accelerating  the  convergence  rale  of  sequences.  An  example 
of  this  is  the  well-known  Aitken-i^"’  method,  in  which  a  new 
sequence  is  derived  from  the  original  sequence,  which  hope¬ 
fully  converges  much  faster  than  the  original  one.''  Although 
many  variants  of  this  technique  and  many  related  algorithms 
exist,  concentration  below  ftx'uses  on  one  particular  mclhixl, 
commonly  referred  to  as  Wynn's  <  algorithm.  First,  a  brief 
discussion  of  the  essential  ingredients  of  vector-sequence  ex¬ 
trapolation  methtxls  is  presented,  followed  by  the  extension  of 
these  algorithms  to  the  Euler  equations  as  well  as  examples. 

For  the  Aitken-b’  melhixi.  the  sequence  is  derived  by  assuming 
that  the  original  members  of  the  sequence  .s„  can  be  adequately 
described  as 


I 


s  =  .S'„ 


+  '•/<" 


(2,5.16) 


Figure  2.5.5  Amplification  factor  for  standard  four-stage 
scheme  with  implicit  residual  smoothing;  A  =  7, 

,  =  12,  =  1/-1,  =  1/3,  o:i  =  1/2,  and  //  =  l/.'J2. 

To  implement  Eq.  (2.5.1 1 )  for  multidimensional  problems,  two 
prominent  methodologies  can  be  used.  For  structured  grids 
in  two  dimensions,  an  approximate  factorization  procedure  is 
often  used,  in  which  the  implicit  operator  is  spatially  split  into 
a  product  of  two  more  easily  invertible  ones." 

(1  -  fA,  ,  -  ,f'.,„)B,  ad-  rA,,)(  1  -  rA,,„)7?,  =  B, 

(2.5,14) 

This  equation  is  solved  in  two  steps;  both  steps  involve  the 
solution  of  a  tridiagonal  system  of  equations. 


where  s  is  the  limiting  value  of  the  sequence  and  /.  and  />  are 
constants.  By  evaluating  Eq.  (2.5.16)  at  ii.  n  -)-  1.  and  i>  +  2, 
the  limiting  value  of  the  sequence  may  be  obtained  from  the 
solution  of  the  set  of  simultaneous  equations  for  s,  i, ,  and  /).  If 
the  original  sequence  is  accurately  described  by  Eq.  (2.5.16), 
then  the  exact  answer  will  be  obtained.  If.  on  the  other  hand. 
Eq.  (2.5. 16)  d<x;s  not  provide  a  precise  description  of  .s,, .  then 
application  of  the  procedure  will  he  only  approximate,  but  may 
still  provide  a  better  estimate  for  .s  than  is  currently  available. 
This  estimate  for  the  value  of  s-  is  given  by 


# 
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where  the  stiperscripl  (0)  is  used  to  denote  terms  in  the  original 
sequence.  This  new  sequence  may  now  be  used  to  define 
another  sequence  given  by 


Ul  Ul  ,  111 
III  ,  (II 


(2.5.18) 


which  may  supply  a  further  improvement  !•'  the  limiting  value 
of  the  sequence.  This  p«x;edure  can  be  applied  repeatedly, 
increasing  the  accuracy  each  time  over  the  previous  estimate. 

An  example  of  this  pnKedure,  borrowed  from  Ref.  9,  is  given 
below.  The  original  sequence  is  taken  to  be  the  first  nine 
terms  in  the  series  given  by 


i: 


(2.5.19) 


which  is  the  Taylor  senes  expansion  for  In  ( 1  +  .i  )  evaluated 
at  .)■  =  1. 


In  the  vurrent  e.xai..plc,  ilic  .soludon  is  obtained  to  seven-digit 
accuracy  (In  (2)  =  ().()931-1T2)  at  the  end  of  the  extrapolation 
pixxiedure  with  only  the  first  nine  partial  sums.  Note  that 
to  obtain  similar  accuracy  from  simply  summing  the  series 
directly  would  require  approximately  10  million  terms.'*  The 
acceleration  procedure  is  clearly  very  useful  in  this  case. 

A  shortcoming  of  the  above  technique  lies  in  the  underlying  as¬ 
sumption  that  the  sequence  behaves  similarly  to  that  described 
by  Eq.  (2,5.16),  For  this  reason,  the  above  extrapolation  pr<v 
cedure  is  most  effective  on  geometric  series  and  becomes  less 
effective  as  the  scries  deviates  from  this  behavior.  To  over¬ 
come  this  shortcoming.  Shanks"'  derived  other  extrapolations 
ba.sed  on  the  assumption  that  the  sequence  may  be  described 
in  the  more  general  form 


In  Ref.  II,  Wynn  describes  an  algorithm  for  computing 
the  higher  order  exlrapolaiions  that  is  more  cfticiem  than  the 
pixK'ess  described  above  In  ihis  method,  a  table  of  values  is 
constructed  from  the  original  .sequence  with  the  relationship 

=  fV’T"  +  '  12.5.21) 

where  the  valties  of  are  a.ssciiicd  to  be  arranged  in  a 
format  shown  in  Fig.  2.5  7. 


Figure  2,5.7  Format  for  r  algorithm. 


The  initial  conditions  are  taken  to  be 


.s  =  ,s„  -I-  i;  1  p'i  +  •••-)-«  vp V  (2.5.20) 

which  is  referred  to  as  the  .V"'  order  Shank's  transformation. 
Equation  (2.5.20)  is  evaluated  for  five  values  of  n  resulting 
in  a  set  of  equations  that  can  be  used  to  solve  for  .s  in 
much  the  same  manner  as  to  obtain  Eq,  (2.5.17).  Although 
this  higher  order  transformation  may  provide  a  more  accurate 
representation  of  a  general  sequence,  the  implementation  in 
this  manner  can  be  inefficient  for  higher  order  transforms. 


n 

s„ 

s' '  * 

(  J> 

.S„ 

t  M 
.S„ 

i  II 

S„ 

1 

1.0 

0.7 

0.09,3277,3 

0.09.31489 

0.0931472 

2 

0.5 

n.G904762 

0.09.31058 

0.09.31407 

.2 

0.8.23.33.3.3 

O.G944444 

0.09,310.3.3 

0-09.31474 

4 

0..3S.3.3.33.3 

0.6924242 

0.0931.399 

'> 

0.783333,3 

0.093.3897 

0.09.31308 

G 

0.G1666G7 

0.0928.571 

7 

0.7.39.32,38 

0.09,3.3473 

S 

O.G.34.32,38 

mm 

0.74.3G349 

=  0. 


<»  -  1.2.,.. 
m  =  I).  1... . 


(2.5.22) 


where  .s,.,  represents  the  terms  of  the  original  sequence.  Note 
that  the  odd  numbered  columns  do  not  represent  actual  ap¬ 
proximations  to  the  terms  in  the  sequence,  but  are  intermediate 
calculations  necessary  for  the  calculation  of  the  even  columns 

t  j,„  (m  =  0.  1. . . .). 


4 


i 

V 


Figure  2.5.6  Illustration  of  Aitken-Tc'  method. 
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In  ihis  procedure,  each  value  of  r',’"!  shown  in  Fig.  2.5,8  is 
calculated  from  Eq.  (2.5.21). 


In  Figs.  2.5.9  and  2  s.U).  examples  are  presented  from  Ref. 
12  in  which  the  above  priK'edure  is  applied  lo  the  computation 
of  a  NACA  (X)12  airfoil  at  transonic  conditions.  For  the 
compulation,  the  explicit  multigrid,  multistage  time-stepping 
scheme  of  Jameson  is  used,  and  only  five  terms  are  included 
in  the  initial  sequence. 


Figure  2.5.8  Module  used  for  the  computation  of 

In  Pef.  12.  a  relation  is  given  that  allows  the  computation 
of  the  even  columns  without  direct  computation  of  the  ixld 
columns.  This  relationship  is  given  by 


E  =  ( •  + 


(.V  -  r)(5  -  C) 


(5  -  D  +  (.V  -  D  ■ 


(>(  V  -r  ■  n.s-i  ■> 

I  ic  -ri 


.\  =  f ,  5  =  1, 

Note  that  »  is  icro  for  the  first  column  and  unity  for  subsequent 
columns;  the  continuous  use  of  W  =  0  corresponds  to  repeated 
first-order  transformations.  Although  not  shown,  the  use  of 
the  f  algorithm  as  described  above  to  the  scries  given  in  Eq. 
(2,5.19)  yields  results  comparable  to  those  shown  in  Fig.  2.5.6. 

As  previously  mentioned,  the  effectiveness  of  the  acceleration 
technique  is  strongly  dependent  on  the  assumption  that  the  se¬ 
quence  behaves  in  the  manner  given  hy  Eq.  (2.5.20).  Because 
only  .V  terms  arc  included,  only  eigenvectors  associated  with 
the  first  .Y  dominant  eigenvectors  of  the  iteration  scheme  may 
he  effectively  eliminated.  Therefore,  an  algorithm  must  be 
used  that  acts  as  a  preconditioner,  so  (hat  most  of  the  eigen¬ 
values  of  the  iteration  scheme  are  forced  to  be  approximately 
equal.  In  this  way.  the  number  of  terms  contained  in  the  orig¬ 
inal  sequence  may  be  kept  as  low  as  possible. 

Application  for  the  Euler  Equations 

To  apply  the  above  technique  to  systems  of  equations  such 
as  those  that  ari.se  in  Euler  solvers,  the  f  algorithm  has  been 
generalized  for  systems  by  Hafez  in  Ref  12.  In  this  reference, 
a  form  similar  to  that  in  Eiq.  (2.5. 2.1)  is  given  by 

^  =  ^  +  (2.5.25, 


0  1(X)  200  300  400  500 

Iterations 

Figure  2.5.9  Effect  of  vector-sequence 
acceleration  applied  after  250  time  steps  lor 
NACA  0012  airfoil;  .)/v  =  o  .s  and  o  =  12.’)". 


0  too  200  300  400  500 
Uerations 

Figure  2.5.10  Effect  of  vector-sequence  acceleration 
applied  after  100,  200,  and  300  time  steps 
for  NACA  0012  airfoil;  =  0.8  and  n  =  1.2-5°. 


.Y  -C  S-C 


u^  =  |.Y-r|| 

=  |s  -  f’jj 

=  1  ~ 

and  the  inverse  of  a  vector  is  defined  by 


Shown  in  Fig.  2.5.9  is  the  convergence  history  obtained  by 
(2  5  26)  using  the  <  algorithm  after  250  time  steps.  As  seen,  the 
residual  drops  dramatically  at  this  point,  which  indicates  the 
effectiveness  of  the  acceleration  procedure.  Note,  however, 
that  at  the  point  the  acceleration  is  applied,  the  residual  has 
been  reduced  by  abttui  6  orders  of  magnitude,  which  should 
(2.5.27)  more  than  sufficient  for  obtaining  global  quantities  such  as 

lift  and  drag.  An  attempt  to  apply  the  priKcdure  earlier  in 
the  iteration  history  is  shown  in  Fig.  2.5.10.  As  seen,  the 
effectiveness  of  the  current  algorithm,  when  applied  after  l(X) 
ilerafion.s,  is  minimal.  After  2(K)  iterations,  however,  a  sudden 
(2  5  28)  ****  residual  is  observed,  and  a  further  drop  is  seen  at 

300  iterations,  where  the  algorithm  is  applied  once  again. 
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Although  the  »  algorithm  can  be  very  effective  at  achieving 
dramatic  reductions  in  the  residuals,  systematic  knowledge  of 
when  to  apply  the  algorithm  and  how  often  is  not  clear.  In 
the  results  shown  above,  for  example,  although  the  accelera¬ 
tion  is  impressive,  at  the  point  the  method  is  applied  and  is 
ellective.  global  quantities  such  as  lift  and  drug  are  likely  to 
be  fully  converged.  Further  research  is  required  to  gain  more 
knowledge  in  this  area.  Furthermore,  the  implementation  of 
this  technique  of  convergence  acceleration  requires  storage  ol 
twice  the  number  of  terms  included  in  the  initial  sequence; 
for  the  example  given  aFove  in  which  five  terms  in  the  initial 
sequence  are  used,  the  solution  would  need  to  be  stored  10 
times.  For  very  large  problems  this  requirement  could  become 
prohibitive 

2.5.4  Multigrid  Acceleration 
Introduction  to  Multigrid 

One  of  the  most  successful  and  widely  used  niethrxls  of  con¬ 
vergence  acceleration  is  multigrid.  The  greatest  benetit  of  this 
method  is  that  the  convergence  rate  li.c..  the  sjieclral  radius 
that  measures  the  ratio  of  errors  at  successive  time  steps!  re¬ 
mains  constant,  independent  of  the  mesh  spacing.  In  this  way. 
solutions  can  be  obtained  in  d(  .V)  operations  li  e.,  the  compu¬ 
tational  cost  varies  linearly  with  the  total  number  of  grid  points 
.Vi.  Without  convergence  acceleration,  the  computational  cost 
IS  considerably  higher  because  of  the  penalty  assiKiated  with 
.1  deterioration  of  the  convergence  rate  as  the  mesh  spacing 
decreases.  .-Mthough  most  of  the  existing  theory  on  muliigrid 
niethcxls  pertains  specilically  to  elliptic  equations,  a  number  of 
references  (for  example,  ,f,  I.T  U,  I.S.  and  16)  have  shown  (ha! 
the  multigrid  method  can  greatly  accelerate  the  convergence 
rate  of  numerical  schemes  used  to  solve  the  Euler  equations. 

A  brief  description  of  the  elements  of  multigrid  is  given 
below.  The  methtxl  is  first  desenbed  for  the  solution  of  a 
general  nonlinear  equation.  The  implementation  of  the  full- 
approximation  .scheme  (FAS)  for  the  Eiuler  equations  is  then 
di.scus.sed. 

Description  of  Multigrid 

The  multignd  meihtKl  most  widely  used  for  acceleraiing  ihe 
convergence  of  ilcralive  mcihtxis  lo  .solve  (he  Euler  equations 
is  the  full-approAimaiion  scheme  (FAS)  that  appears  in  many 
references  ’  and  is  summarized  below  First,  consider 

the  solution  of  a  general  nonlinear  system  of  equations 

LiQ)  =  .S'  (2.5.29) 

where  is  a  general  nonlinear  operator,  Q  is  the  solution 
vector  of  unknowns,  and  S  represents  a  forcing  function. 

Equation  (2.5.29)  is  solved  numerically  by  dividing  the  domain 
into  discrete  cells  that  yield  a  system  of  equations  to  be  solved 
simultaneously  at  each  point  as 

/,v{C2v)  =  .S'.V  (2.5.30) 

where  Q\  is  the  exact  solution  to  the  discretized  system  and 
L\  is  the  discrete  analog  of  the  operator  L.  If  initial  condi¬ 
tions  are  dose  enough  lo  the  tinal  solution.  Eq.  (2.5.30)  could 


be  solved  iteratively  with  Newum  iieralujn.  This  approach, 
however,  may  be  prohibitively  expensive  tl  the  number  of  un¬ 
knowns  is  lai^c  which  typically  inreurs  in  multidimensional 
problems.  Many  other  iterative  schemes  have,  therefore,  been 
devised  that  require  signiticantly  fewer  ojKTaiions.  Alter  a  few 
iterations,  however,  these  methods  generally  exhibit  a  slow 
convergence  rate,  which  reduces  the  residuals  by  a  very  small 
amount  each  time  The  rcasiui  for  the  slow  asymptotic  Ckin- 
vergence  rate  is  the  inadequalc  damping  of  the  low-frequency 
errors 

The  muliigrid  meihivd  elticicnily  damps  the  low-frequency 

errors  by  usin?  a  sequence  ol  grids  (/.  (/i . (I'v.  where 

(»*\  denotes  ihe  lines!  grid,  from  which  successively  coarser 
grids  crecreaied  In  a  siriiclurcd-grid 

full-coarsening  alg.’r.thm.  ihc  coarser  grids  arc  constructed  by 
deiciing  every  other  grid  line  m  each  eiH>rdinaie  directum  In 
practice,  and  particularly  for  unstructured  grids,  the  ctmrscr 
grids  need  not  be  constructed  as  a  subset  of  the  finest  grid, 
li  e.,  they  can  bi*  created  independently  of  the  lines!  end)  In 
this  context,  the  high-frcquency  error  components  .i  given 
grid  are  thosi'  that  cannot  W  resolved  on  the  next  coarser  mesh 
because  ol  the  increased  grid  spacing  If  an  iterative  method 
IS  cho.scn  that  quickly  damps  the  high-frequency  errors  on  a 
given  grid,  then  after  a  few  iterations,  the  remaining  errors 
will  he  those  associated  with  the  snuHMher.  low-frequency 
error  components.  Because  these  com|>onents  apixrar  as  higher 
frequcncic.s  on  coarser  meshes,  a  sequence  of  coarser  grids  can 
be  effectively  used  to  accelerate  the  cimvergence  rale  on  the 
finest  grid.  Therefore,  the  low-frequency  errors  on  the  tine 
grid  that  arc  usually  responsible  for  slow  convergence  can  he 
cHicicnily  damped  on  the  coarser  grids  Those  compulations 
arc  relatively  incxjicnsivc  so  the  total  overhead  of  the  method 
is  not  excessively  high.  For  example,  the  work  required  to 
solve  the  equations  on  all  the  grids  in  relation  lo  that  required 
to  solve  v»n  just  the  tiricst  grid  can  be  estimated  by 

for  two  dimensions  and 

for  three-dimensional  calculations.  Note  that  the  above  csii- 
mates  arc  for  structured  grids  from  which  coarser  grids  arc 
formed  hy  removing  every  other  rnesh  line  in  all  directions. 
Also,  these  estimates  only  account  lor  the  number  of  unknowns 
on  the  various  grids  and  do  not  consider  the  extra  residual  com¬ 
putations  necessary  to  compute  the  relative  inincaiion  error. 

To  use  the  coarser  grids  an  equation  must  be  obtained  on  the 
fine  mesh  that  can  he  accurately  represented  by  the  coarser 
mesh.  Neither  the  solution  nor  the  high-frequency  error  com¬ 
ponents  on  the  fine  grid  can  generally  be  resolved  on  a  coarser 
grid.  The  high-frequency  crn>rs,  however,  can  be  sufticicniiy 
damped  on  a  tine  grid  by  using  iterative  schemes  specifi¬ 
cally  designed  to  damp  high-frequency  errors  in  the  solution, 
so  that  the  remaining  cnx)rs  will  be  composed  of  only  iow- 
frcqucncy  components  that  can  be  adequately  represented  on 
coarser  meshes.  Because  only  the  low-frcqucncy  errors  may 
be  represented  well  on  coarser  meshes,  it  is  necessary  to  obtain 
an  equation  on  the  tine  mesh  in  terms  of  the  errors. 

To  solve  itcTaiivcIy,  Eq.  (2.5.30)  Is  solved  approximately  at 
each  step  as 

/.v(v■v)  =  .‘?'v  +  /^■  (2..5.33) 
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where  qs  the  most  current  approximation  to  and  Bs 
IS  the  residual  iltat  will  be  zero  only  when  y  V  =  (^v  Hence, 
the  exact  discrete  solution  is  obtained.  Ettuaiton  2.S..^.I  is 
subtracted  from  Eq.  (2.S..I0)  to  yield  an  equation  on  the  linesi 
grid  in  terms  of  the  residual: 

iv((^v)-  L\i(i'\-)=  -B\  (2.5.14) 


With  the  assumption  that  the  high-frequency  errors  have  been 
previously  smoothed,  the  tine-grid  residual  Eq.  (2. .5. 34)  can 
be  adequately  approximated  on  a  coarser  mesh  as 

-.)  =  /v  '(-/?v)-i-/.v-,(/v''v'v)  (2.5.35) 

where  /  ^  '  “nd  '  are  restriction  operators  for  transferring 
both  the  dependent  variables  and  Ihc  residual  from  the  tine  gnd 
to  the  coarse  grid,  respectively.  Here.  ''/v  serves  as  an 
initial  approximation  to  the  solution  on  the  coarse  mesh:  v  ~  i 
is  the  exact  solution  of  the  coarse-grid  problem  and  is  the  sum 
of  the  initial  approximation  and  a  correction.^’  Because  the 
full  solution  is  computed  and  stored  on  each  grid  level  las 
opposed  to  only  the  corrections,  which  is  all  that  is  required 
for  a  linear  equation),  this  process  is  referred  to  as  the  FAS 

On  a  sjfficiently  coarse  grid.  Eq.  (2.5.35)  can  be  solved 
exactly  with  a  variety  of  numerical  techniques  to  obtain  v  - 1 . 
from  which  the  coarse-grid  correction  can  be  formed  as 

Vv.,  =  -  /v'-'./v  (2.5..36) 

This  can  then  he  transferred  to  the  fine  grid  and  u.sed  as  a 
correction  to  ,  which  is  replaced  by  its  previous  value  plus 
the  prolongated  correction 

Vv  -  ./V  (2.5..37) 

This  priKcss  yields  a  simple  FAS  two-level  algorithm  where 
(he  operations  on  the  eoarse  grid  (Eqs.  2.5.35)-(2.5.37)  used 
to  update  (he  fine-grid  solution  arc  termed  the  coarse-grid 
correction.  Normally,  the  exact  solution  of  Eiq.  (2.5.35) 
can  be  expensive  to  obtain.  Also,  because  the  correction 
on  the  coarse  grid  serves  only  as  an  approximation  to  the 
fine-grid  correction,  the  exact  solution  of  Eq.  (2.5.35)  is 
not  required.  Therefore,  instead  of  sol  ing  Eq.  (2.5  .35) 
to  completion,  several  iterations  can  be  carried  out  to  get 
a  reasonable  approximation  of  Qv-i.  For  an  approximate 
solution  of  Eq.  (2.5.35).  a  corresponding  coarse-grid 

residual  fl  v  - 1  can  be  defined  from 

i  V  - 1 1'/'v- I )  =  f  V  '  (  —  B\ )  +  Lv-i  +  By-i 

(2.5..38) 

whose  solution  differs  from  the  solution  of  tiq.  (2.5.35) 
only  by  the  residual  term  B  \  - 1 .  which  will  be  zero  when 
V'v-i  =  Qv-i-  If  the  errors  are  smooth,  then  subtraction  of 
Eq.  (2.5  .38)  from  Eq.  (2.5.35)  yields  an  equation  that  can 
be  well  represented  on  i  still  coarser  mesh  (7v-j.  If  this 
equation  is  written  on  0'\-  .  then 

^  v-.>( (<)  V  -  z)  =  f  \  _  —  B\-i  )  +  fij'y  - 1  'j 

(2.5. .39) 

where  Eq.  (2.5.38)  is  used  to  determine  B\-t.  The  solution 
may  be  obtained  in  one  of  three  ways:  by  solving  Eq.  (2.5.39) 


exactly,  by  approximating  by  several  iie>alions.  or  by  intnxluc- 
ing  more  coarse-gnd  levels  On  all  coarse  grids,  one  or  more 
FAS  cycles  (siruiothing  followed  by  coarse-gnd  correction!  arc 
completed.  In  this  manner,  each  of  the  coarse  meshes  is  used 
to  obtain  a  correction  for  the  solution  on  the  next  finest  mesh 
Becau.se  only  the  equations  for  siruxith  error  components  may 
he  represcnled  well  on  coarser  gnds.  only  the  corrections  (and 
not  the  full  solution)  must  he  passed  fnim  a  coarse  grid  to  the 
next  finest  gnd.'" 

By  using  Eq  (2.5  33).  note  that  Eq.  |2  5.35)  can  be  recast  as 
L\  i{Q\  i)-S\  I  +  rv  I  =  /\  1  (2  5  4(1) 

where 

-Sv  ,  =  /\  '  S\  12.5.41) 

rv.,  =  /.v  i(/^  './\)-/v  (2.5.42) 

Here,  rv  ,  in  the  relative  truncation  error  it)r  detect  correc¬ 
tion  i  between  the  grids,  so  that  the  solution  on  the  ci^arse  grid 
IS  driven  by  the  tine  grid,  and  the  delect  correction  accounts 
tor  the  difTcrcnce  in  the  truncation  error  between  the  ct»arse 
and  tine  grids. The  analogous  equation  lor  grid  (Vv  ;  is 
given  by 

L  V  .  ,1  Q.v  .  1  =  .S' V  j  -f  r  V  .  .  ( :,5.4.V( 

Sy.j  =  iy:iSy  ,  )2.5,44) 

and 

rv  - =  i  V  ..>  (/%•  _  i'./ V .  I )  ~  f  V  rl^  v  - 1 17  V  ■  I  )]  +  i’  r  v 

(2.5.45) 

Note  (hat  (he  relative  truncabon  error  on  (he  .V  -  2  grid  is 
the  sum  of  ihc  relative  truncation  error  beiween  grids  .V  and 
.V  -  1.  as  well  as  .V  -  1  and  .V  -  2  Thus,  the  equations 
solved  on  the  coarser  meshes  (Eqs.  (2,5,40)  and  (2.5.43)),  for 
example,  appear  exactly  as  the  original  equalion.  except  that  a 
forcing  function  appears  on  the  coarser  me.shcs.  The  resuli  is 
(hat  the  coarse  meshes  can  be  updated  with  the  same  scheme 
(hat  is  used  on  the  tine  mesh,  with  only  u  slight  moditicaiion 
to  the  right-hand  side. 

Algorithm  for  Euler  Equations 

For  the  steady  Euler  equations  that  arc  written  in  generalized 
cixirdinates,  Eq.  (2.5.30)  can  he  written  as 

L\{Q\}  =  +  /'.,C  =  0  (2  5.46) 

In  (he  multigrid  .solution  prtKcss.  a  forcing  function  arises  i  n 
the  coarse  grids  from  restricting  the  residual  equation  on  a  fine 
mesh  to  the  coarser  mesh.  The  resulting  equation,  to  be  solved 
on  any  me.sh  <7,.  can  be  written  as 

f.,(g,)  =  r,  (2.5.47) 

where  t,  is  equal  to  0  on  the  finest  mesh  and  is  the  relative 
truncation  error  on  each  of  the  coarser  grids.  The  solution 
of  Eq.  (2.5.47)  is  generally  updated  by  introducing  a  lime 
derivative  of  the  dependent  variables  to  the  left-hand  side  so 
that  the  solution  can  he  advanced  in  time  with  methods  such 


is  RungC'Kuttii.  appruximate  taclori/ation.  or  rclaxjtKm  mcih- 
oil&  prtviou^ly  (kscribcO.  Fi>r  implicit  meihixl^.  the  resulting 
scheme,  wnuen  on  mesh  (V,.  is  given  by 

.\M.  =  i  -  -I  ^  i:.?.481 

where  A  is  the  implicit  ofvratiH’  i>l  the  considered  scheme  and 
La<i',  )  oil  the  right-hand  side  results  Inmi  the  lincari/aiion  ot 
tri>m  the  hoiAward  Kuler  time  integration  Note,  as 
mentioned  previously,  that  even  on  the  coarse  meshes,  where 
r,  IS  non/ero.  Eq.  (2  5.48)  maintains  the  same  lorm  as  the 
equation  on  the  tine  mesh 

Several  strategics  exist  lor  deciding  when  to  switch  Iroin  one 
grid  level  to  another;  these  generally  tall  under  the  categories 
ot  lixed-  or  adapiivc-eyele  algorithms  The  strategy  nu^si 
commonly  used  is  a  lixed-eycle  strategy,  in  which  each  global 
cycle  consists  ot  a  set  number  ot  FAS  cycles  on  each  ol  the 
coarser  grids  Recall  that  one  FAS  cycle  on  any  grid  consists 
ot  a  snHHMhing  step,  lollowed  by  a  coarsc-gnd  correction  A 
predetermined  number  td  jieralions  are  ix'rlonned  on  each  grid 
level  to  snuHiih  the  errors 

The  conserved  variables  are  iransterrcl  ii»  successively  ci>arsef 
grids  each  time  by  the  rule 

(J,  .  ^  /;  ‘tj,  (2,5.4‘» 

where  '  is  a  volume-weighted  rcstrielion  operator  that 
transfers  values  on  the  line  gnd  to  the  coarser  grid  and  is 
detined  bv 


which  IS  depicted  in  F»g  2  .S  1 1.  Anuher  cycling  strategy  ot 
interest.  whHrh  ‘s  shown  in  Fig  2  5  12.  is  lernted  a  W-cycle 
and  results  when  two  FAS  cycles  are  used  <m  each  iit  the 
coarser  meshes  Results  will  be  shown  in  the  next  section  lor 
both  types  ot  cycles  The  etirreciions  t>n  coarse  meshes  arc 
prolongated  to  the  next  iincsi  mesh  with  tnlincar  intcrtH>)atit>n 
and  no  additional  itcratum  steps  between  meshes  When  a 
W-eycle  is  used,  however.  lUge  that  an  iteration  is  earned  mit 
at  the  beginning  of  each  FAS  cvcle  ci'rreeimn  to  snUMHh  the 
high  frequencies 


I  I  uU'l  ..(kuljlM'lt 
I  ,,41.  vli**)' 

I  <  .•«rv\lion 


o_  o  o' 
©.  O,  o'  0,  O^  C'' 
©'o'  o'  ii; 


Figure  2.5.12  Multigrid  W-cycle 


The  .uinmalion,  arc  taken  over  all  the  tine-gnd  cells  that 
make  up  the  eoarsc-grld  cell  Restriction  ol  the  de(K’ndent 
sanahles  In  this  manner  conserves  the  total  mass,  momentum, 
and  energy  oi  the  line  gnd  on  the  coarser  grids  In  general,  the 
relative  liunealion  error  Is  ealeiilaled  on  the  coarse  grid  as 


I'o  turther  el  inly  the  mullignd  procedure,  the  overall  process 
sunimari/ed  a>  Idllowc  lor  an  ecemplary  case,  where  three 
end  levels  are  used  in  a  V  cycle 

I  Stan  on  the  linesi  gnd  and  snuKiih  the  errors  h>  completing 
one  iteration  of  Hq  iJ  ,''4Xl  with  -  II 

2,  ('alcul.ilc  the  residual  on  ihe  line  grid  Irom  Kq  i2  ,s 
where  1.  \  O/  v  >  ts  gisen  on  the  nghi  hand  side  ol  Kq  i2  “i  4(>| 
and  .Vv  =  II, 


where  'is  the  restnetion  operator  for  the  residual,  generally 
defined  as 

/;  'n.-Yiif'  i2.5.52) 

where,  ,igain,  the  summation  is  over  the  cells  on  the  line  grid 
that  make  up  the  eoarse-grid  cell.  By  summing  the  residuals, 
the  surface  integral  of  Ihe  fluscs  that  cross  the  cell  houndaries 
on  the  coarse  grid  Is  the  same  as  would  ixrcur  by  integrating 
around  the  tine-grid  cells  that  make  up  the  coarse  gnd.  Several 
lime  steps  can  he  conducted  with  an  iterative  scheme  to  gel  an 
approximation  to  the  steady  solution  on  with  the  right- 

hand  side  mtxlificd  to  include  the  relative  truncation  error.  If 
only  one  coarse  grid  is  used  to  correct  the  finest  grid,  the  result 
is  the  simple  FAS  Iwo-lcvel  cycle  On  the  other  hand,  if  more 
gnd  levels  arc  inlrixluced  so  that  one  or  more  FAS  cycles 
can  be  recursively  carried  out  on  each  subsequent  coarsc-grid 
level  to  belter  approximate  Q\  i .  then  a  multilevel  algorithm 
results 


,V  Restrict  the  dependent  variables  to  ihe  lirsi  coarse  grid 
(Vv  1  by  using  tq  12.“'. 49) 

4.  Restrict  the  residual  from  the  finest  grid  lo  (Vv  i  with 
Fiq.  12.5.52)  and  calculate  the  relative  Imncallon  error  with 
Faj.  12.5.51). 

5.  Calculate  the  right-hand  side  ol  liq  (2.54X1  and  update 
the  solution  on  mesh  (Vv  i.  (This  sniixilhs  the  emirs  on  this 
grid  so  that  a  coarser  gnd  can  he  introduced  ) 

6.  Calculate  the  residual  on  this  mesh  with  liq.  (2.5  .)XI.  Note 
that  this  can  he  wnuen  as 

/?'.  1  =  /.  v  |(./v  I  ,1  -  rv  I  12.5.5.)) 

Because  rv  .  has  been  previously  caleulaled.  the  residual  is 
easily  calculated  by  simply  calculating  I.  v  i  ( '/V  ,  )  Irom  the 

most  current  values  of  the  dc[Kndcnl  variables  on  the  mesh 
and  then  subtracting  r\  , 


When  only  one  FAS  cy  c  le  is  carried  out  for  each  of  the  coarser 
grids,  the  resulting  global  cycling  strategy  is  termed  a  V-cvele. 


7.  Rcsinct  the  dependent  variables  on  (V 
using  Kq.  i2.54V). 


lo  ( V  V  _•  by 


Examples  of  Multigrid  Applications 


H  Rcstnci  ihc  rcsnlu.ii  troin  ^  u>  the  .V  }  jjnd 

aiul  calculate  r\  .  trom  (2  5  51) 

y.  Calculate  the  right-hand  side  ot  t2.5  48)  and  iijxlaie 
the  solution  on  this  mesh  Because  this  is  the  coarsest  mesh 
used  in  the  present  example,  three  iieriitons  oi  Hq  i2  5  4K» 
are  used  to  gel  an  apprionnaiion  lo  {Js,  During  each  step, 
the  nghi-liand  side  is  u|>daicd  to  use  the  most  current  values 
ot  the  dcjx*ndent  variables  in  I.  \  :  /  ^  Note  that  , 

will  not  change 

H)  (’aiculaie  the  correciuui  t»n  this  mesh  u»  give 

U  :  I<  :i\  , 


II  l^ass  the  cotrectn»n  to  (he  iiexi  finest  mesh  with  trthnear 
inier[H*Liu»*n  and  uj'dale  the  solution  lo  give 

•/■,  ,  -  ^  r  i;  '.w.  ,  1:5 >5) 


Note  that  steps  5  thiough  1 1  make  u  '  one  1\S  cvcle  i>n 
grid  A  -  1.  in  which  steps  h  {o  II  constiiulc  a  coarse-gnd 
coireciion  At  this  (hmiu.  i!  a  \V -cvcle  was  emploved.  another 
IAS  c>c!e  istcps  5  lo  II)  would  be  retx.*ated  to  u|xlaie  7\ 
lurther, 

12  Calculate  the  correction  on  the  A'  -  1  mesh  as 


=  7' 


i2  5  5hi 


15  Pass  thj>  correction  to  the  imest  mesh  and  ufxlate  the 
solution  to  give 


f  /;  ,\  \  0,5  57> 

14.  IVrl'iirni  one  Mmx'ihins:  iicralmn  >Aith  liq.  I2.5.4S)  ii> 
siTUxilh  ihc  errors. 


Smoothing  Algorithms 

Many  algiinlhms  can  be  used  to  sniinnh  the  higl  drcqucncy 
errtirs.  Both  explicit  and  implicit  algorithms  have  been  used 
with  success,  l-or  muliigrid  to  sueeced.  the  high'lrcqucney 
errors  must  be  etfeetivcly  damped.  The  crtcclivcncss  of  a 
seheme  can  he  estimated  hy  detcmiimng  the  srmKithing  factor 
of  the  algorithm  with  a  h'ouner  analysis.  The  sminnhing  fac¬ 
tor  IS  defined  as  the  ma  .imum  eigenvalue  of  the  algorithm  lor 
frequencies  greater  than  tt and  less  than  .'Tt/2.  These  fre¬ 
quencies  represent  those  on  a  line  grid  thai  arc  not  resolvable 
on  a  coarser  grid. 

Kxampics  of  explicit  algorithms  that  have  been  used  success¬ 
fully  include  the  plivnccring  work  done  by  Jameson,*" 
in  which  a  multistage  Runge-Kuiia  scheme  was  u.sed  along 
with  implicit  residual  smtxiihing.  In  addition,  the  cocfli- 
cienis  of  the  Rungc-Kulla  algorithm  have  been  chosen  so  that 
the  damping  of  ihc  high-frequency  errors  is  enhanced.  Vari¬ 
ous  researchers  who  have  used  implicit  algorithms  including 
Anderson.''  Mulder.'  Yoon.'‘  and  Spekreijse.* 


•An  example  o*  the  application  of  multignd  for  (he  b.uler 
equations  is  shiiwii  beh  w  Uir  a  ihrec-dimen'.RMial  liaiisonic 
flow  ciHiiputaium  over  the  ONl:R.A  M6  wing  ''  Companstms 
are  made  with  exjvniivatal  data  at  a  Reynolds  iiumhcr  of  I  I  7 
million.*'  which  correspiHids  i»i  coiiditu»ns  for  which  viscous 
ellects  are  relatively  small  The  wmg  consists  of  symmetrical 
jirfoil  sections  with  a  planfi>rin  swept  at  <(t  along  the  leading 
edge,  an  asjKcl  ratio  ot  t  X.  and  a  ia}>er  ralm  of  <1  5b.  A 
solution  IS  tibiaiiied  on  a  (’  M  mesh,  which  has  a  (*  iy(K*  of 
mesh  lopiWogy  around  the  airfoil  profile  and  an  M  ty[V  mesh 
m  the  ^panw^se  direction 

The  clfecuvcness  i*l  muiltgnd  .icco-leiation  is  demonstrated  for 
a  ci>mpu(ation  at  transimu  CiMidilions  with  a  Mach  nutiiber  of 
t>  S4  and  an  angle  *4  attack  o|  .1 1H>  f  igures  2  5  1  }  and  2  5  14 
slu»w  the  effect  ol  using  multignd  i>n  the  residual  and  lilT 
ctvellicient  histones  lor  a  mesh  with  over  210.<XH)  ixnnts.  As 
pieviously  me.itioned.  the  inesh  is  a  C  -M  mesh 

ihat  has  105  |xvinis  al»>ng  the  airfoil  and  wake  ( I  ID  ol  w  Inch  are 
on  the  aiih>ili.  At  |h>iiUs  appri>ximalely  normal  to  the  airloil. 
and  5'  (KMiUs  in  the  spanwise  direction  «17  of  which  are  on 
the  wing  planionn)  lor  this  calculaium.  an  implicit,  upwind 
differencing  methinJ  is  used  1i*r  snhKvtfnng  ihe  errors,  with 
.1  V-cvcIc  and  tour  grid  levels  ttinc  line  and  three  coarser 
grids!.  Ihc  nuiitignd  metluxl  is  very  clleciive  in  accelerating 
convergence  ol  both  the  residual  and  hit  ciK-’Uicienis  The 
residual  is  reduced  lo  machine  zero  m  40D  cycles,  whereas 
the  single-grid  methvHj  has  reduccti  the  residual  only  between 
I  and  2  *>rders  ot  magnitude.  I'he  benelii  ol  muliigru*  is 
estKVially  pronounced  in  the  lifl-coellicient  Insiory  where  the 
lill-cocflicicnt  value  is  obtained  to  within  0,1  jvrccni  of  its 
linal  value  in  41  cycles.  This  is  a  dramatic  improvement  over 
the  single-gnd  result,  which  requned  more  than  400  cycles  lo 
converge  to  the  same  level  of  accuracy  for  the  lift  cix'fticienl. 


Cycles 

Figure  2.5.13  Effect  of  muitigrid  on  residual  history  for 
ONERA  M6  wing  with  -  o.-x  l  and  o  =  ;T0G\ 
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Figure  2.5.14  Effect  of  multigrid  on  lift  history  for 
ONERA  M6  wing  with  =  (1.84  arid  n  =  .’I.Ofi". 

The  multigrid  pr(x:e(lurc  has  also  been  implemented  into 
multiblock  versions  of  several  codes  lo  handle  complex 
geometries.'’ ^  In  addition,  several  examples  of  the 
application  of  multigrid  to  reduce  the  computational  times  re¬ 
quired  for  time-accurate  calculations  can  be  found  in  Refs. 
.12.  33.  .34,  and  3.5. 

2J.5  GMRES 


‘2.5.64) 

IIPj  '  li 

where  fc.j  is  the  projection  of  R.(w";pj)  in  the  direction  of 

P‘- 

=  |R(w";p,  ).p,j  (2.5.65) 

In  practice,  the  above  process  is  actually  applied  to  a  “precon¬ 
ditioned"  equation  that  has  the  same  solution  as  the  original 
problem,  but  has  a  more  favorable  distribution  of  eigenvalues. 
For  the  problem  R(w)  =  0.  most  computer  codes  generate 
an  improved  appmximation  to  the  current  estimate  of  the  so¬ 
lution  as 

w"'”  =M(w")  (2.5.66) 

where  M  represents  some  methixlology  such  as  line  relax¬ 
ation.  approximate  faclori/.alion.  or  Runge-Kulta  time  step¬ 
ping.  Convergence  is  achieved  when  w"'^'  =  w".  Therefore, 
the  solution  of  Eq.  (2.5.58)  can  be  replaced  by  the  equation 

R'(w)  =  w  -  M(w)  (2.5,67) 


The  generalized  minimal  residual  (GMRES)“'  algorithm  for 
solving  a  nonsymmetric  linear  system  of  equations  has  been 
extended  to  nonlinear  problems  and  applied  lo  Euler  calcula¬ 
tions  by  Wigton  cl  al.'’  In  this  implementation,  tbe  equation 
considered  for  solution  is  written  as 


R(w)  =  0 


(2.5..58) 


where,  for  the  Euler  equations.  R(w)  =  (I  represents  the 
sleady-.siale  residual.  The  differential  of  R(w)  =  0  in  a 
general  direction  p  is  denoted  by  R(w:  p)  and  is  given  by 


R(  W;  p) 


liiii  R(w  +  sp)  -  R(w) 
—  1) 


(2,5.59) 


Analogous  lo  the  piXK'cdurc  for  linear  systems,  the  GMRES 
algoritiim  first  obtains  k  onhonormal  search  directions 
p,.Pi . Pi  and  then  updates  the  solution  as 


v"*'  =  w"  -H  ^iijp; 


(2.5.60) 


where  the  Hj  are  chosen  to  minimize 


IIR/w"" 


R(w"  -f-  Y^n,Pj) 


1=1 

I. 


(2.5.61) 


R(w")  -I-  y'ajR(w'':Pj) 

j  =  i 


The  orthogonal  search  directions  arc  determined  by  a  Gram- 
Schmidl  process: 


R(w"| 
**'  "  |(R(w")|| 

For  j  =  1.2 . k  -  1. 


(2.5.62) 


Pj.,  =  R(w'’;pj  - 


(25.6.3) 


for  which  GMRES  is  much  more  effective.  Note,  however, 
that  every  evaluation  of  R'(w)  involves  an  evaluation  of  M. 

An  example  of  results  with  GMRES  lo  accelerate  the  conver¬ 
gence  of  an  existing  How  solver  for  a  transonic  calculation 
is  shown  in  Fig.  2.5.15.  Here.  GMRES  is  applied  lo  a  two- 
dimensional  ccmral-diffcrenccd  implicit  Euler  code  denoted  as 
ARC2D.''‘  As  seen  in  the  figure,  the  u.se  of  GMRES  can  re¬ 
sult  in  a  significant  increase  in  the  convergence  rate.  After  4(X) 
function  calls  (where  one  function  call  is  one  evaluation  of  Eq. 
(2.5.67)).  the  residual  is  reduced  about  4  orders  of  magnitude 
over  that  without  GMRES. 


Function  calls 


Figure  2.5.15  Convergence  acceleration  with  GMRES. 


2.5.6  Preconditioning 


Recent  work  has  been  undertaken  to  accelerate  the  conver¬ 
gence  rale  of  iterative  schemes  by  essentially  multiplying  the 
time  derivative  by  a  matrix  that  allows  faster  convergence,  but 
docs  not  alter  the  steady  slate.  The  motivation  for  this  is  easily 
seen  by  examining  the  one-dimensional  Euler  equations 


i7w 

Of  0.r 


=  I) 


(2.5.68) 


After  this  equation  is  linearized  and  a  similarity  transformation 
is  used,  this  equation  can  be  recast  into  the  form 


(2.5.69) 


I 


y 
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where  A  is  a  diagonal  mainx  whose  entries  are  the  eigenvalues 
of  the  Hux  Jacobian 


A  = 


tt 

I) 

0 


i) 

II  +  II 

t) 


I) 

I) 

11  ~  II 


(2,S.70) 


The  equations  given  by  Eq.  t2.5,69)  are  now  uncoupled,  so 
that  each  equation  can  be  approximated  separately.  For  ex¬ 
ample.  simple  explicit  time  difitrencing  can  be  used  in  con¬ 
junction  with  lirst-order  spatial  accuracy,  where  each  equation 
is  differenced  according  to  the  sign  of  the  eigenvalue.  The 
allowable  time  step  for  stability  depends  on  the  si/e  of  the 
nuximum  eigenvalue  as  well  as  on  the  grid  spacing  through 
the  CFL  number  (defined  as  the  product  of  t'le  convective 
speed  and  the  lime  step  divided  by  the  grid  spacing).  If  a  CFL 
is  maintained  less  than  unity  for  the  simple  explicit  scheme 
considered,  then  the  numerical  characteristics  completely  en¬ 
close  the  physical  ones.  If  all  equations  are  advanced  in  time 
with  the  same  AL  then  the  CFL  number  for  the  equation  whose 
convective  speed  (eigenvalue)  is  smallest  may  not  be  advanced 
ne; .  ly  as  fast  as  the  stability  criteria  allows.  For  example,  for 
u  =  I).!)  and  II  =  1.  the  limiting  condition  corresponds  to  the 
largest  eigenvalue,  which  is  n  +  n  =  '  This  corresponds 
to  determining  the  time  step  by  the  speed  of  an  acoustic  wave 
that  is  moving  to  the  right  with  a  speed  ii  +ii.  Note,  however, 
that  choosing  the  time  step  based  on  this  eigenvalue  means 
that  the  first  equation  (associated  with  the  eigenvalue  At  =  iil 
is  advanced  at  a  time  step  somewhat  lower  than  the  stability 
criteria  requires.  For  the  conditions  chosen  above.  Ibis  restric¬ 
tion  is  not  too  prohibitive.  However,  for  a  low-speed  flow, 
ibe  wide  disparity  in  the  size  of  the  eigenvalues  can  lead  to 
slow  convergence  unless  a  lime  step  is  used  separately  for  each 
equation,  based  on  the  individual  eigenvalues. 


The  simplicity  of  the  matrix  in  Eq.  (2.5  72)  is  ailribulabic  to 
the  fact  that  the  one-dimensional  Euler  equations  arc  easily 
diagonalized.  The  complexity  of  devising  a  precondilioner 
arises  in  mullidimensions  because  the  equations  cannot  be 
simultaneously  diagonalized  (with  the  exception  of  supersonic 
flow).  However,  recent  work  at  preconditioning  the  equations 
in  mullidiiiK-nsions  has  been  undertaken  with  some  success. 

W.4II,4I.4;  41 


In  the  work  in  Ref.  42.  the  preconditioning  matrix  is  devised 
by  first  transforming  the  conservative  dependent  variables  to 
those  that  yield  a  symmetric  form  for  the  linearized  equations. 
The  equations  are  then  rotated  into  a  cixirdinatc  system  ihat 
is  aligned  with  the  flow  direction;  the  resulting  equations  are 
given  by 


,7r 


+  A 


~ou 


-  0 


(2.5.7.J) 


where 


1/  II  I)  I) 

II  7  I)  I) 

0  I)  7  0 

I)  II  (I  7 

I)  1)  II  1) 

I)  I)  0  0 

II  1)  1)  I) 

1)  I)  1)  0 


ilV  = 


•h'/i’" 

ihi 

ilr 


ilji  -  ir  ill' 


(2.5.74) 


(2.5.75) 


(2.5.76) 


and  7  =  i/coxf)  -|-  i  siiiW  is  the  magnitude  of  the  velixfity  in 
the  streamwise  direction. 


The  basic  premise  oi  preconditioning  is  to  advance  each  equa¬ 
tion  with  an  optimum  time  step  for  each.  For  ihe  one- 
dimensional  ca.se.  this  can  be  easily  achieved  by  multiplying 
Ihe  right-hand  side  of  Eq.  (2.5.68)  by  a  matrix,  so  lhat  when 
Ihe  equation  is  diagonalized,  all  eigenvalues  arc  equal: 


(7w 

IW 


+  P 


9L 

Or 


=  0 


(2.5.71) 


Note  that  the  preconditioning  matrix  docs  not  change  the 
steady  slate.  Also  note  ihat  P  should  be  a  positive  definite 
matrix.  Otherwise.  Ihe  nature  of  the  flow  could  be  changed, 
as  It  would  if  P  =  -I.  which  would  correspond  to  marching 
backward  in  lime.  For  the  one-dimensional  ca.se,  this  matrix 
IS  given  by 


P  =  |A^' 


(2.5.72) 


where  T  and  T  ‘  arc  the  right  and  left  eigenvectors  of  the 
matrix  A  =  (7F/i7'w  and  1/A  is  a  diagonal  matrix  whose 
entries  arc  the  inverse  of  the  eigenvalues  of  A. 


In  the  above  example  the  criteria  used  in  determining  the 
optimum  time  step  for  each  equation  is  based  solely  on  taking 
the  largest  allowable  time  step  for  each  equation.  Other 
criicna  can  he  used,  such  as  selection  of  a  lime  step  to 
provide  maximum  damping  of  certain  frequencies  for  use  in 
a  mulligrid  algorithm.  Also  note  that  if  all  (he  eigenvalues 
are  of  comparable  size,  such  as  for  hypersonic  flow,  then  no 
significant  benefit  would  be  expected. 


Considering  the  case  of  supersonic  flow  first  and  multiplying 
Ihe  residual  terms  in  Eq.  (2.5.7.A)  by  |A"'|  (equal  (o  A*' 
for  supersonic  flow)  yields 


Ot 


+  A"' 


(2.5.77) 


Because  the  flow  is  assumed  io  be  supersonic,  this  equation  can 
be  simultaneously  diagonalized  with  a  transformation  dV  = 
T-'i/U  to  yield 


(7V  _  f  OV 
01  ~  0.1 


(2.5.78) 


Here.  A  is  the  diagonal  matrix  of  Ihe  eigenvalues  of  A"  'B, 
and  T.  T"'  arc  diagonalizing  matrices.  As  discus.sed  in  Ref. 
42,  the  wave  speeds  in  the  streamwise  direction  have  been 
equalized.  Unfortunately.  Ihe  disparity  in  the  acoustic  wave 
speed  in  the  direction  normal  to  the  streamlines  is  amplified; 
the  ratio  of  the  acoustic  wave  speeds  to  the  convective  wave 
speed  is  —  1. 


To  make  the  acoustic  and  convective  waves  speeds  equal,  the 
ratio  \/M^  -  l/M  is  used  to  scale  the  acoustic  waves  by 
multiplying  the  right-hand  side  of  Eq.  (2.5  78)  by  the  matrix 
X.  which  is  defined  as 


"r  0  1) 

I)  1  (1 

(I  I)  1 
0  0  0 


(2.5.79) 
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where  r  =  >/.\/7  -  After  converting  back  to  symmetry 

variables,  the  preconditioned  system  of  equations  in  stream¬ 
lined  coordinates,  which  is  valid  for  supersonic  flow,  is  given 
by 


JU 

<)f 


=  -P 


{*f**f) 


(2.5,80) 


To  devise  flux  formulas  for  computing  the  stcady-sialc  resid¬ 
ual.  the  artificial  viscosiiy  must  be  modified  for  certain  formu¬ 
lations.  In  particular,  for  Roe's  approximate  Riemann  solver.*" 
Refs.  42  and  43  slutw  that  the  dissipation  matrix  must  he  nuxi- 
itied  in  order  to  maintain  the  full  benefits  of  preconditioning. 
bt«h  in  stability  and  in  accuracy 


■  ^.U-  -^M  0  O' 

~  -jw  M  ^  ~h  L  0  0 
0  0  r  0 

0  0  0  I 

_  _  (2.5.81 1 

■  I  =  \/.\/-  —  1.  and  r  =  v"  1  -  .U  “  - . 


An  example  from  Ref.  42  is  shown  in  Fig  2.5.10,  in  which 
the  preconditioning  discu.s.sed  above  is  applied  to  obtain  the 
flow  field  around  a  NACA  0012  airfoil  at  a  low  Mach  number 
(0.05).  The  numerical  scheme  used  for  this  calculation  is 
an  explicit  two-stage  Runge-Kutta  scheme,  which  uses  Rik'  s 
approximate  Riemann  solver  for  discrcti/alion  of  Ihc  residual 
The  preconditioning  dramatically  decreases  Ihc  number  of 
iterations  required  to  obtain  a  fully  converged  solution 


where 


n  _  XVT-'  '  A  ■ 


Difficulties  arise  for  subsonic  flow  because  the  equations  are  no 
longer  able  to  be  simultaneously  diagonalized.  By  assuming 
that  the  preconditioning  matrix  has  a  structure  similar  to  Eq. 

(2.5.81) ,  a  preconditioning  matrix  can  be  obtained  by  requiring 
the  convective  waves  he  unchanged  and  that  the  acoustic 
waves  travel  at  the  flow  velocity  in  the  limit  of  zero  Mach 
number.  The  final  preconditioning  matrix  in  the  stream-aligned 
coordinate  system  in  symmetry  variables  is  identical  to  Eq. 

(2.5.81)  except  for  subsonic  flow: 


i  =  r  =  \/l  -  M-  M  <  1  (2.5.82) 


t  0 


Recall  that  the  preconditioning  matrix  given  by  Eq.  (2.5.81  i  is 
for  the  stream-aligned  ctxirdinate  system  and  symmetry  vari¬ 
ables;  this  matrix  must  he  transformed  back  into  the  variables 
that  will  be  solved  numerically.  For  example,  if  the  dependent 
variables  arc  the  conservative  variables,  the  final  precondition¬ 
ing  matrix,  which  simply  mulliplics  the  slcady-slate  residual, 
is  given  by 


p  _  .')q  .'fU  .'jUifU  .fq 

^  ~  (Jq  .7U  aq  f'w 


(2.5.83) 


where  Ow/Oq  is  the  Jacobian  matrix  for  transforming  from 
primitive  to  con.servalive  variables.  iJq/i'JU  transforms  the 
symmetry  variables  to  primitive  ones,  and  i)U/i)U  relates  the 
symmetry  variables  in  the  stream-aligned  coordinate  system  to 
(hose  in  a  Cartesian  system: 
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1  I)  I)  (I 

u  /)  ()  0 

r  0  ;/  0 
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Figure  2.5.16  Convergence  history  with  and 
without  matrix  preconditioning  from  Ref.  42. 


2.5.7  Enthalpy  Damping 

The  la.st  methixl  io  be  discussed  for  accelerating  the  conver¬ 
gence  of  numerical  schemes  to  solve  the  Euler  equations  re¬ 
quires  a  modification  of  the  governing  equations  that  docs  not 
alter  the  steady-state  solution.  For  a  steady-state  solution,  be¬ 
cause  the  total  enthalpy  is  constant,  a  term  propsiriional  to  the 
difference  H  -  H  ^  may  be  used  as  a  forcing  function  to  ac¬ 
celerate  convergence  This  technique  has  been  inlroduced  in 
Ref.  45  and  is  referred  to  as  enthalpy  damping. 

A  source  term  is  simply  added  so  that  the  governing  equations 
arc  given  by 


■Jtjl 

•  it 

7  +  "t,i 

H  -  //. 

i  =  1) 

1/0/ ( H  - 

II 
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i/o  (//  - 
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rJ  r  r 

.f  11  , 

- - h  M/ 

.//(//  - 

//  .  i  =  0 

(2.5.87) 


where  a  typical  value  of  o  is  0.25.  Because  H  is  equal  to 
H at  convergence  the  steady-state  solution  is  not  altered. 
Note  that  this  Icchnique  is  only  applicable  for  flows  with  a 
constant  total  enthalpy  and.  therefore,  may  not  he  used  for 
some  simulations  where  propulsion  effects  arc  accounted  for 
through  specification  of  variations  in  total  enthalpy 


( 
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2.6  SPECIAL  METHOI^ 


This  section  is  devoted  to  several  variants  m  tlic  solution  of 
the  Euler  equations.  These  non  conventional  methods  are: 

1)  Space -marching  techniques  for  supersonic  steady  How 
problems. 

2)  Shock-litting  techniques  in  which  a  shix.'k  wave  is  con- 
sideted  as  a  true  discontinuity  of  the  How  field  represented 
either  as  an  internal  curve  or  surface  in  the  computational 
mesh  (floating  shock  tracking)  or  more  often  as  a  boundary 
of  the  computational  domain  (bow-shock  titling). 


We  deline  the  matrix  A„  as  a  linear  combination  of  the  Jaco¬ 
bian  matrices  A  .  B  .  C  formed  with  the  components  of  n . 
an  arbitrary  unit  vector: 


A„  =  n,  A -t- n,  B -1- n.  C  (2  6  3) 

and  to  introduce  a  IcK'al  onhonormaJ  basis  made  of  n  and  of 
two  other  unit  vectors  ^  and  so  that  a  cartesian  derivative 
is  expressed  (liKally)  in  terms  of  derivatives  in  the  new  basis: 


d  _  d  .  d  d 
d.”  ”  ^  ^  ^ 


(2,6.4) 


-3)  Inverse  and  design  techniques  which  can  be  interpreted  as 
the  tilling  of  a  vortex  sheet  (or  a  stream-surface  in  the  steady 
case).  This  surface  may  be  considered  either  as  an  interface 
between  two  flow  fields  both  computed  by  solution  of  the 
Euler  equations  or,  more  generally,  as  the  external  boundary 
of  one  flow  domain  on  which  a  pressure  condition  is 
prescribed  (for  a  free-surfacc  flow  like  an  isobaric  jet  or  for 
design  purpose). 


Due  to  the  hypeiholicity  of  the  Euler  system  of  equations,  the 
matrix  A„  has  real  eigenvalues  A.,  and  a  set  of  linearly  in¬ 
dependent  left  eigenvectors  m, 

To  get  the  required  characteristic  form  of  the  equations  (also 
called  the  compatibility  relations),  we  form  the  linear  combi¬ 
nations  of  Eq.(2.6.2l  obtained  by  multiplication  with  each 
eigenvector: 


These  methods  are  valuable  alternatives  to  the  use  of  the 
time-dependent,  shock-capturing  and  direct  (in  the  sense  of 
fixed-boundary)  solution  of  the  Euler  equations. 

Indeed,  the  classical  unsteady  approach,  described  in  the 
above  subsections  of  this  chapter,  can  be  applied  to  special 
problems  such  as  the  steady-slate  solution  of  fully  supersonic 
flows  comprising  or  not  internal  and  bow  shocks  or  such  as 
the  design  of  a  wall  boundary  to  be  iteratively  modified  by 
numerical  optimization  However,  in  these  special  circon- 
stances,  it  may  be  interesting  to  benefit  from  large  savings  in 
computing  time  (space-marching  or  inverse  design  methods) 
and  from  a  noticeable  increase  in  accuracy  (shock-fitting 
techniques). 


m/  (  ^  -I-  A  1  =  0.  I  =  1,  ...S  (2.6.5) 

dr  '  dx^ 

giving  through  the  use  of  Eqs.(2. 6.3-4): 

(2.66) 

where  R  involves  only  derivaiives  of  w  m  the  plane  4  .  tj 


X  dw  ,  dw  r  r.  „ 

m,  (  +  A.,  1  -V  m  '  R  =  0 

dr  dn 


Assuming  that  these  derivatives  are  known,  Eqs.( 2.6.6)  can 
be  interpreted  as  transport  equations  for  a  plane  wave  moving 
with  velocity  X,>7. 


The  discussion  on  the  relative  merits  of  standard  and  special 
methods  is  made  more  difficult  by  the  uninterrupted  progress 
of  researchers  finding  new  techniques  which  succeed  in 
filling  the  gap  between  two  opposite  strategies.  Thi.s  is  the 
ca.se  for  example  of  the  space-marching  technique  where  the 
old  method  with  the  marching  solution  of  the  steady  Euler 
equations  (which  in  general  requires  a  standard  method  for 
setting  upstream  conditions  at  a  blunt  nose)  can  be  replaced 
efficiently  by  pseudo  space-marching  techniques  using  a 
modified  unsteady  Euler  code  (see  below  in  subsection  2.6. 1 ). 
This  is  also  the  case  when  combining  shock-capturing  for 
internal  shocks  and  shock-fitting  for  the  bow  shock.  Another 
example  is  given  with  the  shock-fitting  technique  being  even¬ 
tually  replaced  by  shock-capturing  in  association  with  mesh¬ 
fitting  and  adaption  of  either  algebraic  or  variational  type. 
Lastly,  inverse  techniques  can  be  devised  which  make  use  of 
slightly  modified  direct  solvers  with  a  good  efficiency  (see 
below  subsection  2.6.3), 

In  the  following,  we  give  some  details  on  the  special  tech¬ 
niques  mentioned  above  but  it  is  remarkable  that  there  are 
many  common  features  and  affinities  between  them  and  prob¬ 
ably  the  more  clear  reason  for  that  is  their  use  of  quasi-linear 
or  characteristic  forms  of  the  Euler  equations. 

Therefore,  after  the  presentation  made  in  Chapter  I.  we  begin 
by  a  complement  to  the  description  of  some  characteristic 
forms  of  the  Euler  equations  in  order  to  describe  the  numeri¬ 
cal  treatment  of  the  boundary  conditions  for  shock-fitting  and 
inverse  design  techniques. 

Starting  from  the  conservation  law  form: 


The  expression  for  the  eigenvectors  m,  is  more  complicated 
than  for  the  eigenvectors  I,  attached  to  the  use  of  the  primi¬ 
tive  variables  q  =  (  p  ,  v  .  p  ),  as  described  in  section  1.4. 
With  the  slightly  modified  notations  of  Eqs,{2.6,6).  we  have 
here: 

1/  (  ^  -1-  X,  ^  )-s  1/  S  =  0  (2.6.7) 

at  dn 

An  important  difference  with  Section  1.4  is  that  we  have  to 
consider  a  boundary  moving  with  the  velocity  u^.  The  nor¬ 
mal  relative  velocity  of  the  fluid  on  E  is: 

IV  =  (  V  -  «!  ) .  n  =  i'„  -  (2.6.8) 

The  discussion  for  the  number  of  numerical  boundary  condi¬ 
tions  to  use  rests  on  the  sign  of  (  X,  -  )  and  on  the  value 

of  the  normal  relative  Mach  number  on  I: 

M'  a  (2.6.9) 

Discretization  of  characteristic  relations 

Concerning  the  discretization  of  the  characteristic  relations 
given  by  Eqs.(2.6.6-7).  it  is  convenient,  like  for  the  internal 
node  discretization,  to  separate  the  spatial  discretization  from 
the  time  discretization.  In  fact,  it  is  preferable  to  have  a  rath¬ 
er  similar  treatment  for  internal  and  boundary  nixies,  even 
though  space  derivatives  in  outgoing  wave  characteristic  rela¬ 
tions  are  necessarily  one-sided  and  in  general  one  order  less 
accurate  than  for  interior  schemes. 


dw  ^  ^  M  =0 

dt  dx  dy  dz 

the  quasilinear  form  (given  in  Eq.(  1.4.2))  is: 


dw 

dr 


+  A 


dw 

dx 


+  B 


(2.6.1)  A  practical  matching  technique  ba.sed  on  characteristic  rela¬ 
tions'  which  is  of  special  interest  for  the  fitting  of  discon¬ 
tinuities  and  quite  easy  to  implement  at  least  for  explicit  time 
stepping  schemes,  is  described  below  for  the  case  of  cell- 
vertex  or  node -centered  discretization  schemes. 

(2.6.2)  steps  S'”  considered.  First  a  provisional  value  w*  is 


v 


computed  on  £  at  time  (n  +  1)  liom  a  complete  discretized 
Euler  system  on  and  £  without  taking  into  account  any 
boundary  condition.  For  simplicity,  we  restrict  the  presenta¬ 
tion  to  a  boundary  treatment  which  is  only  of  hrst  order  ac¬ 
curacy  in  time  so  that  w'  can  be  .-nilen: 


captunng  of  internal  shock  waves,  were  developed  based  on 
the  conservation  law  form  of  the  Euler  equations.  They  are 
generally  written  in  cylindrical  coordinates  adequate  for  com¬ 
pulation  of  Hows  past  slender  bodies  which  we  chixise  here 
as  a  typical  application  of  these  techniques 


w'  =  w"  -  iir  (5F^  /  (2.6.10) 

where  8F^  /  Sxj  is  a  discrete  approximation  of  dF^  dr,  on 
£  (obtained  using  only  the  discrete  values  of  w"  in  U  and  on 

£  ). 


With  u,  e.  »  as  components  of  v  in  r.  r.  0  ccHirdinates,  the 
equations  write: 


dC  ^ 

d’  dr  do 


-i-  R  =0 


(2  6.131 


The  second  step  rests  on  the  use  of  the  characteristic  relations 
of  type  (2.6.6)  which  are  written  in  discretized  form  on  £: 

(m/)"  (  w"  -  w'  )  =  0  ,  i  =  l....,5  (2.6.11) 

where  we  have  used  Eq.(2.6.IO). 

However,  due  to  the  eomp4iC- te  expression  of  m, ,  it  is  con¬ 
venient  to  replace  these  characteristic  relations  by  those  based 
on  the  non-.onservative  variables.  After  having  deduced 
p  .  V  ,  p  directly  from  v  ,  the  system  corresponding  to 
£q  (2.6.7)  is  he  following: 


i’  =  I  pu  ,  p  +  pu-  ,  pui  ,  pMU  )' 

P  =  (  pc  .  puc  .  p+pi  ■  ,  pvvi 

I  (2.6.14) 

0  =  ^  (  p»  .  pioi  .  pm  .  p-i-pii  - 

R  =  -  (  pc  ,  pill  .  p(  c'  -  1C-  )  ,  2pm 

r 

The  steady  character  of  the  How  permits  the  replacement  ol 
the  conservation  law  for  total  energy  by  the  Bernoulli  equa¬ 
tion: 


u)  X|  =  c„  .{p"''-p'  -  (U-)"  (p"*'  -  p’ )  =  0 
h)  k,  c„  ;  (cr'  -  !■:  )  =  0 

.  )  ;  (!•;;*'  -c;;  )  =  o  (2.6.12) 

d)  A.4  =  c„  +  u  ;(/.’'*'-/)■)-»•  (po  I"  (c,"*'  -  c,‘)  =  0 

e)  k,  =  c„  -  0  ;  (/)"''  -/)’)-  (pu  )"  (c„"^'  -  c,')  =0 

The  characteristic  relations  for  which  (X,  -  uj  )  >  0  have  to 
be  used  whereas  these  correponding  to  X,  -  uj;  <  0  should  be 
replaced  by  physical  boundary  conditions  from  the  outside  of 


— ^  ^  -1-  -  (  «  -  -t-  1'"  -t-  VC"  )  =  //, 

Y-l  p  2 

The  shock  layer  is  bounded  by  the  given  body  surface. 
r  =  6(0,  : ).  and  by  the  bow  shixk  wave  r  =  i  (6,  ),  which 

is  an  unknown  surface  to  be  determined 

This  flow  domain  (between  two  plane  sections  <  r  <  , 
can  be  mapped  into  a  computational  region  c,,  <  Z  <,-|. 
(X.  T)6  10,  11- with: 

X  =X(;  ,r  .0) 

Y  =T(:  ,r  ,0) 


These  equations  will  be  used  below  for  shock-fitting  and  in¬ 
verse  methods. 


2.6.1  Space-marching  techniques 


Steady  supersonic  flows  have  been  studied  numerically  for  a 
long  time  with  a  strong  impetus  given  to  the  development  of 
finite  difference  methods  at  the  beginning  of  the  70’s  (after 
early  studies  ba.sed  on  the  method  of  characteristics)  by  the 
first  three-dirnensional  computations  of  flow  fields  past  the 
Space  Shuttle". 


Z  =z 

where  X.  T  are  curvilinear  grid  coordinates  stretched  in 
each  Z  plane  according  to  the  flow  features. 

The  governing  equations  Eqs.(2.6. 13)  when  transformed  in 
this  computational  space  become: 


az 


-1- 


ax  ay 


-r  R  =  0 


with:  U  =  ti  /  y 


(2.6.15) 


The  governing  Euler  equations  for  the  steady  supersonic 
flows  are  hyperbolic  with  the  flow  direction  as  a  time-like 
direction.  Thus  the  numerical  .solution  can  be  obtained  by 
marching  by  plane  in  this  direction  (say  the  z-direction).  For 
solving  such  a  three-dimensional  steady  supersonic  flow 
problem,  it  is  natural  to  use  a  numerical  method  quite  similar 
to  those  concerning  the  solution  of  a  two-dimensional  un¬ 
steady  flow  problem  with  time-dependent  boundaries  (either 
known  or  to  be  partly  computed  as  a  free-boundary).  There¬ 
fore.  a  space-marching  method  can  afford  a  considerable 
reduction  in  computer  storage  and  in  computer  time  in  com¬ 
parison  with  the  unsteady  approach  in  three  dimensions. 

Finite  difference  methods  were  first  devised  in  non¬ 
conservative  form  with  nrimitive  variables  p.  v,  p  ^  or  with 
characteristic  variables'*"^'’: 

P=ln{p).  V,  S  =  y/nlT)  -  (y-l)  P 

For  those  methods,  not  only  the  bow  shock  but  also  internal 
shocks  have  to  be  fitted. 


P  =  (X,U-i-X,P-i-XBQ)/y 

Q  =  (KU+  r,p+  YgQ)/d 

R  =  R/7  ;  J  =  X,Y^-X^Y, 

The  system  of  Eqs.(2.6.15)  is  hyperbolic  in  Z  and  it  can  be 
discretized  in  a  same  manner  as  an  unsteady  two-dimensional 
problem.  A  very  common  approach  has  been  a  discretization 
by  finite  differences  and  a  solution  with  MacCormack  explicit 
scheme’  *’-'”.  Another  more  recent  possibility  is  a  discretiza¬ 
tion  by  finite  volume  techniques  with  a  Godunov  method"  or 
with  other  upwind  schemes.  Solution  with  an  explicit  scheme 
proceeds  by  starting  from  a  known  solution  at  plane  Z  and 
computing  a  new  solution  in  plane  Z  -)-  AZ  with  boundary 
conditions'*-' *  taking  into  account  the  evolution  of  the  body 
shape  and  the  change  in  the  shock  wave  position  by  satisfy¬ 
ing  the  Rankine-Hugoniot  relations  (sec  next  Subsection). 

One  problem  related  to  the  use  of  the  conservation  law  form 
is  that  the  unknowns  (conservative  fluxes  in  the  Z-direction) 
need  to  be  "decoded"  into  the  physical  variables 
p,  «.  V,  w.p  in  order  to  evaluate  the  transverse  fluxes  and 


By  contrast,  other  finite  difference  methods’-’  *-’,  mainly  with 
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the  source  terms.  For  a  perfect  gas,  this  decoding  reduces  to 
a  simple  root  hnding  problem.  Starting  from: 

1/  I  =  PU  .  C';  =  />  +  pU*  ,  t'  ,  =  pUV  ,  V i  =  pun 

we  get: 

P 


I 


V.  -  U.u  .  ■-  =  ,  V  =  f’,  /f/,  .  «■  =  U^  U, 

P 

and  by  substitution  in  Bernoulli  equation  we  obtain  a  second 
degree  equation  for  u  : 

(Yt-I)t/|-|<- - 27t/,L'|U  +  (Y-lH2f/|-H_  -  f/,-  -  t’i  )  =  0 
Only  the  largest  root  is  meaningful,  giving: 


»  =  - — -—-(yt/,  +  yjru'-  -  (r-i  f  'i  i 

(yfix/, 

Another  question  related  to  the  space-marching  technique  is 
the  step  size  limitation  in  the  Z-direction  associated  with  an 
explicit  scheme 

A  CFL  condition  links  AZ  to  the  space  step  size  in  the 
cross -flow  plane,  typically: 

AZ  <  AJf  /  0(  Af  I 
with  o  is  the  maximum  of  lixtal  eigenvalues  of  a  matrix  M 

of  the  form  C"'  A  with  the  notations  of  Eq.(2  6.2|.  This  Explicit  Approach 


Space-marching  procedures  by  local  iteration 

To  avoid  this  coupling,  several  authors  have  proposed  a 
"unihed  approach"  based  on  unsteady  Euler  equations  w  ith  a 
plane  by  plane  strategy  and  local  or  global  iterations  accord¬ 
ing  to  the  fully  supersonic  or  mixed  character  of  the  flow 

Although  some  investigations  about  this  idea  were  led  in  the 
70  s  with  the  conventional  MacC'ormack  scheme,  the  full 
development  of  this  technique  found  its  actual  start  in  the 
middle  of  the  go’s''  ''*  in  relation  with  upwind  discretization 
and  relaxation  methods  for  implicit  time-stepping"*’"' 

These  now  well-established  techniques  have  revealed  to  be 
both  efficient  for  obtaining  numerical  solutions  over  realistic 
configurations  and  very  easy  to  implement  in  a  .TD  code. 
They  provide  the  possibility  of  building  the  three-dimensional 
mesh  system  before  the  flow  calculation,  which  can  he  of  in¬ 
terest  for  a  better  control  of  the  grid  stretching  or  adaption 
Besides  that,  the  further  development  which  consists  in  tak¬ 
ing  into  account  a  discretization  of  viscous  terms  to  be  added 
to  the  Euler  code  is  rather  straightforward;  this  development 
leads  to  a  PNS-like  approximation  We  will  fiKus  our  atten¬ 
tion  fiercafter  on  these  pseudo  space- marching  '  techniques 
based  on  the  unsteady  Euler  equations. 

Space-marching  techniques  making  use  of  the  unsteady  Euler 
equations  have  mainly  been  developed  using  the  finite- 
volume  TVD  discretization  They  are  based  on  either  expli¬ 
cit  or  implicit  time  differencing,  and  suppose  a  plane  by 
plane"  organization  of  the  computaiion 


limitation  in  the  step  size  for  marching  m  space  is  not  too 
severe  in  zones  where  the  body  section  has  fast  variations  hut 
It  can  be  considered  as  Irxi  costly  when  the  flow  is  very 
smixith  in  the  Z-direction  like  in  the  case  of  nearly  conical 
flows. 

The  Use  of  implicit  stepping  for  space-marching  schemes  is 
not  m  general  use  for  solving  the  steady  Euler  equations 
when  the  bow  shvKk  is  fitted.  Indeed,  there  is  a  limited  in¬ 
terest  in  using  an  implicit  scheme  for  interior  points  If  an  ex¬ 
plicit  treatment  of  the  bow  shock  positioning  yet  restricts  the 
maximum  step  size  in  the  marching  direction. 

Fully  implicit  treatment  of  both  the  interior  point  calculation 
and  the  bow-sh(Kk  adjustment  was  shown  to  be  very  efficient 
on  a  one-dimensional  flow  in  a  variable  area  duct  with  an 
internal  shock  wave  which  was  computed  for  a  steady  solu¬ 
tion  via  a  lime  asymptotic  approach Such  a  method  could 
clearly  be  u.sed  for  a  supersonic  conical  a.xisymmelric  flow. 
Extension  to  one  more  space  dimension  should  be  directly 
applicable  to  the  solution  of  conical  flows  for  example  past 
conical  wings  at  angle  of  attack  but  should  not  be  so  much 
necessary  for  non  conical  bodies  where  accuracy  in  the  Z 
direction  cannot  be  obtained  with  Itxi  large  values  of  AZ. 

If  the  bow  shock  is  captured  and  the  wall  boundary  condition 
is  treated  implicitly,  an  implicit  scheme  for  space  marching  is 
very  efficient  and  it  appears  even  more  useful  for  the  solution 
of  Parabolized  Navier-Stokes  (PNS)  equations  due  to  the 
severe  CFL  restriction  on  the  AZ  with  an  explicit  scheme  and 
the  very  small  grid  spacing  needed  at  the  wall. 

In  the  case  of  a  blunt  body,  a  supersonic  space-marching 
code  must  be  completed  by  an  other  one  capable  of  comput¬ 
ing  the  subsonic  flow  region  between  the  detached  shock 
wave  and  the  body  nose,  thus  providing  the  necessary  initial 
solution  of  the  space-marching  procedure. 

Moreover,  realistic  high  speed  flight  vehicle  configurations 
often  give  rise  to  subsonic  pockets  inside  the  shock  layer. 
The  conventional  space-marching  method  then  fails  for  such 
flows  and  it  can  be  necessary  to  combine  a  space-marching 
technique  for  supersonic  parts  and  an  unsteady  Euler  solver 
for  subsonic  parts  with  delicate  problems  of  different  grid 
systems  to  be  coupled. 


The  simplest  approach  is  based  on  an  explicit  upwind  scheme 
as  described  in  Ref.  Id.  The  space-marching  prixediire  simply 
amounts  to  run  out.  until  convergence,  the  .i-D  time- 
dependent  explicit  scheme  plane  after  plane,  with  the 
upstream  conservative  variables  m  the  plane  k-l  fixed  at  their 
previously  computed  value,  and  with  the  downstream  values 
in  the  plane  k+1  extrapolated  trom  the  upstream  and  current 
values. 

Basically,  in  the  notations  of  Eq.l2  b  2)  with  cartesian  cixirdi- 
nates,  the  explicit  algorithm  can  be  w  ritten  as: 


„/*i 

^  .M  ./  .r 
A/. 


-r  (Hj,,s)'  -(H;.|:)'  =0;  /=0.1.  ./^,,  (2.6  16) 

where  w  is  the  solution  vector  of  the  conserved  quantities, 
F.  G.  H  ate  the  numerical  fluxes  at  the  sides  of  the  control 
volume  {i  .j  Ji )  including  metric  terms,  and  k  is  the  marching 
direction.  Clearly.  Eqs.(2.6. 16)  represent  an  iterative  process 
which,  if  converged,  provides  a  discretized  solution  of  the 
steady  Euler  equations  Since  the  F  and  G  flux  evaluation 
depends  explicitely  on  Wj.  the  only  delicate  point  is  the 
definition  of  (Hi^i.il^  In  order  to  get  conservation,  the  flux 
has  to  be  computed  with  the  same  formula  as  the 
one  u.sed  for  (Hj.i.i)"  at  the  previous  *-)  plane  calculation 
(a  denotes  here  a  frozen  upstream  quantity). 

We  a,ssume  that  a  flux  vector  splitting  (FVS)  scheme  is  used 
for  the  numerical  flux  evaluation: 


(  Hi+I  s)'  =  H'"(  Wt-*,,;)'  +  H  (  wf.,1  ,)' 


(2.6.17) 


with  and  xv^  the  left  and  right  values  for  the  i.j.k  +  \l2 
cell  face.  Actually,  the  second  term  remains  at  zero  for  a  ful¬ 
ly  supersonic  flow.  Therefore,  we  can  get: 

a)  a  first  order  scheme  with 

(  Wt^i/2)'  =  w/.,.* 
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b)  a  second  order  scheme  with 

(  y(  '"IjJ,  -  '•,’ya-l) 

Initialization  for  w,'’  ^  follows  easily  either  simply  with 
w“  =  Wj.|  or  from  a  higher  order  extrapolation. 

In  contrast  with  a  pure  space-marching  scheme,  the  stability 
of  the  process  depends  not  only  on  but  al.so  from  A/j 
which  remains  limited  by  a  CFL  condition  for  a  small  AXj 
but  permits  an  increased  AZj 

This  local  iteration  with  an  explicit  time-stepping  permits 
signihcant  gains  in  efticiency  with  respect  to  a  global  itera¬ 
tion  and  Improvements  in  accuracy,  robustness  and  program¬ 
ming  simplicity  with  respect  to  a  classical  pure  space- 
marching  scheme. 


representing  a  shock  wave  as  a  boundary  of  the  computation¬ 
al  domain  or  eventually  as  an  interface  between  two  such 
domains.  They  are  used  when  the  presence  and  the  general 
shape  of  a  shock  is  a  priori  known  as  a  key  feature  of  the 
How  solution.  This  can  be  the  case  in  a  divergent  choked 
nozzle  and  even  in  a  transontc  or  supersonic  external  flow 
past  an  airfoil,  however  the  most  frequent  use  of  shiKk-litling 
corresponds  to  the  fitting  of  a  bow-shock  in  front  of  the  nose 
of  a  vehicle  or  of  a  projectile  in  supersonic  flight.  Another 
interest  of  such  techniques,  when  no  other  shock  is  p.'-cseni 
inside  the  computational  domain,  is  the  possibility  of  choos¬ 
ing  a  convenient  non-conservative  set  of  equatio.is  (  m  place 
of  the  conservative  formulation  needed  for  shock-capturing) 
However,  this  possibility  has  been  mainly  used  in  two  dimen¬ 
sions. 

We  describe  here  a  general  methodology  to  treat  the  fitting  of 
such  a  shtK'k  wave  surface  I 


Implicit  Approach 

Thts  approach''  rests  on  a  planar  Gauss-Seidel  relaxa¬ 

tion  scheme  combined  with  an  approximate  factorization  In 
the  plane  .  it  can  be  derived  from; 


-Vt 


+  tf,,, :  -  K, 


+  2  -  t'j- 


-i- =0  (2.6.18) 

Using  a  "delta"  formulation,  an  implicitation  of  only  the  first 
order  terms  and  a  linearization  of  the  Jacohians,  Eq,(2.6. 18) 
leads  to  the  following  matrix  system  to  be  solved: 


il/A/i  Aw,^i  -t-A,Aw,.|  ,  j  +0,Aw,^i  +8,Aw,,|^  j 

\  B^Aw,^,.H  (2.6.19) 

where  RHS  represents  the  explicit  pari  of  the  scheme  and 
Aw  =  w'*'  -  w' , 


The  pseudo  space-marching  approximation  leads  to: 

=0  and  Aw,^_i,|  =  Aw,^*, 

which  amounts,  in  Eq,(2.6. 19),  to  cancel  the  term  and  to 
add  the  term  to  the  diagonal  Dj .  In  order  to  get  a  sym¬ 
metric  formulation  in  the  ca.se  of  subsonic  pockets,  the  term 
B;  is  cancelled  according  to  Ref.  1 3 

The  overall  implicit  approximate  factorization  procedure  can 
be  summed  up,  in  matrix  formulation,  as: 

(/  +  Oj''  M,)  (I  +  Dk  '  M,)  Aw  =  Dj"'  RHS  (2.6.20) 

shere  M, ,  Mj  represent  the  matrix  terms  along  the  crossflow 
directions,  and 

Dk  =  HMk  -t-  Dk 

Realistic  configurations  require  the  use  of  multi-domain  tech¬ 
niques.  For  relatively  simple  configurations  the  multi-domain 
gridding  can  be  restricted  to  the  marching  (supersonic)  direc¬ 
tion''*.  The  general  multi-domain  gridding  associated  with 
the  implicit  approach  opens  the  drxvr  to  the  computation  of 
complex  supersonic  flows  such  as  a  vortical  structure  at  the 
leeward  of  an  hypersonic  delta  wing^^  or  vehicle 
configurations  such  as  a  realistic  fighter  configuration  or  the 
Space  Shuttle  Orbiter''  . 


2.6.2  Shock-fitting  techniques 

Shock-fitting  techniques  are  founded  on  the  choice  of 


Let  i2|  be  the  upstream  domain,  with  unit  normal  ii ,  ptiinting 
downstream  with  Uj;  .  «]  the  normal  velocity  of  the  shrxk. 
For  ti|.  I  is  a  supersonic  outflow  boundary  i  >  I) 
whereas  for  12  (the  downstream  domain,  with  normal  n 
pointing  outwards  of  12).  it  is  a  subsonic  inflow  boundary 
(  -  1  <  M’  <  0  )  Therefore,  on  the  upstream  side  of  1.  all 
the  flow  quantities  either  are  computed  irom  the  full  set  of 
the  discretized  Euler  equations  (/"■*'  =  q'  or  they  are  given 
by  the  freestream  supersonic  flow  conditions  in  the  general 
case  of  bow-shock-filting 

On  the  downstream  side  of  I.  only  Eq.(2  6  12-d)  must  be 
used: 


(  p  -p‘)  +  {pii)"  (  v„  -  v’)  =  0 


(2,6.21) 


omitting  the  superscript  i/i-rl )  on  p  and  i  „ . 

The  supplementary  conditions  are  the  Rankine-Hugoniot 
jump  relations  (Eq.(  I  ..3..S))  with  .  ij : 


it ) 

p 

(  V„  -  Hj 

•  ~  Pi  •  ‘Tn  -  Ur  )  -  (2 

h ) 

p 

+  <2  >’„  = 

P  1  +  C? 

c) 

V 

II 

? 

d) 

v 

.  q  =  vt 

c) 

p 

v„  +Q  E 

=  P\  '■)„  +  0  fc'i 

where  the  superscript  (n  +  I>  has  been  omitted  on  all  vari¬ 
ables. 

These  jump  relations  together  with  Eq. (2.6.21)  appear  as  a 
system  of  6  equations  for  the  6  unknowns  p,  v,  p,  u^.  This 
non-linear  system  is  solved  by  an  iterative  method  based  on 
successive  approximations  of  (thus  of  Q )  starting  with  the 
known  value  u^".  For  a  given  Q.  the  values  of  p  and  v„ 
are  determined  from  Eq.(2,6.21)  and  Eq.(2,6.22  b).  Tangen¬ 
tial  velrxrily  components  are  given  by  Eq.(2.6.22  c.d).  Then 
Eq.(2.6.22  e)  is  solved  for  p  (after  expressing  £  in  terms  of 
the  non-conservative  variables)  and  a  new  value  is  deter¬ 
mined  from  Eq.(2.6.22  a)  leading  to  a  new  iterative  step. 

In  the  case  of  fitting  a  bow-shock  upstream  of  a  body,  the 
computational  domain  12  can  be  meshed  with  a  body-fitted 
grid  moving  like  a  concertina  between  the  bow  shock  and  the 
body  with  all  nodes  sliding  along  fixed  lines  roughly  normal 
to  the  body  and  the  shock.  This  family  of  normal  lines  has  to 
be  generated  in  a  preprocessing  step  by  any  method  giving  a 
regular  body-conforming  mesh  system  between  the  vehicle 
and  an  outer  surface  which  must  be  far  enough  from  the 
body  to  be  upstream  of  the  how  shock.  The  normal  family 
of  grid  lines  is  replaced  by  smrxjth  curves  obtained  by  piece- 
wise  polynomial  interpolation  with  an  explicit  parametriza- 
tion. 
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The  iriice  of  the  shock  on  each  of  these  curves  provides  u 
detinition  of  the  boundary  moving  at  each  time  step  at  a 
velocity  calculated  according  to  the  method  indicated  above 

A  straightforward  implementation  of  the  interlaced  grid  mo¬ 
tion  and  solution  evolution  is  given  below. 

For  a  steady  How.  calculation  of  the  solution  until  conver¬ 
gence  consists,  at  each  time  step  A/,  in  successively  execut¬ 
ing  the  three  following  stages. 

i)  The  flow  solution  at  time  ("*'  is  obtained  from  values  at 
time  l"  by  applying  the  basic  numerical  scheme  in  a  fixed 
mesh  M”  which  coincides  with  the  moving  mesh  at  time  i" . 

11)  The  new  boundary  is  determined  by  using  the  normal 
velocity  of  the  shock  calculated  as  indicated  above.  Then  in¬ 
terior  nodes  are  defined  giving  the  mesh  M"  at  time 

iii)  The  flow  quantities  at  time  ("*'  on  the  mesh  M"  are  pro¬ 
jected  vrnto  the  mesh  M"*'  using  a  first  order  Taylor  expan¬ 
sion: 


)  +  A/  VifK/"'',  A/").w  (2.6.2.^) 

where  0  is  any  flow  variable  and  where  u  denotes  the  mesh 
point  velocity  which  is  tangent  to  the  given  mesh  lines 

Due  to  the  independence  between  ihe  stages  ii)-iii)  and  the 
stage  i),  this  process  is  easy  to  implement  in  an  existing  ccxle 
written  with  an  explicit  scheme  for  a  fixed  grid. 

Other  techniques  have  been  u.sed  for  the  bow-shock  fitting 
problem  and  in  particular  the  coordinate  transformation 
methcxl  which  con.sists  in  using  the  mapping  of  the  moving 
physical  domain  to  the  fixed  computational  domain  and 
working  directly  on  the  transformed  equations  in  these  fixed 
coordinates  and  on  the  non-linear  boundary  conditions  on  the 
image  of  the  shock  boundary  to  iterate  towards  a  steady  solu¬ 
tion. 

4  detailed  discussion  of  the  relative  merits  for  different  pos¬ 
sibilities  of  mixing  the  use  of  an  explicit  or  an  implicit 
scheme  for  interior  nodes  with  the  weak  or  strong  coupling 
between  flow  solution  and  shuck  tracking  can  be  found  in 
Ref.  14. 


criterion  to  be  minimiced  opens  many  possibilities  based  ei¬ 
ther  on  physical  or  mathematical  principles  In  numerical  op 
timizaiion  techniques  for  optimum  design  the  direct  solver  is 
must  often  u.sed  as  a  "black  box"  and  the  qualities  ihai  a 
good  design  requires  for  such  a  solver  are:  short  lime 
respon.se,  low  sensitivity  to  its  numerical  discretization 
parameters  and  high  sensitivity  to  the  aerodynamic  design 
parameters. 

Therefore  numerical  optimization  is  noi  yet  frequently  used 
with  Euler  direct  solvers.  Indeed,  for  the  design  of  a  transon¬ 
ic  transport  wing,  it  is  often  said  that  full-potential  equations 
with  a  simple  quasi  three-dimensional  integral  boundary  layer 
correction  is  adequate  for  solving  this  problem  However, 
for  the  ca-se  of  purely  supersonic  flows.  Euler  solvers  can  be 
used  with  benefit  has  shown  in  Section  4.8  where  design  ap¬ 
plications  by  Sc  hone"’  and  by  Rieger-'*  are  presented  It  is 
quite  clear  that  with  the  progress  of  Euler  codes  as  analysis 
uxils.  their  usefulness  will  be  increasing  for  design  problems 
treated  by  numerical  opiimizalion 

The  second  category  of  free-boundary  problems  results  from 
Ihe  specification  of  a  flow  quantity  on  the  unknown  boun¬ 
dary.  We  shall  concentrate  the  present  discussion  on  this  kind 
of  problem  and  its  discretization 


We  consider  the  problem  of  a  fluid  flow  in  a  domain  il  with 
a  boundary  F  which  comprises  a  slip-line  or  slip-surface  1. 
not  a  priori  known  and  which  must  be  found  as  a  part  of  the 
solution  priKCss.  This  boundary  surface  is  considered  as  a 
material  surface.  In  other  words,  if  a  fluid  particle  is  on  the 
free  surface  it  forever  remains  on  it.  Let  assume  that  Z  can 
be  represented  by  a  single-value  function: 

;  =  P  (  .r  .  y  ,  f  1  (2.6.24) 


Then  the  above  assumptions  mean  that  there  is  a  kincmatical 
boundary  condition  holding  on  I: 


i/B  ^  ^  ^  '■)P 

Jl  at  ox  o\ 


( 2.6.2.“' 1 


The  other  condition  is  a  pressure  condition: 


p  =  K(  X  .  y  .  I)  on  Z 


(2.6.26) 


2.6.3  Inverse  design  and  free-surface  flows 

Free  surface  flows,  shock-fitting  methods,  inverse  and  design 
problems  all  belong  to  the  same  mathematical  class  of  free¬ 
boundary  problems  as  opposed  to  the  more  usual  fixed¬ 
boundary  problems. 


The  simplest  case  is  tt  =  amsluni  for  a  free-surface  flow  like 
in  the  hydrodynamic  ship  wave  problem  studied  in  Ref.  29  or 
for  an  engine  jet  with  external  flow  at  rest 

The  case  It  =  /  (.v  .y )  can  correspond  to  an  inverse  design 
problem  where  a  pressure  distribution  isjsrescribed  on  a  part 
Z  of  a  body  limiting  the  flow  domain  12*' 


For  all  those  flow  problems,  a  part  of  the  boundary  limiting 
Ihe  domain  occupied  by  the  fluid  is  a  priori  unknown  and  has 
to  be  found  during  the  solution  process. 


As  in  the  previous  Subsection  on  shock-fitting,  there  are  two 
main  possibilities  for  treating  the  moving  mesh  problem  with 
curvilinear  body-fitted  grids: 


By  comparison  with  a  fixed-boundary  problem,  it  is  clear  that 
the  relaxation  of  the  parameters  defining  Ihe  position  of  Ihe 
flow  domain  boundary  yields  a  larger  class  of  solutions 
among  which  the  selection  of  a  particular  one  may  result  ei¬ 
ther  from  the  optimization  of  some  criterion  or  from  the 
prescription  of  a  supplementary  boundary  data  (in  principle 
Ihe  pressure)  in  order  to  get  uniqueness. 


1)  Working  in  the  physical  moving  domain  ii  with  three 
stages  at  each  time  step  towards  a  steady  state  solution*'. 

2)  Working  in  the  computational  domain  after  a  transforma¬ 
tion  of  coordinates  from  .x,  y.  r  to  q,  rj,  ^  and  solving  Ihe 
transformed  flow  equations  and  free-surface  conditions  in  al¬ 
ternate  stages  at  each  lime  step 


The  first  case  corresponds  to  optimum  design  problems, 
whereas  the  second  is  usually  named  an  inverse  problem.  A 
detailed  classification  of  the  various  methods  for  solving 
these  problems  can  be  found  in  Ref.  23  whereas  several  of 
them  are  described  in  Refs.  24  and  25. 

Optimum  design  problems  are  generally  solved  by  coupling  a 
"direct  solver"  (a  solver  with  a  given  fixed  boundary),  a 
boundary  shape  and  grid  updating  algorithm  and  a  numerical 
optimization  code  allowing  to  progressively  modify  the  boun¬ 
dary  shape  until  an  optimum  is  reached.  The  definition  of  the 


It  is  also  possible  to  replace  the  alternate  stages  of  solving 
the  flow  equations  with  a  given  provisional  boundary  shape 
and  then  of  updating  the  position  of  the  boundary,  by  a 
simultaneous  solution  in  a  strong  coupling  between  these  two 
stages  but  at  the  cost  of  a  more  complex  solution  method. 
This  is  the  ca.se  for  Ihe  Newton  solution  of  the  mixed  inverse 
method  of  Drela  and  Giles  *-. 

The  most  important  points  are  in  any  ca.se  the  choice  of  the 
boundary  conditions  and  of  the  updating  method  for  the  posi¬ 
tion  of  Ihe  material  surface  Z. 
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Coming  back  to  Eq.(2.6. 12).  we  are  in  the  situaiion  where  the 
relative  tluij  velocity  is  zero  (v„  =  u^)  and  only  the  charac- 
terrstic  relations  corresponding  to  X,  =  v,  -  u  has  to  be  re¬ 
placed  by  the  pressure  boundary  condition  Eq.l2.6  26),  in¬ 
dependently  of  the  subsonic  or  supersonic  character  of  the 
Bow  in  the  tangential  direction  in  il  along  1. 

At  each  time  step,  the  flow  solution  can  be  solved  with  these 
boundary  conditions  c  ,  x.  then  from  the  relation  bl.c)  and  d) 
in  Eq.(2.6.l2)  and  from  the  known  value  of  p"*'.  the  fluid 
veliKity  is  obtained  at  time  n-i-l.  Thus  a  new  value  of  Uj;  is 
available  which  can  be  u.sed  with  Eq. (2.6.25)  to  get  a  new 
position  of  £  at  time  n  -i- 1 . 

This  system  of  equations  for  the  unknown  free  surface  is 
discretized  in  a  straightforward  manner  hut  must  include  a 
dissipation  term  at  lea.sl  in  the  flow  direction  (or  an  upwind- 
ing  differencing)  in  order  to  avoid  decoupling  of  the  solution 
with  purely  centered  differencing 
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Chapter  3 


Survey  of  Msyor  Individual  Euler  Codes  and  their  Capabilities 


The  increasing  importance  of  computational  aerodynamic  meth¬ 
ods,  based  on  the  Euler  equations,  in  industrial  d^ign  work  is 
evident  from  the  widespre^  development  activities  in  all  major 
aerospace  industries. 

In  the  following  sections  an  attempt  is  made  to  gather  all  pub¬ 
licly  available  information  on  relevant  Euler  codi^  currently  in 
industrial  use  in  the  NATO  countries.  Other  countries,  with  the 
exception  of  Sweden  and  Switzerland,  have  not  been  considered 
and  were  not  in  the  scope  of  this  publication.  Although  a  great 
deal  of  time  was  invested  in  accumulating  this  information  we 
realize  that  other  codes  may  exist  in  industrial  sectors  and  re¬ 
search  establishments  that  we  are  not  aware  of.  Nevertheless, 
we  believe  that  most  of  the  codes  are  represented,  which  en¬ 
ables  us  to  call  this  collection  an  Euler-code  corr;iendium. 

In  addition  to  a  short  overview  of  the  capabilities  of  the  individ¬ 
ual  codes,  the  essential  characterisitics  are  also  compiled  in  ta¬ 
bles.  Related  references  are  pointed  out  and  a  person  serving  as 
point  of  contact  (POC)  for  questions  is  listed  for  each  code.  We 
have  tried  to  keep  the  list  as  concise  as  possible.  The  presenta¬ 
tion  is  focused  on  general  purpose  codes  with  respect  to  their 
capability  in  treating  3-0  complex  problems  in  a  regime  that 
ranges  from  subsonic  to  supersonic  now.  Based  on  recent  pro¬ 
jects  in  the  United  Slates  arid  Europe,  many  codes  also  have  the 
capability  to  handle  hypersonic  flow  problems  and  can  address 
gas  slates  in  chemical  and  thermodynamical  equilibrium  and 
in  non  equilibrium. 

The  following  codes  focus  mainly  on  external  aerodynamics, 
but  some  of  them  are  also  applicable  for  internal  flow,  espe¬ 
cially  on  turbomachinery  flow  problems.  Although  the  b^ic 
theory  for  treating  numerically  inviscid  flow  problems  is  out¬ 
lined  in  previous  chapters  it  has  to  be  pointed  out  that  a  thor¬ 
ough  treatment  of  the  specific  aspects  of  turbomachinery  flow 
simulation  can  be  found  in  the  publication  of  another  AGARD 
working  group  under  the  editorial  supervision  of  Prof.  Ch. 
Hirsch,  VUB-Brussels. 

A  high  percentage  of  codes  are  based  on  structured  multiblock 
grid  approaches  that  rely  on  a  conservative  finite-volume  dis- 
cretiatation  technique,  a  numerical  approximation  scheme  being 
outlined  in  the  late  70’s.  The  success  of  the  methodology  in  the 
aerospace  industry  can  be  attributed  to  the  fact  that  a  discretiza¬ 
tion  and  time  integration  scheme  was  made  available  early 
which  proved  to  be  robust,  simple  and  accurate  enough  to  be 
accepted  in  industrial  environments.  Therefore,  the  landmark 
paper  of  Jameson,  Schmidt  and  Turkel'  stood  as  initial  baseline 
for  many  first  efforts  in  the  field  of  inviscid  flow  simulation  by 
solution  of  the  Euler  equations.  In  the  meantime  the  concepts 
for  numerically  approximating  the  convective  terms  in  the  gov¬ 
erning  equations  have  been  improved  and  refined  and  have 
been  implemented  in  many  advanced  general-purpose  codes. 

Essential  to  the  success  of  numerical  field  methods  for  solution 
of  the  steady-state  inviscid  flow  equations  is  the  invention  of 
the  so-called  multigrid  technique  as  one  of  the  most  effective 
and  cost-efficient  convergence  acceleration  methods  known  to¬ 
day.  The  improvements  in  performance  of  computer  hardware 
over  the  last  20  years  together  with  such  algorithmic  quantum 
steps,  has  enabled  the  introduction  of  Euler  methods  into  rou¬ 
tine  industrial  design  and  optimization  cycles. 


However,  as  the  strength  of  the  codes  continue  to  increase  with 
respect  to  their  ability  to  treat  geometrically  complex  flow 
problems,  structured  multiblock  mesh  generation  appears  to  be 
the  costly  bottleneck  in  the  Euler  flow -simulation  business. 

In  the  face  of  high  investments  in  sufficient  cosl-efficieni  grid 
generation  systems,  strong  efforts  in  the  development  of 
unstructured-grid  approaches  have  been  supported  to  circum¬ 
vent  a  possible  deadlock  between  industrial  task  requirements 
and  costs.  An  early  view  of  emerging  problems  have  led  to  the 
systematic  development  of  finite-element  methods  for  fluid 
flow  problems  at  INRIA  in  France.  However,  it  seems  now  that 
unstructured  approaches,  based  on  finite-volume  schemes,  are 
likely  to  achieve  a  similar  success  and  acceptance  in  industry 
'  >  ihe  structured  multiblock  approaches  have  both  now  and  in 
the  past.  In  this  context  it  may  be  of  some  interest  that  past  and 
future  tren^  in  numerical  techniques  are  discussed  in  recent 
overviews.”^ 

The  inviscid  methods  in  industrial  use  today  have  reached  a 
sufficient  maturity  and  can  be  applied  with  confidence.  There¬ 
fore.  in  Chapter  4  we  have  provided  a  limited  but  representa¬ 
tive  selection  of  simulation  results  that  spans  a  fairly  wide  field 
of  practical  applications. 

Highly  accurate  2-D  datum  solutions  pa.sl  airfoils  (section  4.1) 
and  3-D  computational  results  of  flows  around  wings  (section 
4.2)  are  presented  as  well  as  the  capability  of  the  Euler  equa¬ 
tions  to  capture  vortical  flows  (section  4.3).  The  challenging 
aim  of  the  80’s  to  treat  complete  air-vehicle  configurations 
(section  4.4)  has  been  achieved  by  some  of  the  codes  described 
subsequently.  Euler  simulations  address  also  many  relevant  is¬ 
sues  to  propeller  and  propulsion  flow  problems  as  outlined  in 
section  4.5  and  are  «i  importance  for  design  support  of  space 
transportation  systems  that  operate  at  hypersonic  speeds  (sec¬ 
tion  4.6).  Applications  for  3-D  unsteady  flows  are  emerging 
(section  4.7)  as  well  as  early  attempts  at  integrating  Euler  solv¬ 
ers  into  optimization  procedures  to  improve  the  design  for  rele¬ 
vant  design  parameters  (section.  4.8). 

It  has  to  be  pointed  out  that  all  results  presented  have  been 
gained  by  the  methods  and  codes  describe  subsequently.  De¬ 
spite  the  fact  that  the  results  obtained  so  far  are  impressive,  in¬ 
dustrial  needs  and  pressure  to  reduce  costs  will  push  develop¬ 
ments  of  those  methodologies  that  no  longer  require  the 
permanent  interaction  of  CTO  experts  and.  therefore,  can  be 
operated  directly  by  the  design  team.  Evidence  that  support  this 
conclusion  can  already  be  seen  in  the  code  compilation. 
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3.1  CODES  FROM  NORTH  AMERICA 


3.1.1  Overview 

This  section  Ubulates  computer  codes  that  are  being  used  to 
solve  the  Euler  equations  in  the  United  States  and  Canada.  The 
codes  are  developed  and  are  available  through  university,  gov¬ 
ernment,  and  industrial  organizations.  The  majority  of  the  algo¬ 
rithm  developments  have  occurred  at  government  research 
laboratories  and  through  government-sponsored  university  re¬ 
search:  the  resulting  codes,  often  general-purpose  algorithms, 
are  in  the  public  domain  and  are  widely  disseminated.  The 
codes  developed  by  industry  are  often  tailored  to  a  specific 
need  and  are  usually  proprietary  software.  A  general  discussion 
of  the  distinguishing  capabilities  of  the  codes  are  discussed  be¬ 
low. 

Discrttizalion  Technique 

In  their  basic  discretization,  the  majority  of  the  codes  use  the 
finite-volume  technique  or  the  closely  related  Galerkin  finite- 
element  method:  the  rest  are  finite-difference  discretizations. 
Approximately  half  of  the  codes  solve  for  the  flow  variables  as 
cell-centered  quantities,  as  opposed  to  cell-vertex  or  node- 
centered  variables.  For  codes  designed  for  unsteady  flow  simu¬ 
lations,  the  cell-centered  finite-volume  approach  is  most  com¬ 
monly  u.sed. 

Grids 

In  terms  of  grids,  the  recent  trend  has  been  toward  the  develop¬ 
ment  of  un.structured  grid  methods;  for  2-D  Euler  applications, 
these  methods  are  sufficiently  developed  that  to  be  the  method 
of  choice,  largely  because  of  the  generality  and  simplicity  of 
the  grid  generation.  For  .^-D  Euler  applications,  the 
unstructured-grid  codes  are  demonstrated  to  be  competitive 
with  the  structured-grid  methods.  The  adaptive-grid  method  is 
incorporated  in  several  of  these  codes  (NS72,  FUN2D,  LaRC- 
l,  WULeggo)  to  increase  the  efficiency  of  the  unstructured- 
grid  codes  considerably.  The  adaptive-grid  codes  generally  use 
tetrahedral  cells  in  three-dimensions,  although  the  WL/Leggo 
code  adapts  through  the  continual  refinement  of  hexahedral 
cells.  The  LaRC-l  code  incorporates  both  temporal  and  spatial 
adaption  capabilities  for  the  time-accurate  simulation  of  3-D 
flows. 

The  structured-grid  methods  have  been  under  development  and 
in  use  longer  than  the  unstructured-grid  methods  for  aerody¬ 
namic  applications  and  are  highly  evolved  However,  the  gen¬ 
eration  of  a  multiblock  structured-grid  generally  requires  con¬ 
siderably  more  man  hours  than  the  computer  time  required  to 
generate  the  solution  to  either  the  Euler  or  Navier-Stokes  equa¬ 
tions  on  the  resulting  grid.  The  majority  of  the  codes  listed  are, 
in  fact,  multiblock  structured-grid  codes.  The  multiblock 
structured-grid  codes  are  also  those  that  form  the  basis  for  most 
general-purpose  codes  for  solving  the  Euler  or  Navier-Stokes 
equations.  The  patched  grid  method  is  used  in  several  general- 
purpose  codes  (CFL3D^  F3D,  UTRC-I)  to  simplify  the  task 
of  grid  generation  for  complex  configurations  and  is  used  in 
.several  of  the  space-marching  solvers  (EMTAC-MZ, 
CFL3DE).  The  overset-grid  method  is  less  frequently  available 
and  is  included  in  only  two  of  the  codes  listed.  The  monoblock 
structured-grid  codes  are  generally  special-purpose  codes,  such 
as  the  shock-fitting  GAUSS2D  code  or  the  finite-rate  chemistry 
SPARK3Dcode. 

SpacelTime  Discretization 

The  majority  of  the  codes  use  the  method-of-lines  technique  to 
decouple  the  spatial  discretization  from  the  temporal  discretiza¬ 
tion.  The  advantage  to  this  approach  is  that  the  steady  state  is 
independent  of  the  time  step.  The  coupled  space/time  disaeti- 
zation  methods  are  predictor-corrector  MacCormack  schemes. 
The  SPARK3D  code  is  a  predictor-corrector  scheme  with 
second-order-accurate  temporal  differendng  ^  d  second-  or 
fouph-order-accurnte  spatial  accuracy.  It  is  the  only  code  listed 
with  a  spatial  accuracy  greater  than  second  order.  The  temporal 
accuracy  of  the  codes  listed  is  no  greater  than  second  order. 


The  spatial  differencing  methods  of  the  codes  can  be  roughly 
equally  divided  into  central  or  upwind-biased  discretization. 
The  dissipation  of  the  central  difference  schemes  is  universally 
patterned  after  the  second-  and  fourth-difference  operators  in¬ 
troduced  by  Jameson,  Schmidt,  and  Turkel.  This  discretization 
is  used  in  the  FLO-57/FLO-67/AIRPLANE  series  of  codes  de¬ 
veloped  by  Jameson,  which  are  widely  used  in  the  aircraft  in¬ 
dustry  and  form  the  basis  of  many  of  the  codes  listed,  such  as 
the  TEAM  and  TLNS3D  codes.  The  dissipation  model  most 
frequently  used  is  a  scalar  (spectral  radius  scaling)  type  with 
coefficient  similar  to  those  introduced  originally.  The  coeffi¬ 
cients  have  been  modified  in  some  codes  to  improve  the  shock¬ 
capturing  performance  at  hypersonic  speeds  (TLNS3D),  and 
several  code'  Have  the  option  of  using  dissipative  operators  de¬ 
signed  on  the  basis  of  maintaining  total-variation-diminishing 
(TVD)  features  fur  improving  the  capture  of  strong  shocks 
(TEAM,  MDTSL3D).  llie  matrix  dissipation  technique  is  used 
in  codes  that  also  serve  as  Navier-Stokes  solvers,  such  as  in 
TLNS3D,  in  order  to  improve  the  resolution  of  the  viscous  lay¬ 
ers. 

The  upwind-biased  discretizations  generally  use  the  MUSCL 
approach  of  Van  Leer.  A  coordinate-by-coordinate  decomposi¬ 
tion  of  the  hyperbolic  equations  is  used  in  all  of  the  codes 
listed.  The  locally  l-D  Riemann  problem  solved  at  the  interface 
is  generally  accomplished  with  the  flux-vector  splittings  of 
either  Van  Leer  or  Steger-Warming,  or  the  flux-difference 
splitting  of  Roe.  The  ZEUS  code  solves  the  full,  locally  1-0 
Riemann  problem  at  the  interface.  The  flux-difference-splitting 
approach  is  preferred  for  codes  that  also  serve  as  viscous  solv¬ 
ers  because  the  resolution  of  the  boundary  layers  is  improved. 

The  use  of  shock -capturing  schemes  is  nearly  universal.  Only 
one  floaling-shock-filting  code  (GAUSS2D),  which  uses  ihe 
nonconservative  split-coefficient  method  as  the  basic  discreti¬ 
zation,  is  listed  for  2-D  airfoil  flows.  The  SCRAM  code  is  also 
a  nonconservative  discretization  that  uses  Riemann  variables, 
but  uses  a  shock-fitting  technique  for  the  bow  shock  wave. 
Several  other  space-marching  codes  (SWINT,  ZEUS)  u.sc 
shock-fitting  of  the  bow  shock  wave  to  improve  the  resolution. 

A  hybrid  discretization  is  used  in  several  codes  (M1M3D,  F3D, 
LeRC-l)  that  combines  central  differencing  in  two  directions 
with  upwind  differencing  in  a  single  direction.  The  hybrid  dif¬ 
ferencing  of  MIM3D  is  designed  to  facilitate  space-marching 
solutions  by  using  an  upwind  discretization  and  an  explicit 
space- marching  schemes  in  Ihe  supersonic  sireamwise  direc¬ 
tion:  in  the  crossflow  direction,  a  central-differencing  discreti¬ 
zation  with  a  Runge-Kulta  explicit  scheme  with  convergence 
acceleration  is  used.  In  the  F3D  and  LeRC-l  codes,  Ihe  upwind 
differencing  is  -’one  in  a  single  generalized-coordinate  direc¬ 
tion  in  order  to  iacilitale  the  introduction  of  two-factor  implicit 
schemes. 

Nearly  all  of  the  codes  listed  are  implicit  schemes,  if  one  ad¬ 
mits  that  Ihe  Runge-Kuita  explicit  schemes  with  residual 
smooling  are  actually  implicit  schemes,  because  Ihe  solution  to 
a  system  of  algebraic  equations  is  required  to  ailvance  the  solu¬ 
tion  in  time.  The  Runge-Kutta  scheme  introduced  by  Jameson. 
Schmidt,  and  Turkel  with  residual  smoothing  and  enthalpy 
damping  is  used  widely  in  the  central-difference  codes  listed. 
Other  implicit  codes  use  an  approximation  to  the  direct  solu¬ 
tion  of  the  linear  system  arising  from  backward-time  discretiza¬ 
tion;  the  approximations  arise  from  spatial  factorizations 
(CFUD.  USA,  ARC3D,  PARC3D.  NASTD,  FDL3DI),  eigen¬ 
value  factorizations  (EAGLE,  CENS3D),  or  hybrid  factoriza¬ 
tion  relaxations  (F3D,  CFL3DE,  EMTAC/EMTAC-MZ, 
LeRC-l).  Several  codes  listed  use  the  diagonalization  method 
of  Pulliam  and  Chaussee  to  reduce  the  block  inversions  :o  sca¬ 
lar  inversions  for  tire  tnc'''gonal  or  pentadiagonal  equations  as¬ 
sociated  with  the  approximate  factorizations  (.VF).  In  only  two 
codes  (ISES  and  FEMSAP2D)  are  direct  solver  used  and  both 
are  limited  to  2-D  flows. 

Convergence  Acceleration 

All  of  the  codes  use  local  time  stepping  to  accelerate  conver¬ 
gence  to  steady  .state.  The  mulligrid  technique  is  incorporated 


s- 


in  many  of  the  cenirai-tliffercnce  Runge-Kulla  codes  (FLO-57, 
FLO-67,  TLNS3D,  MIM3D).  patterned  after  the  methodology 
of  Jameson  which  uses  the  full  approximation  scheme  (FAS). 
The  residual  smoothing,  enthalpy  damping,  and  Runge-Kutta 
coefficients  have  been  design^  such  that  convergence  has 
been  demonstrated  in  0(N)  operators  for  both  inviscid  and  vis¬ 
cous  flows.  This  basic  approach  is  also  u.sed  in  the 
unstructured-grid  code  (NS72)  developed  by  Mavriplis  and  in 
the  FUN2D  scheme.  The  multigrid  scheme  is  also  incorporated 
in  the  Lax-Wendroff  UTRC-I  code,  the  MGFD  code  from 
Canada,  and  the  implicit  approximately  factored  CFL3D  code, 
all  of  which  are  multiblock  structured-grid  codes. 

Several  of  the  codes  (LaRC-l,  CFL3D,  EAGLE,  FDL3DI, 
AutoFEM)  offer  the  option  of  local  subiterations  to  improve 
the  initial  approximations  to  ihe  linear  systems  that  arise  from 
single-step  factorizations  or  relaxations.  This  feature  is  gener¬ 
ally  used  for  codes  that  are  u.sed  to  solve  unsteady  flows.  For 
co^s  that  incorporate  finite-tale  chemistry  models,  the  source 
terms  that  arise  are  treated  implicitly  to  accelerate  convergence 
and  to  overaime  restrictive  time-step  limitations. 

SptcuU  Features 

The  special  features  of  the  codes  indicate  uiuque  or  extensive 
application  areas,  flow  models,  boundary  conditions,  and/or  so¬ 
lution  algorithms.  Many  of  the  special  features  are  highlighted 


3.1.2  Presentation  of  Individual  Codes 
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in  the  applications  section  that  follows.  The  inclusion  of  vis¬ 
cous  effects  is  generally  accomplished  through  incorporation  of 
the  Navier-Stokes  terms.  The  resulting  discretization  uses  the 
methodology  of  the  baseline  Euler  solver  to  treat  the  convec¬ 
tive  and  pressure  terms;  the  viscous  shear  and  heat  transfer 
terms  are  treated  with  central  differences.  A  number  of  these 
general-purpose  codes  are  listed.  As  exceptions,  the  ISES  code 
uses  an  integral  boundary-layer  model  and  can  accommodate 
mildly  separated  flows  through  coupling  of  the  integral  equa¬ 
tions  with  the  direct  Euler  solution  method.  The  UTRC- 1  code 
uses  a  surface  shear  stress  model  to  approximate  viscous  ef¬ 
fects.  Several  codes  that  have  evolved  from  space-marching 
Euler  algorithms  also  can  serve  as  parabolized  Navier-Stokes 
solvers  (LaRC-2,  CFL3DE);  two  codes  (USA,  GASP)  are  suf¬ 
ficiently  general  to  allow  time-dependent  solutions  to  both  the 
Euler  arid  Navier-Stokes  equations  and  supersonic  space¬ 
marching  solutions  hi  the  Euler  and  parabolized  Navier-Stokes 
equations.  The  codes  SPARK3D,  USA.  GASP,  SCRAM,  and 
MDNS3D  have  generalized  equations  of  state  and/or  finite-rate 
chemistry  capabilities  that  were  developed  for  applications  to 
high  Mach-number  flows. 

The  majority  of  the  codes  are  designed  to  recover  sleady-.state 
soliilions  to  the  Euler  equations.  The  ability  to  simulate  un¬ 
steady  flows,  including  dynamic  forced-oscillation  and  aero- 
elastic  coupling  motions,  are  available  in  the  codes  F3D, 
CFUD,  URC-I.  EAGLE  and  AutoFEM 
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unstructured, 

tetrahedrons 


central  differencing. 
Runge-Kutta  explicit 
scheme 


local  time  stepping, 
residual  smoothing, 
enthalpy  damping 


110 


COMPAMY/  INSTITUTION:  Princaton  Univwsity 


CODE 

DISCRET. 

TECHNIQUE 

GRIDS 

SPACE/TIME 

DISCRET. 

CONVERGENCE 

ACCELERATION 

FLO-S7 

3-0, 

finite- volume, 
cell- vertex 

multiblock-structured 

central  differencing. 
Runge-Kutta  explicit 
scheme 

local  time  stepping, 
residual  smoothing, 
enthalpy  damping . 
multigrid 

Euler/Navier-Stokes 

solver 

3-D, 

finUo- volume, 
cell-centered 

muttiblock-structured 

central  differencing. 
Runge-Kutta  explicit 
scheme 

local  lime  stepping, 
residual  smoothing, 
enthalpy  damping . 
multigrid 

Euler/Navier-Stokes 

solver 

45. 

46 

i  COMPANY  /  INSTITUTION;  Lockheed  Aeronautical  Systems  Company 


CODE 

DISCRET. 

TECHNIQUE 

GRIDS 

SPACE/TIME 

DISCRET. 

CONVERGENCE 

ACCELERATION 

SPECIAL 

FEATURES 

REF. 

TEAM 

3-D, 

finite- volume, 
cell-vertex 

multiblock-structured 
patched  grids 

central  differendng 
scheme  or  upwind 
symmetric  TVO  scheme, 
Runge-Kutta  explicit 
scheme 

local  lime  stepping, 
residual  smoothing, 
enthalpy  damping 

Euler/Navier-Stokes 
solver,  turbine 
applications 

12. 

13, 

14 

COMPANY  /  INSTITUTION:  NASA  Langley  Research  Center 


GRIDS 

i 

SPACE/TIME 

DISCRET. 

CONVERGENCE 

ACCELERATION 

POC 

• 

• 

• 

• 

• 

• 

V 

USM30 

3-D, 

finite-volume. 

cell-centered 

unstructured. 

tetrahedrons 

upwind  biased 
(flux-difference-splitting) 
differencing.  Runge-Kutta 
explicit  scheme 

kx^ai  time  stepping, 
residual  smoothing 

advancing-front  grid 
generation 

1 

18 

i 

! 

5  j 

CFL30 

3-0. 

finite-volume. 

cell-centered 

multiblock-structuted 
patched  and/or 
overset  grids 

upwind-biased 
(flux-vector-  or 
flux-difference-splitting) 
differencing,  three-facfor 
AF  scheme  with  diagonal 
or  block  inversions 

1  local  time  stepping, 
multigrid 

Euler/Navier-Stokes 
solver,  aeroelastic 
applications 

1 

20 

NS72 

3-0. 

finite-element. 

cell-vertex 

unstructured, 
tetrahedrons, 
spatially  adaptive 

central  differencing. 
Runge-Kutta  explicit 
scheme 

kxial  time  stepping, 
residual  smoothing, 
mulligrid 

17 

GAUSS20 

2-0. 

finite-difference 

monoblock-structured 

upwind  (split  coefficient 
method),  implicit 
(diagonal)  AF 

local  time  stepping 

floating  shock 
fitting,  porosity 
boundary  conditions 

21 

SPARK30 

3-D. 

finite-difference 

monoblock 

structured 

Predictor-corrector: 
second-/(ourth-order 
spatial  differencing, 
second-order  temporal 
differencing 

local  time  stepping, 
implicit  source  terms 

Euler/Navier-Stokes 
solver,  finite-rate 
chemistry, extensive 
applications  to 
combustors/nozzles 

24, 

52 

TLNS30 

3-D, 

finite- volume, 
cell-centered 

multiblock-structured 

! 

central  differencing  with 
scalar  or  matrix  j 

dissipation.  Runge-Kutta 
explicit  scheme  j 

kxal  time  stepping, 
residual  smoothing, 
enthalpy  damping, 
multigrid 

Euler/Navier-Stokes 
solver,  aeroelastic 
coupling 
applications 

26, 

27 

(URC-1) 

! 

3-D. 

finite-volume. 

cell-centered 

unstructured, 
tetrahedrons, 
spatially  and 
temporally  adaptive 

upwind-biased 
(flux-vector-  or 
flux-difference-splitting) 
differencing,  Runge-Kutta 
explicit  scheme  or  implicit  | 
Gauss-Seidel  schemes 

local  time  stepping, 
residual  smoothing, 
enthalpy  damping, 
subHeratkxis 

aeroelastic  coupling 
applications 

22. 

23, 

47 

(URC-2) 

finite-difference 

monoblock-sfructured 

upwind  , 

(flux-difference-splitting) 
differencing,  explicit 
space  marching 

local  time  stepping 

supersonic  Euler  or 
parabolized  Navier- 
Stokes  solver, 
axisymmetric  option 

25 

FUN2D 

2-D. 

finite- volume, 
cell-vertex 

unstructured, 
triangles,  spatially 
adaptive 

upwind-biased 
(flux-vector-  or 
flux-difference-splitting) 
differencing,  implicit 
red-black  Gauss-Seidel 
schemes 

local  time  stepping, 
multigrid 

Euler/Navier-Stokes 

srjhrer 

44. 

53 

-  ^ 


IIJ 


COMPANY  /  INSrmmON:  McOonmIl  Aircraft  Company 


OiSCRET. 

TECHNIQUE 


3-D, 

finite- volume, 
cell-centered 


3-D. 

finite-element. 
MDFENS  cell-vertex- 

based  Galerkin 


GRIOS 

SPACE/TIME 

OISCRET. 

CONVERGENCE 

ACCELERATION 

SPECIAL 

FEATURES 

REF. 

multiblock-structured 

upwind-biased 
(flux-difference-splitting, 
three-factor  AF  scheme 

tocaJ  time  stepping 

Euief/NavierStokes 

solver 

15 

monoblock-structured 

upwind  differencing  with 
Riemann  variables, 
explicit  scheme 

kxal  time  stepping 

predominantly 
supersonic  space¬ 
marching  scheme, 
fitted  bow  shock, 
real-gas  equation  of 
state 

16 

multiblock-structured 

central-differendng  with 
scatar  or  TVO  dissipation. 
Runge-Kutta  explicit 
scheme 

local  time  stepping, 
residua)  smoothing 

E  uler  /  Navier-Stokes 
solver 

1 

multiblock-structured 

central-differencing  with 
scalar  or  TVO  dissipation, 
Runge-Kutta  explicit 
scheme 

local  time  stepping 

Euler/Navier-Stokes 
solver,  finife-rate 
chemistry, 
extensive  plume 
applications 

2 

unstructured. 

tetrahedrons 

central-differendng  with 
scalar  or  flux-corrected- 
transport  dissipation, 
Runge-Kutta  or 
Lax-Wendroff  explicit 
scheme 

local  time  stepping 

Euler/Navier-Stokes 

solver 

3 

[COMPANY  /  INSmunON:  Mississippi  State  University 


OISCRET. 

TECHNIQUE 


3-D. 

finite-volume. 
I  cell-centered 


multiblock-structured  upwind-biased 
(flux-veraor-  or 
flux-difference-splitting) 
differencing,  two-factor 
LU  implicit  scheme 


E 

SPECIAL 

REF. 

N 

FEATURES 

local  time  stepping, 
discrete 

Newton-relaxation 

Euler/Navier-Stokes 
solver,  unsteady 
and  aeroelastic 
applications, 
propeller  models, 
turbine  applications 

28. 

29 

COMPANY  /  INSTITUTION:  Rockwell  International 


CODE  OISCRET. 

TECHNIQUE 


3-D, 

finite- volume, 
cell-centered 


GRIOS 

SPACEH'IME 

OISCRET. 

CONVERGENCE 

ACCELERATION 

multiblock-structured 

upwind -biased  (flux- 
difference-splitting) 
differencing,  three-factor 
AF  implicit  scheme  with 
diagonal  or  block 
inversions  or  explicit 
Runge-Kutta  scheme 

local  time  stepping 

monoblock-structured 

upwind-biased  (ftux- 
difference-splitting) 
differencing,  two-factor 

AF  implicit  scheme 

local  time  stepping 

! 

multiblock-structured 
patched  grids 

upwind-biased  (flux- 
difference-splitting) 
differencing,  two-factor 

AF  implicit  scheme 

local  time  stepping 

I  COMPANY  /  INSTITUTION:  United  Technologies  Research  Center 


OISCRET. 

TECHNIQUE 


GRIOS 

SPACE/TIME 

OISCRET. 

CONVERGENCE 

ACCELERATION 

multiblock-structured 
patched  grids 

central -differencing. 
Lax-Wendroff  explicit 
scheme 

local  time  stepping, 
multigrid 

Euler/parabolized 

Navier-Stokes/ 

Navier-Stokes 

solver 


predominantly 
supersonic  Euler 
space-marcbing 
solver,  finite  rate 
chemistry 


predominantly 
supersonic  Euler 
space-marching 
solver,  finite  rate 
chemistry 


SPECIAL 

FEATURES 


surface  shear  stress  9. 
VISCOUS  model.  1 0 

extensive  appl.  to  1 1 

turbines  &  cascades 


CON^ANY  /  INSTITUTION:  Vli^nla  Polytechnic  Institute  and  State  UnIvarsity 


CODE 

DISCRET. 

TECHNIQUE 

GRIDS 

SPACETTIME 

DISCRET. 

CONVERGENCE 

ACCELERATION 

GASP 

3-D. 

finite- volume, 
cefi-centered 

muRibiock-structured 

upwmd-biased 
(flux-vector-  or 
flux-difference-splitting) 
differencing, 

explicit/implicit  relaxation 
scheme  with  block  or 
diagonal  inversions 

local  time  stepping. 
Implied  source  terms 

CFL3DE 

3-D. 

finite- volume. 
ceU-centered 

multibkxfk-structured 
patched  grids 

upwind-biased 
(flux-vector-  or 
flux-drfference-splitting) 
differencing,  hybrid 
implicit  relaxation 
scheme 

local  time  stepping 

SPECIAL 

FEATURES 


Euler/parabotzed 
Navief'Stokes 
sotvef.  finite-rate 
chemistry 


Euler/parabofized  43 

Navief-Stokes 

solver 


COMPANY  /  INSTITUTION;  NASA  Lewis  Research  Center 


CODE 


(LaRC-1) 


3-D. 

finite-difference 


GRIDS 

SPACE/TIME 

DISCRET. 

CONVERGENCE 

ACCELERATION 

SPECIAL 

FEATURES 

REF. 

multiblock-structured 

central -differencing, 
hybrid  explicit/implicit 
scheme 

local  time  stepping 

aeroelastic  and 

propellor 

applications 

32 

COMPANY  /  INSTITUTION:  Massachusetts  Institute  of  Technology 


CODE  OISCRET.  GRIDS  SPACErTIME  CONVERGENCE 

TECHNIQUE  OISCRET.  ACCELERATION 


2-D,  multiblock-structured  central-differencing, 

finrte'VOlume  direct-solver  implicit 

scheme 


[company  /  INSTITUTION:  Naval  Surface  Warfare  Center 


GRIDS  SPACE/TIME 

OISCRET. 


multiblock-strurtured  explicit  MacCormack 
predictor-corrector 
scheme 


1 3*P  multiblock-strudured  second-order  Godunov 

ZEUS  finite-volume  predictor-corrector 

I  scheme 


COMPANY  /  INSTITUTION:  WrIght-Patterson  Air  Force  Base 

CODE  DISCRET.  GRIDS  SPACE/TIME 

TECHNIQUE  DISCRET. 


3-D, 

FDL30I  finite-difference 


3-D. 

finite- volume, 
cell-centered 

FDL30EI 


local  time  stepping 


CODE 

DISCRET. 

TECHNIQUE 

SWINT 

3-D, 

finite- volume 

ZEUS 

3-r 

finite- volume 

CONVERGENCE 

ACCELERATION 


local  time  stepping 


local  time  stepping 


coupled  integral 
boundary- layer 
scheme,  design 
capability 


SPECIAL 

FEATURES 


REF.  POC 


GRIDS 

SPACE/TIME 

DISCRET. 

CONVERGENCE 

ACCELERATION 

monoblock-structured 

central-differencing, 
implicit  three-factor  AF 
with  diagonal  or  block 
inversiorrs 

local  time  stepping, 
subiterations 

monoblock-structured 

upwind-biased 
differencing  (flux-vector- 
or  flux-difference¬ 
splitting),  Runge-Kutta 
explicit  scheme  or 
implicit-line  Gauss-Seidel 
scheme 

local  time  stepping 

unstructured, 
hexahedrons, 
adaptive  capability 

upwind  (Roe,  Marten, 

Yee  TVD),  Runge-Kutta 
explicit  scheme 

local  time  stepping 

SPECIAL  REI 
FEATURES 


Euler/Navier-Stokes  48, 
solver  49 


Euler/Navier-Stokes  50 
solver 


REF.  POC 


COIIi>AliY/mST1TIITION:Ecol*Polytochnl<|u*/CERCA  •  Cww(ta 


CODE  DISCRET.  GRIDS  SPACEntlME  CONVERGENCE 

TECHNIQUE  DISCRET.  ACCELERATION 


unslructinsd,  upwind  flux.dinefence  local  bine  stepping 


SPECIAL  REF.  POC 
FEATURES 


unsInKtined, 
moving,  adaptive 


upwind  flux.dinefence 
spMting.  explicit  time 
marching 


COMPANY  /  INSTITUTION:  Univwatty  of  Toronto,  bwtituto  for  Aoroopoco  StudiM 


I  CODE 


DISCRET. 

TECHNIQUE 

GRIDS 

SPACE/TIME 

DISCRET. 

CONVERGENCE 

ACCELERATION 

2-D. 

finite-differerKe 

muKiblock-structured 

central-differencing, 
implicit  two-factor  AF 
scheme  with  diagonal 
inversions 

local  time  stepping 

Canada 


SPECIAL 

FEATURES 


COMPANY  /  INSTITUTION:  Tha  Univaraity  of  British  Columbia  •  Canada 


GRIDS 

I  SPACE/TIME  I 
[  DISCRET.  ! 

1  CONVERGENCE 
ACCELERATION 

muKiblock-structured 

power-law  discretization. 
implicK  scheme 

j  muHigrid 

COMPANY/ INSTITUTION:  CANAOAIR  •  Canada 


1 3-D. 

FL067WB  finite-volume. 

cell-vertex 


3-0. 

finite- volume, 
cell-vertex 


moiKfblock 
structured  (C-H) 


SPACE/TIME 

DISCRET. 


central-differencing. 
Runge-Kufta,  explicit 
scheme 


multiblock-structured  central-differencing. 
(H-H).  wing-body  Runge-Kutta.  explicit 
scheme 


CONVERGENCE 

ACCELERATION 


local  Ume  stepping, 
residual  smoothing, 
enthalpy  damping . 
multigrid 


local  time  stepping, 
reskfuai  smoothing, 
enthalpy  damping, 
multigrid 


COMPANY  /  INSTITUTION:  OE  HAVILLAND  •  Canada 


CODE  DISCRET. 

TECHNIQUE 


GRIDS 

SPACE/TIME 

DISCRET. 

CONVERGENCE 

ACCELERATION 

structured 

central-differendng. 
Runge-Kutta.  explicK 
scheme 

local  time  stepping, 
residual  smoothing, 
enthalpy  damping, 
muttigrid 

45. 

46  16 


COMPANY  /  INSHTUTtON:  Concordia  University  -  Canada 


CODE  ! 

DISCRET. 

TECHNIQUE 

GRIDS 

SPACE/TIME 

DISCRET. 

CONVERGENCE 

ACCELERATION 

FEMSAP20 

2-D. 

1  Galerkin 

1  finKe-element 

monoblock 
unstructured, 
bilinear  elements 

steady  equations. 

Newton  linearization  and 
direct  solver 

marching  in  artificial 
viscosity 

COMPANY/ INSTITUTION:  CariatonUnivstrsity  -  Canada 


DISCRET. 

TECHNIQUE 


GRIDS 

SPACE/TIME 

DISCRET. 

CONVERGENCE 

ACCELERATION 

SPECIAL 

FEATURES 

REF. 

POC 

unstructured. 

8- or  15-node  brick 
elements, 
tetrahedra  or 
triangular  elemens 

Gresho's  formulation  wKh 
operator  splitting 

precondKioned 
conjugate  gradient 
solvet 

bme-accurate 
option,  hierchical 
elements 

20 

14 


3.U  P(^ts  of  Coatact 


Code(s):  ARC3D.  RD.  CENS3D 

Name;  T.  Pulliam 

Dept.;  Ruid  Dynamics  Division 

Td,:  (415)604-0417 

Mailing  Address;  NASA  Ames  Research  Center 

MS202A-2 

Moffett  Field.  CA  94035- 1000 
Tel.-Company;  (415)604-6417 
Fax-Company;  (415)604-1095 
References;  33  -  35 


Point  of  Contact  (POP  No.  6: 

Code(s).  NASTD,  SCRAM,  MDTSUD,  MDNS3D, 

MDFENS 

Name;  D.  Halt 

Dept.;  Aerodynamics  and  Right  Controls  # 

Tel.;  (314)232-0519 

Mailing  Address:  McDunnell  Aircraft  Company 
Mail  Code  111/  1041 
P.  O.  Box  516 
St.  Louis,  MO  63166 
TeL-Company:  (314)  232-0519 
Fax-Company;  (314)777-1328 

References:  1-3,  15,  16  ^ 


Polat  of  Contnct  (POCl  No.  2: 

Code(s):  M1M3D 

Name:  F.  Marconi 

Dept.;  Aero  Science  Directorate 

Tel.:  (516)  575-2228 

Mailing  Address:  Grumman  Corporate  Research  Center 
MS  A(»8-35 
Bilhpage,  NY  11714 
Tel.-Company:  516)  575-2228 

Fax-Company:  516)575-7716 

References;  ’ 


Point  of  Contact  (POO  No.  3: 

Code(s):  AIRPLANE,  FLO-67,  FLO-57 

Name;  A.  Jameson 

Dept.:  Department  of  Mechanical  and 

Aerospace  Engineering 
Tel.:  (609)258-5138 

Mailing  Address;  Princeton  University 
Princeton,  NJ  08544 
Tel.-Company:  (609)258-5138 
Fax-Company;  (609)258-1939 
References:  8,  30,  31, 45, 46 


Point  of  Contact  (POO  No.  4: 

Code(s);  TEAM 

Name:  P.  Raj 

Dept.:  Aerodynamics  Department 

Tel.:  (404)  494-3801 

Mailing  Address:  Lockheed  Aeronautical  Systems  Company 
D/73-07,  Z/0685,  B/L-10 
Marietta,  GA  30063-0685 
Tel.-Company:  (404)  494-3801 

Fax-Company:  (404)  494-3055 

References:  12  -  14 


Point  of  Contnct  (POC)  No.  5: 

Code(s);  USM3D.  CLF3D,  NS7Z  GAUSS2D, 

SPARK3D,  TLNS3D,  LaRC-1, 
LaRC-2,  FUN2D 
Name:  J.  L.  Thomas 

Dept.:  Computational  Aerodynamics  Branch 

Tel.:  (804)864-2146 

Mailing  Address:  NASA  Langley  Research  Center 
Mail  Stop  128 
Hampton,  VA  23681 
Tel.-Company;  (804)  864-2146 

Fax-Company:  (804)  864-8816 

References:  17  -  27, 44, 47,  52, 53 


Po(ntofContnct(POC)No.7: 

Code(s):  EAGLE 

Name;  D.  M.  Belk 

Dept.:  WL/MNAA 

Tel.;  (904)882-3124 

Mailing  Address:  Eglin  AFB,  FL  35342-5434 
Tel.-Company:  (904)882-3124 
Fax-Company;  (904)  8S2-2584 
References:  28, 29 


Point  of  Contact  iPOC)  No.  8: 

Code(s);  USA,  EMTAC,  EMTAC-MZ 

Name;  S.  Chakravarthy 

Dept.  Computational  Aerosdences 

Tel.:  (805)  373-4435 

Mailing  Address:  Rockwell  International  Science  Center 
P.  O.  Box  1085 
Thousand  Oaks,  CA  91358 
Tel.-Company:  (805)  373-4435 
Fax-Company:  (805)  373-4775 
References:  4  -  6 


Pohit  of  Contact  (POO  No.  9: 


Code(s); 

Name; 

Dept: 

Tel.: 

Mailing  Address: 

Tel.-Company: 

Fax-Company: 

References: 


UTRC-1 
T.  Barber 

Physical  &  Mathematical  Modeling 
Computational  Science 
(203)  727-7619 

United  Technologies  Research  Center 

East  Hartford,  CT  06108 

(203)  727-7619 

(203)  727-7656 

9-11 


Point  of  Contact  (POO  No.  10; 

Code(s);  GASP,  CFD3DE 

Name:  R.  Walters 

Dept. :  Department  of  Aerospace  and  Ocean 

Engineering 

Tel.:  (703)231-6748 

Mailing  Address:  Virginia  Polytechnic  Institute  and  State 
University 

Blacksburg,  VA  24060 
Tel.-Company:  (703)231-6748 
Fax-Company:  (703)  231-%32 
References;  36, 37, 43 


y 


Code(s): 

Name: 

Dent.: 

Tel.. 

Mailing  Address: 


Tel.-Company: 

Fax-Company: 

References: 


URC-1 
D.  R.  Reddy 

Computational  Fluid  Dynamics  Branch 

(216)  433-8133 

NASA  Lewis  Research  Center 

Mail  Stop  S-11 

21000  Brookpark  Road 

Oeveland,  OH  44135 

(216)433-8133 

(216)  433-8000 

32 


Code(s): 

Name: 

DepL: 

Tel.: 

Mailing  Address: 


Tel. -Company: 
Fax-Company: 
References: 


UTMB2D 
D.W.  Zingg 

Institute  of  Aerospace  Studies 
(416)667-7709 
University  of  Toronto 
4925  Dufferin  Street 
Downsview,  Ontario 
CANADA  M3H  5T6 
(416)667-7709 
(416)667-7799 
55 


Code(s): 

Name: 

Dept.: 

Tel.: 

Mailing  Address: 


Tel.-Company: 

Fax-Company: 

References: 


ISES 
M.  Drela 

Aeronautics  and  Astronautics 
(617)  253-0067 

MIT  Technology  Licensing  Office 
(Heather  Mapstone) 

MIT  E32-300 
Cambridge,  MA  02139 
(617)  253-6966 
(617)253-6790 
38,39 


Code(s): 

Name: 

Dept.: 

Tel.: 

Mailing  Address: 


Tel.-Company: 

Fax-Company: 

References: 


MGFD 
M.  Salcudean 

Dept,  of  Mechanical  Engineering 
(604)  822-2781 

The  University  of  British  Columbia 
2324  Main  Mall 
Vancouver,  British  Columbia 
CANADA  V6T  1Z4 
(604)  822-2781 
(604)  822-2403 


Code(s): 

Name: 

Dept.: 

Tel.: 

Mailing  Address: 


Tel.-Company: 

Fax-Company: 

References: 


SWINT,  ZEUS 
A.  B.  Wardlaw,  Jr. 

Informauon  and  System  Sciences  Branch 

Naval  Surface  Warfare  Center 
Code  B44 

10901  New  Hampshire  Avenue 
Silver  Spring,  MD  20903 
(301)  394-2265 
(301)394-3923 
40-42 


Code(s): 

Name: 

Dept.: 

Tel.: 

Mailing  Address: 


Tel.-Company: 
Fax -Company: 
References: 


FL067WB,  MBTEC,  MGAERO 
F.  Fortin 

High  Speed  Aerodynamics  Laboratory 
(613)998-9201 

The  National  Research  Council  Canada 

Institute  for  Aerospace  Research 

CANADA  K1A0R6 

(613)998-9201 

(613)998-1281 

8, 45,  46 


Point  of  Contnct  ( 


)C)  No.  19: 


Code(s): 

Name: 

Dept.: 

Tel.: 

Mailing  Address: 


Tel.-Company: 
Fax -Company; 
References: 


FDUDI,  FDL3DEI,  WL/Leggo 
W.  P.  Webster 

Computational  Ruid  Dynamics  Division 

(513)  255-2551 

WL/FIMC 

Bldg.  450 

2645  5th  St.,  Ste.  7 

Wright-Patterson  AFB,  OH  45433-7913 

(513)255-2551 

(513)476-4210 

48-51 


Code(s): 

Name: 

Dept.: 

Tel.: 

Mailing  Address: 


Tel.-Company: 

Fax-Company: 

References; 


FEMSAP2D 
W.G.  Habashi 

Dept,  of  Mechanical  Engineering 
(514)848-3165 

Concordia  University  CFD  Lab 
1455  De  Maisonneuve  W. 
Montreal,  Quebec 
CANADA  H3G  IMS 
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CODES  FROM  FRANCE,  BELGIUM,  ITALY 
GREECE  AND  TURKEY 


3^.1  OVERVIEW 

Amoa^  (he  3-D  Euler  codes  used  in  industry  for  complex  con¬ 
figurations,  a  majority  of  them  is  of  the  multiblock  struaured 
grid  type  and  practically  all  codes  ate  derived  from  a  finite- 
volume  discretization.  These  codes,  developed  either  directly 
by  industrial  companies  or  by  research  institutes,  are  generally 
implemented  together  with  an  independent  grid  generation  sys¬ 
tem. 

It  is  noted  that  in  France  and  in  Belgium  upwind  schemes  have 
been  largely  favoured  for  many  years  and  that,  for  the  case  of 
space  centered  differencing,  classical  variants  of  the  Lax  Wen- 
dtoff  scheme  (SESAME,  AEROLOG)  or  a  more  original  one 
(WAVES)  have  been  preferred  over  the  Runge-Kutta  central 
schemes  of  Jameson  et  al  (e.g.  Ref.  3.0,1).  By  contrast  Jameson 
schemes  are  favoured  in  the  3-D  codes  used  by  industry  in  It¬ 
aly. 

However,  the  tendency  for  most  of  multi-application  codes  has 
been  to  progressively  incorporate  variants  which  are  added  to 
existing  capabilities  in  order  to  provide  the  users  with  a  larger 
choice  according  to  their  needs.  Indeed,  the  different  objectives 
of  robustness,  accuracy  or  low  computer  costs  can  strongly  in¬ 
fluence  the  choice  of  the  options  available  in  a  general  code  for 
various  applications. 

Another  common  tendency  is  the  extension  of  Euler  codes  to 
Navier-Stokt'<;  solvers  by  including  viscous  terms  and  turbu¬ 
lence  models. 

After  these  general  statements  we  will  survey  the  various  codes 
developed  to  solve  the  Euler  equations  by  different  companies 
or  research  laboratories. 

In  France  at  ONERA  (French  National  Aerospace  Research 
Institute)  several  different  Euler  codes^have  been  worked  out. 
The  SESAME  code  is  a  multidomain'  '  solver  with  or  without 
overlapping  of  blocks  based  on  a  Lax-Wendroff-Ni  finite- 
volume  method  of  cell  vertex  type  with  a  multigrid  accelera¬ 
tion  technique.,^'*  It  has  been  recently  completed  with  a  Runge- 
Kutta  time  stepping  scheme  in  a  cell-centered  discretization 
making  the  multiblock  boundary  treatment  easier.  Both  internal 
(turbomachinery^’®)  and  external  (transport  aircraft^)  flows  can 
be  computed  with  this  code  which  has  a  closely  related  Navier- 
Stokes  extension  (CANARI).  The  WAVES  code  is  more  spe¬ 
cific  and  it  is  founded  on  the  implicit  Lerat  scheme  which  has 
the  unique  feature  of  being  a  centered  scheme  without  any 
added  artificial  viscosity.’'  '"  Us  domain  of  application  has  been 
mainly  helicopter  rotor  flows."  Its  fusion  with  the  SESAME 
code  has  been  recently  achieved. 

Two  other  codes  have  reached  a  level  of  industrial  use,  both  in 
the  class  of  upwind  methods.  Firstly,  the  FLU3C  code  was  de¬ 
veloped  in  close  i^peration  with  the  Missiles  Division  of 
AEROSPATIALE"  specially  for  supersonic  applications.^'^ 
Mainly  developed  at  ONERA  and  much  more  general  with  its 
multiblock  capability  and  its  large  number  of  options  (various 
numerical  fluxes  in  a  MUSCL  approach,  different  muitizone 
techniques,  implicit  time  stepping,  Navier-Stokes  extensions) 
and  its  efficiency  particularly  for  supersonic  and  hypersonic 
flows  (space-marching,  real  gas  effects),  the  FLU3M  code'^"'' 
has  a  structure  which  allows  both  complex  applications  and  the 
implementation  of  new  modules  at  the  research  or  development 
level.  Other  Euler  codes  can  be  quoted  which  are  developed  at 
ONERA  in  the  Structures  Department  for  aeroelasticity 
(EF3D'’'^  and  in  the  Propulsion  Department.^™ 

AEROSPATIALE  uses  Euler  codes  provided  by  ONERA 
(FLU3C,  SESAME,  FLU3M)  but  has  also  made  some  develop¬ 
ment  of  codes  such  as  CELGR3D  in  the  Space  and  Defence 
Division.  This  solver  is  of  unstructured  type  with  hexahedra 
and  upwnd  schemes  and  finds  its  domain  of  application  in  su¬ 
personic  or  hypersonic  flows.^*'^^ 


A  Lax-Wendroff-Ni  scheme  was  the  basis  of  the  development 
of  a  multiblock  structured  grid  code,  the  AEROLOG  code  at 
MATTIA  defense'*'’^.  This  code  with  acceleration  by  multi- 
grid  and  implicil  residual  smoothing  is  used  for  steady  or  un¬ 
steady  flows  past  missiles. 

The  Euler  code  EUGENIE  developed  at  DASSAULT  AVIA¬ 
TION  is  the  result  of  joint  research  studies”"™  with  INRIA  on 
unstructured  grid  methods  and  upwind  schemes  in  a  finite- 
volume  node  centered  formulation.  Multigrid  and  implicit  ap¬ 
proach  are  combined  in  order  to  improve  convergence.  Mesh 
adaption  either  by  displacement  or  refinement  and  hypersonic 
capabilities  ate  available.  It  is  worth  to  mention  here  the  strong 
impetus  given  through  Europe  to  the  research  on  hypersonic 
flow  solvers  through  the  Hermes  programme  and  the  wokshops 
on  hypersonic  flows  for  reentry  problems  held  at  IN¬ 
RIA  l*-l'»..II.H5l.l*.ru.72 

Two  research  centers  have  been  concerned  in  Belgium  with  the 
development  of  CFD  codes,  namely  the  von  Karman  Institute 
(VKI)  and  the  Free  University  of  Brussels  (VUB). 

Many  2-D  research  codes  were  developed  al  VKI  both  for  un- 
sttuclur^*'  and  structured’”*  grids  with  a  3-D  Euler  code 
M3D”'  ^  containing  several  options  in  particular  with  different 
upwind  and  various  time  stepping  schemes.  A  noteworthy  ac¬ 
tivity  at  VKI  is  the  development  of  genuinely  multidimensional 
upwind  schemes”'’*. 

The  EURANUS**'™  code  ileveloped  at  VUB  in  cooperation 
with  FFA  for  ESA  appears  as  a  general  software  system  capa¬ 
ble  of  solving  both  Euler  and  Reynolds-Averaged  Navier- 
Stokes  equations.  This  structured  mulliblock  C(^  includes 
both  upwind  TVD  and  central  Jameson  schemes  with  the  FAS 
mulligrid  method.  Special  care  has  been  paid  to  the  data  man¬ 
agement  in  order  to  give  flexibility  in  the  choice  of  the  com¬ 
puter  used. 

In  Italy,  industrial  codes  are  developed  by  ALENIA  In  the  To¬ 
rino  and  Naples  centers.  In  ALENIA  Defence  Aircraft  Divi¬ 
sion,  the  UES3D”''’'  code  is  based  on  a  generalization  of  a  cen¬ 
tral  differencing  scheme  of  Jameson  type  for  unstructured 
grids,  using  a  node-centered  finite-volume  approach.  Explicit 
Runge  Kutta  time  stepping  is  used  with  convergence  accelera¬ 
tion  by  local  time  stepping,  residual  averaging  and  enthalpy 
damping.  Grid  generation  is  done  with  the  unstructured  mesh 
generator  M3DU  giving  the  code  the  capability  to  calculate  a 
complete  aircraft.  Another  3-D  code  is  in  use  at  ALENIA  DAD 
which  is  of  multiblock  structured  type.  This  code  (MES3D*’*'*’) 
contains  a  cell-centered  scheme  with  central  differencing  and  it 
is  built  with  the  same  options  as  those  described  above  for 
UES3D. 

A  code  in  use  at  ALENIA  GAT  is  ENSOLV  which  has  been 
developed  in  cooperation  with  NLR.  This  code  is  described  in 
section  3.4  and  offers  features  rather  similar  to  those  mentioned 
for  MES3D. 

CIRA  has  also  a  3-D  Euler  code  ETF3D,  a  monoblock  struc¬ 
tured  grid  solver  with  Jameson  type  scheme,  dedicated  to  the 
calculation  of  transonic  wing  flows.  The  2-D  multiblock  ver¬ 
sion  of  this  code  has  been  coupled  with  an  integral  boundary 
layer  method  in  direct  or  inverse  mode'"*'*’’.  Several  other  2-D 
solvers  have  been  developed  upon  upwind  schemes  with  the 
Borelli/Pandolfi  Rieman-solver  in  a  finite-volume  cell-centered 
formulation.  These  research  codes  are  aimed  at  solving  super¬ 
sonic  or  hypersonic  flows  with  real  gas  effects.“''™ 

In  the  same  line  of  studies  for  hypersonic  problems  it  is  worth 
mentioning  the  research  codes  developed  at  the  University  of 
Roma.  These  2-D  Euler  codes  are  based  on  upwind  schemes  of 
different  types,  a  generalization  of  the  Moretti  scheme  with  ap¬ 
plication  to  reactive  flows.”'’*  a  hybrid  of  non-conservative 
and  conservative  schemes”’’*  and  a  Godunov-type  scheme  in 
predictor-corrector  formulation.” 

In  Greece  at  the  National  Technical  University  of  Athens 
(NTUA)  several  Euler  codes  have  been  developed  aiming  on 
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exiemal  as  well  as  internal  (lurbomachinery  applications)  aero¬ 
dynamic  flow  proMems. 

The  2-D  single-block,  structured  finite-difference  £1)20’*^ 
code  is  mainly  used  for  investigations  of  unsteady,  internal  and 
external  flow  problems  in  the  range  from  the  sub^nic  to  super¬ 
sonic  regime.  The  code  is  based  on  a  central  discretization 
scheme  including  an  artificial  dissipation  operator  providing 
the  necessary  upwind  bias.  Both,  time  and  space  discretization 
are  of  2nd  order  accuracy.  An  alternating  direction  implicit 
(AOi)  procedure  is  used  for  time  integration.  The  code  has  a 
moving  mesh  capability  to  treat  appropriate  unsteady  problems. 

As  a  further  development  the  2-0  multiblock  finite-volume 
code  NSWIND*"^  is  mentioned.  The  code  has  various  discre¬ 
tization  options  like  a  modified  upwind  flux  vector  splitting  as 
well  as  the  flux  difference  splitting  method  including  the 
Godunov-type  Riemann-solver  approach  of  Eberle  (see  also 
Ref.  3.3,22-31).  By  a  multi-level  mesh  sequencing  and  multi¬ 
grid  technique  convergence  is  accelerated  to  steady  state.  A 
composite  zonal  solution  technique,  in  which  for  various  flow 


regions  different  governing  equations  are  solved  is  also  noted. 
The  code  is  also  able  to  operate  in  lime-accurate  mode.  The  im¬ 
plicit  operator  is  inverted  by  an  uni'actored  method  using 
Gauss-^idel  relaxation  for  solution. 

A  2-D  and  3-D  multiblock  finite-difference  code  ATHENA* 
essentially  based  on  Jameson’s  central-differenced  operator  for 
convective  terms  including  the  blended  second  and  fourth  dif¬ 
ference  dissipation  operator  is  applied  mainly  for  lurbomachin¬ 
ery  flows.  For  lime  integration  an  explicit  fractional  step  or  an 
implicit  ADI  method  may  be  used.  The  code  has  also  a  Navier- 
Slokes  capability. 


In  Turkey  a  3-D,  cell-vertex,  finite-volume  code,  called 
ER3D"’,  is  developed  at  the  ROKETSAN  company,  which  is 
based  on  a  hexahedral  elementary  control  volume  and  an  un¬ 
structured  data  structure  to  enhance  flexibility.  Time  stepping 
is  based  on  second  order  accurate  Lax-Wendroff  scheme.  Ap¬ 
plications  are  covering  the  subsonic  to  supersonic  flow  regime. 


3.2.2  Presentation  of  Individual  Codes 


COMPANY  /  INSTITUTION:  ONERA  -  Franco 


CODE  OISCRET.  GRIDS  SPACE/TIME  CONVERGENCE  SPECIAL 

TECHNIQUE  DISCRET.  ACCELERATION  FEATURES 


space-centered  with  local  time  stepping, 

either  Lax-Wendroff-Ni  or  multigrid  (Ni-method)  or 
Runge-Kutta  time  implicit  residual  I  code 

stepping  scheme  srricothing  (Lerat) 


REF.  POC 


3-0, 

finito- volume. 

node  centered 

FLU3M 

or  cell-centered 

multiblocK-structured  upwind  explicit/implidt  local  time  stepping 


overlapping 

subdomains 


MUSCL  schemes  (van 
Leer.  Roe.  Osher. 
Approximate  Riemann 
solvers),  block  implicit 
AOI  factorization  scheme 


COMPANY  /  INSTITUTION:  ONERA  &  Aerospatiale  -  France 


Euler/Navier-Stokes  13-21 
solver,  space 
marching  capability, 
equilibrium  real  gas. 
two  species  gas 


CODE  DISCRET.  GRIDS  SPACETIME 

TFCHNIQUE  DISCRET. 


CONVERGENCE 

ACCELERATION 


3-1),  monoblock, 

finre-volume.  structured 
FLU3C  node  catered 


second  order  upwind  local  time  stepping 
explicit  MUSCL  scheme 
with  van  Leer  flux  vector 


space  marching 
capability  for 
supersonic  flows, 
industrial  application, 
missiles,  launchers, 
etc. 


COMPANY  /  INSTITUTION:  Aerospatiale  •  France 


DISCRET. 

TECHNIQUE 


GRIDS 

SPACETIME 

DISCRET. 

CONVERGENCE 

ACCELERATION 

SPECIAL 

FEATURES 

REF. 

unstructured 

hexahedra 

MUSCL  scheme  with 
Sanders- Prendergast 
flux  splitting  scheme  or 
Osher  Riemann  solver, 
time  stepping  by  two  step 
Runge-Kutta  or  linearized 
implicit  Jacobi  relaxation 

k>cal  time  stepping 

equiibrium  real  gas 
option 

32-33 

REF.  POC 


COMPMIV  /  INSrmiTION:  Malra  D«fwiM  -  Francs 


CODE 

CHSCRET. 

TECHNIQUE 

GRIDS 

SPACETTIME 

tMSCRET. 

CCMVERGENCE 

ACCELERATION 

SPECIAL 

FEATURES 

REF. 

PCK 

AEROUM 

3-0. 

fintie- volume, 
cell- vertex 

muMblock-structured 

Lax-Wendrott  one  step 
explicit  scheme,  steady 
or  time  accurate  mode 

multigrid  (Ni-method). 
implicil  residual 
smoothing  (Leral) 

_ 

steady  or  time 
accurate  mode, 
inertial  or  non- 
inertial  frame  of 
reference,  two 
species  capability 

34  35 

3 

COMPANY  /  INSTITUTION:  Oaaaault  Aviation  -  Franca 

CODE 

OISCRET. 

TECHNIQUE 

GRIDS 

SPACE/TIME 

DISCRET. 

CONVERGENCE 

ACCELERATION 

SPECIAL 

FEATURES 

REF. 

POC 

EUGENIE 

3-D.  Qalerkin 
formulation, 
finite-volume, 
node  centered 

unstructured 
multielement,  mesh 
refinement  and 
mesh  deformation 
capability 

upwind  MUSCL 
extension. 

generalized  Implicilly 
linearized  Osher 
Riemann-solver 

muttigrtd 

reactive  flow 
simulation  option, 
edge  based  data 
structure 

36-47 

4 

_ i 

COMPANY  /  INSTITUTION:  Vri|a  UnivaraltaH  Bruaaal  -  Batgium 

CODE 

OISCRET. 

TECHNIQUE 

GRIDS 

SPACE/TIME 

OISCRET. 

CONVERGENCE 

ACCELERATION 

SPECIAL 

FEATURES 

REF. 

POC 

EURANUS 

3-D. 

finite- volume, 
cell-cenlered 

muKiblock-structured 

Roe  upwind  TVO.  Yee 
symmetric  TVD  or  central 
Jameson  scheme  with 
blended  second  and 
fourth  difference 
dissipation  operator, 
explicit  Runge-Kutta  and 
SOR  /  SLOR  implicit 
relaxation  time  stepping 
schemes 

local  time  stepping, 
multigiid  (FAS), 
implicit  residual 
smoothing  tor 
Runge-Kutta 

Euler/NavterStokes 

solver. 

node  coincidence  at 
block  interfaces 

48-SO 

5 

COMPANY  /  INSTITUTION:  VKI  (Von  Karman  Instituta  for  Ruid  Dynamics)  •  Belgium 

CODE 

OISCRET. 

TECHNIQUE 

GRIDS 

SPACEO^IME 

DISCRET. 

CONVERGENCE 

ACCELERATION 

M3D 

_ _ j 

3-D. 

finite- volume, 
cell-centered 

monoblock-structured 

Roe  flux  difference 
splitting,  van  Leer  flux 
vector  splinting  upwind 
and  MUSCL  TVD 
scheme,  explicit  Euler 
forward,  explicit  Runge- 
Kuna  and  implicit  Euler 
backward  relaxation  time 
stepping  scheme 

kxa)  time  stepping, 
explicit  and  implicit 
residual  smcx>thing 

shock  capturing, 
subsonic  to 
hypersonic  (cold) 
flow 

55-57 

6 

COMPANY  /  INSTirUTION;  Atonia  Aaronautica,  DAO  -  Italy 


CODE 

OISCRET. 

TECHNIQUE 

GRIDS 

SPACETTIME 

DISCRET. 

CONVERGENCE 

ACCELERATION 

POC 

UES30 

3-D. 

finite-volume. 

node-centered 

unstructured,  local 
mesh  refinement 

central  Jameson  scheme 
with  blended  second  and 
fourth  difference 
dissipation,  explicit 
Runge-Kutta  time 
stepping  scheme 

local  lime  stepping, 
residual  smoothing, 
enthaly  damping 

7 

MES30 

3-D. 

finite-volume, 

cell-centered 

multiblock-structured 

central  Jameson  scheme 
with  blended  second  and 
fourth  difference 
dissipation,  explicit 
Runge-Kutta  time 
stepping  scheme 

local  lime  stepping, 
residual  smoothing, 
enthaly  damping 

62-63 

COHPAMY/  mSTITUTiON:  Akmia  AwoiHHitica  aA.T.  -  Kaiy 


CODE 

OtSCRET. 

TECHNIQUE 

GRIDS 

SPACE/TIME 

DISCRET. 

CONVERGENCE 

ACCELERATION 

SPECIAL 

FEATURES 

REF. 

POC 

ENSOLV 

_ 1 

3-0, 

finite- volume, 
cell-cantered 

multiblocli-structuied 
block-to-blocii  mesti 
refinement  and 
adaptation 

central  Jameson  schema 
With  blended  secotrd  arxl 
fourth  dittererKe 
dissipation,  explicn 
multistage  Runge-Kutta 
time  stepping  scheme 

local  ume  stepping, 
festduai 

avef aging,  enthalpy 
damping,  multigrid  -  full 
&  semi-coarsening 

Euler/Naviei  ■  Stokes 
solver. 

part  of  CFD  system 

ENFLOW 

(see  section  3  4) 

in 

sect 

34 

21  41 

6 

COMPANY  /  INSTITUTtON:  C.I.RJL  -  Italy 

CODE 

DISCRET. 

TECHNIQUE 

GRIDS 

SPACE/TIME 

DISCRET. 

CONVERGENCE 

ACCELERATION 

SPECIAL 

FEATURES 

REF. 

POCi 

ETF30 

3-D. 

finite- volume, 
cell-centered 

monoblock-structufed 

central  Jameson  scheme 
with  blended  second  and 
fourth  difference 
dissipation,  explicit 
Runge-Kutta  time 
stepping  scheme 

FAS  mutltgnd 

_._J 

64-65 

i 

9 

COMPANY  /  INSTITUTION:  National  Tachnical  Univeralty  of  Athana  (NTUA)  -  GREECE 


CODE 

DISCRET. 

TECHNIQUE 

GRIDS 

SPACE/TIME 

DISCRET. 

CONVERGENCE 

ACCELERATION 

SPECIAL 

FEATURES 

REF. 

POC 

EU2D 

2‘D.  axisymm.. 
finite-difference 

single  block- 
structured 

second  order  central 
discretization,  artificial 
dissipation  scheme, 
approximate  factorization 
procedure.  ADI.  second 
order  time  accuracy 

time  accurate  code, 
moving  mesh 
capabilfty 

78-80 

NSW1NO 

_ 

2-D.  axisymm  , 
finite- volume, 
cell-centered 

multiblock-structured, 
block-by-block  grid 
refinement. 

upwind  flux  vector  (FVS) 
splitting  and  flux 
difference  splitting  (FOS) 
discretization.  Eberle's 
Riemann-soh/er.  second 
order  MUSCL  scheme, 
implicit  unfactored 
Gauss-Seidel  relaxation 

local  time  stepping. 
muNi-level  procedure. 
muHigrxt 

time  accurate 
option,  zonal 
methods  capability, 
real  gas  option 

81  85 

to 

ATHENA 

2  0.  3-0,  and 
quasi  3-D, 
finite-difference 

multiblock -structured 

central  Jameson  scheme 
with  blended  second  and 
fourth  difference 
dissipation,  explicit 
fractional  step  and 
implicit  ADI  time 
integration  scheme 

local  time  stepping 

Euler/Navier-Stokes 
solvef. 
quasi  2-0 
streamtube  turbo¬ 
machinery  option 

86 

3^  J  Points  of  Contact 


Point  of  Contact  (POCI  No.  1: 


Point  of  Contact  (POC)  No.  2: 


Code(s): 

Name: 

Dept.: 

Tel,: 

Mailing  Address: 


Tel.-Company: 

Fax-Company; 

References: 


SESAME,  WAVES.  FLU3M,  FLU3C 
J.P.  Veuillol 

Aerodynamics  Department 
(+33)  I  46  73  42  68 
ONERA 
BP  72 

F-92322  Chatillon  Cedex 
France 

(+33)  I  46  73  40  40 
(+33)  1  46  73  41  41 
I  -26 


Code(s): 

Name: 

Dept.: 

Tel,: 

Mailing  Address: 


Tel.-Company; 

Fax-Company: 

References; 


CEUGR 
F.  Dubois 

Applied  Mathematics  Department 
(+33)  1  34  92  28  57 
AEROSPATIALE  Espace  el  Defense 
BP  2 

F-78133  Les  Mureaux  Cedex 
France 

(+33)  1  34  92  12  34 
(+33)  1  .34  92  39  15 
32  -  .33 
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t»».w»TC»rticHPOC)N«.3; 


Potol  of  Coattct  IPOC)  No.  8: 


Code<s):  AEROLOG 

Name;  M.  Bredif 

Dept.:  Aerodynamics  Oepaitment 

Tel..  (+33)  1  34  88  37  47 

Mailing  Address.  MATRA  DEFENSE 

37  Avenue  Louis  Breguel 
F-78146  Velizy  Cedex 
France 

Tel.-Company;  (+33)  1  34  88  30  00 

Fax-Company:  (+33)  I  34  65  12  15 

References;  34, 35 


Code(s):  ESOLVB 

Name:  P.L.Vilagliano 


Depl.:  G.A.T. 

Tel.  (+39)081  845  3459 

Mailing  Address:  ALENIA 

Viale  dell'Aeronaucica 
1-80038  Pomgliano  d’Arco  (NA) 
Tel-Company :  (+39)  08 1  845  3459 

Fax-Company:  (+39)  081  845  2142 
References:  (see  sect.  3.4,  ref.  21-41) 


Pofaif  of  Coatact  (FOCI  No.  4: 

Code(s):  EUGENIE 

Name:  B.  Stoufflet 

Dept.:  Aerodynamics  Department 

Tel:  (+33)  1  47  11  34  22 

Mailing  Address;  DASSAULT  AVIATION 
78  Quai  Marcel  Dassault 
F-92214  Saint  Cloud 
France 

Tel.-Company:  (+33)  1  47  1 1  40  00 
Fax-Company:  (+33)  1  47  1 1  49  01 
References:  36  -  47 


Point  of  Contact  tPOCi  No.  S: 

Code(s):  iURANUS 

Name:  C.  Lacor 

Dept.:  Computational  Ruid  Dynamics  Group 

Tel:  (+32)  2  641  23  79 

Mailing  Address:  Vrije  Universiteit  Brussel  (VUB) 
Plei.nlaan  2 
B-1050  Brussel 
Belgium 

Tel.-Company:  (+32)  2  641  23  91 
Fax-Company:  (+32)  7  Ml  28  80 
References;  48  -  50 


Point  of  t  ontact  (POC)  No.  9: 

Code(s):  FTF3D 

Name:  P.  de  Matteis 

Dept.:  Aerodynamics 

Tel:  (+.19)823  623311 

Mailing  Address:  C.IR.A. 

Via  Maionse 
1-81043  Capua 

Tel-Company;  (+39)823  623111 
Fax-Company:  (+39)  823  622060 
References:  64, 65 


Point  of  Contact  (POCl  No.  10: 

Code(s).  EU2D.  NSWIND,  ATHENA 

Name:  S.  Tsangaris 

Dept.:  Aerodynamic  Laboratory 

Tel:  (+30) '-77-13060 

Mailing  Address:  National  'University  of  Athens  (NTUA) 
P.O.  Box  64070 
157  lOZografou 
Greece 

Tel-Company:  (+30)  1-77-13060 

Fax-Company.  (+30)  1-77-06545  or  1-77-84582 

References:  78  •  86 


Point  of  ConUct  (POCl  No.  6: 

Code(s):  M3D 

Name;  H.  Deconinck 

Dept.:  Computational  Ruid  Dynamics  Group 

Tel:  (+32)2  358  19  01  ext  237 

Mailing  Address;  Von  Karman  Inst,  for  Fluid  Dynamics  (VKl) 
72  Chaussee  de  Waterloo 
B-1640  Rhode  -  St  -  Genese 
Belgium 

Tel.-Company:  (+32)  2  358  19  01 

Fax-Company:  (+32)  2  358  28  85 

References:  55  -  57 


Point  of  Contact  (POCl  No.  7: 

Code(s);  MES3D,  UES3D 

Name;  M.  Borsi 

Dept.:  Defence  Aircraft  Division 

Tel:  (+39)11718  1017 

Mailing  Address:  ALENIA 

Corso  Marche  41 
1-10146  Torino 

Tel.-Company:  (+39)11  718  1789 
Fax-Company:  (+39)11  718  1078 
References:  59  -  63 
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33  CODES  FROM  GERMANY  AND 
SWITZERLAND 


3J.1  Overview 

In  the  following  the  essential  Euler  codes  from  Germany  and 
Switzerland  are  presented.  Most  codes  being  developed  in  in¬ 
dustry  follow  a  structured  approach  whereby  either  a  flexible 
monoMock  or  a  general  multiblock  strategy  is  ^lied  to  ac- 
conmlish  the  treatment  of  complex  geometries  including  full 
configurations  of  aircraft,  missile  and  space  vehicles.  To 
achieve  a  reasonable  level  of  productivity  with  respect  to  flow 
computations  most  industries  have  interfaced  their  codes  to  a 
(tedicated  grid  generation  system  providing  all  necessary 
block-interface  informations  for  the  solver.  Another  observa¬ 
tion  which  can  be  made  is  the  fact  that  almost  all  general  pur¬ 
pose  Euler-codes  can  also  be  used  for  viscous  simulation  by 
solving  the  Navier-Stokes  equations. 

Research  and  development  of  new  approaches  concerning  dis¬ 
cretization  schemes  and  solution  techniques  take  place  mainly 
at  universities  and  research  establishments.  From  there  a  broad 
variety  of  codes  are  reported  which  mostly  are  limited  in  their 
ability  to  treat  geometrically  complex  problems  or  physical 
models. 

To  characterize  the  major  individual  Euler-codes  from  industry 
and  research  institutions  by  their  underlying  basic  schemes  and 
the  intended  range  of  applications  corresponding  short  descrip¬ 
tions  are  provided  below.  The  presentation  is  ordered  accord¬ 
ing  to  the  institutions  where  codes  were  developed. 


MELINA: 

At  the  DASA  Airbus  Division  company  essentially  the  codes 
developed  at  the  DLR-lnstitute  for  Design  Aerodynamics  in 
Braunschweig  are  used  and  implemented  as  the  code  baseline. 

However  further  development  and  refinement  for  production 
purposes  takes  place  within  the  company. 

The  finite-volume  cell-vertex  code  MELINA  is  the  result  of 
these  efforts,  fhe  code  is  multiblock-structured  and  is  applied 
mostly  to  transonic  problems  for  transport  aircraft  design.''^ 
MELINA  is  based  on  an  explicit  S-stage  Runge-Kutta  time 
stepping  scheme  and  a  cell-centered  discretization  combined 
with  the  blended  artificial  dissipation  operator  as  proposed  by 
Jameson  et  al.*  Convergence  acceleration  is  provided  by  a  full 
approximation  (FAS)  multigrid  method  whereas  increas^  spa¬ 
tial  accuracy  can  be  achieved  by  a  block-oriented  local  grid  re¬ 
finement  capability.  Recently  the  code  was  extendi  to  a 
Navier-Stokes  solver. 

Apart  from  routine  tasks  as  the  flow  simulation  around  wings 
and  wing/body  configurations  emphasis  is  on  support  for  lami¬ 
nar  wing  design,  integration  of  propulsion  systems  and  flap 
track  fairing  design. 

Grid  generation  is  tailored  to  design  oriented  tasks  and  is  pro¬ 
vided  by  the  INGRID  system,  an  in-house  development. 


IKARUS : 

At  the  DASA  Regional  Turboprop  Division,  which  is  formed 
by  the  Dornier  Luftfahrt  company,  the  general  purpose  code 
IKARUS  is  in  continuous  development  since  1984.  The  code 
development  was  initiated  from  and  based  essentially  on  the 
work  of  Jameson  and  Schmidt.^  The  3-D  version  of  that  basic 
approach  was  Jameson’s  FLO-57  from  which  an  early  mul- 
tiMock  version  was  derived  by  Jameson  and  Leicher’  forming 
the  basis  for  Dornier’s  IKARUS  code. 

The  structured  multiblock  code  IKARUS  is  based  on  a  cell- 
centered,  finite-volume  discretization  for  solving  the  steady 
and  unsteady,  compressible  3-D  Euler  and  Navier-Stokes  equa¬ 
tions  in  integral  form,  thus  providing  numerical  solutions  to  in- 
viscid  and  viscous  flow  problems  in  almost  arbitrary  geome¬ 


tries.  The  treatment  of  complex  geometries  is  facilitated  by  an 
advanced  multiblock  technique  allowing  a  general  segmenta¬ 
tion  of  block  faces  leading  to  a  high  flexibility  concerning  the 
application,  the  connection  and  the  built-up  of  any  types  of  grid 
block  topologies.  Explicit  and  implicit  integration  schemes  ate 
available  ba^  on  the  same  cell-centered  spatial  discretization 
assuring  identical  steady  state  results. 

Explicit  integration  is  performed  by  a  linear  multistage  Runge- 
Kutta-type  time-stepping  scheme.  Convergence  acceleration  is 
provide  by  severtil  techniques  like  local  time-st^ipiag,  im¬ 
plicit  residual  averaging,  enthapy  forcing  and  a  FAS  multigrid 
scheme,  offering  V-  and  W-cycle  options. 

Implicit  steady  state  solutions  are  also  enabled  by  an  approxi¬ 
mate  Newton-method  operating  on  the  steady  state  equations. 
The  conesponding  relaxation  method  is  calM  the  LU-SSOR 
scheme  which  can  be  used  together  with  the  multigrid  option  to 
enhance  convergence. 

From  early  3-D  flow  simulations  past  wings  and  wing/body 
combinations"''’  the  code  was  also  arolied  to  inviscid  flow 
problems  around  iniet'°'"  and  propfan"  configurations  as  well 
as  vortical  flows  oast  delta  wings.”''"  Moreover  IKARUS  was 
successfully  applied  for  great  number  of  flow  problems  tanging 
from  in  the  low  subsonic  (incompressible)  up  to  the  hypersonic 
(low  range'^  which  includes  also  simulations  based  on  the 
equilibrium  real  gas  assumption.'"''" 

The  flow  solver  IKARUS  is  logically  complemented  by  an  in¬ 
teractive  grid  generator  called  DOGRID  which  allows  a  fast 
and  easy  generation  of  complex  blockstructured  meshes.^' 


EVfLEX.  imE2LRQmEX= 

Essentially  based  on  the  work  of  Eberle  at  DASA  Military  Air¬ 
craft  Division  (formerly  MBB/UF)  a  3-D  Euler  code,  called 
EUFLEX,  is  continuously  develop^  since  1984.  In  the  mean¬ 
time  the  code  has  achieved  a  high  level  of  theoretical  sophisti¬ 
cation.  For  these  reasons  the  code  is  applied  with  great  success 
in  practical  aerodynamic  project  work  as  a  general  purpose  de- 
.sign  tool  not  only  in  the  military  airaafl  division  but  also  at  the 
corresponding  missile,  helicopter  and  propulsion  divisions  of 
DASA. 

EUFLEX  is  based  on  a  monoblock,  finite-volume  method  for 
solving  the  integral  form  of  the  conservation  laws  for  inviscid 
flow.  A  "Godunov-type"  differencing  approach  is  followed, 
enforcing  the  efficient  solution  of  the  Riemann  problem  at  each 
cell  face  for  definition  of  interface  states. 

Because  of  the  very  special  approach  some  essential  aspects  of 
the  method  are  described  in  more  detail.  The  basic  theory^'^ 
starts  the  development  by  considering  the  Riemann  problem  in 
the  non-conservative,  differential  form  of  the  Euler  equations 
resulting  in  an  exact,  iteration-free  solution  to  the  Riemann 
problem.  However  the  basic  approach  has  the  disadvantage  that 
into  the  conesponding  solution  of  the  primitive  solution  vector 
at  the  interface  also  entropy  values  from  right  or  left  states  en¬ 
ter.  In  practical  computations  this  fact  lead  to  non-negligible 
entropy  errors.  To  overcome  that  problem  an  successful  at¬ 
tempt  is  made  to  find  a  solution  of  the  Riemann-problem  in 
terms  of  the  conservative  variables.  In  the  development  of  the 
so-called  "homogeneous"  Riemann-solver  properties  and  as¬ 
sumptions  of  acoustic  wave  theory  are  exploited.  Essentially 
the  isentropic  transport  of  entropy  along  streamlines  is  used  to 
define  appropriate  interface  pressure  values.  Using  the  homo¬ 
geneous  property  of  the  Euler  fluxes  then  allows  the  transfor¬ 
mation  to  the  corresponding  Riemann  solution  in  terms  of  con¬ 
servative  variables. 

Into  the  relations  defining  the  conservative  variables  at  the  in¬ 
terface  as  a  solution  of  a  locally  one-dimensional  Riemann- 
problem,  values  for  the  conservative  variables  associated  with 
the  individual  eigenvalues  have  to  be  determined.  This  is  per¬ 
formed  by  a  third  order  interpolation  between  left  and  right 
states.  A  symmetric  weighted  average  of  corresponding  eigen¬ 
values  between  left  and  right  states  are  taken.  By  that  the 
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scheme  is  kepi  fully  diffeientiable,  preventing  any  glitches  in 
the  solution  whenever  eigenvalues  are  changing  sign.  This 
process  is  called  the  "chuacteristic  flux  averaging”  scheme. 
Higher  order  accuracy  is  achieved  by  the  MUSCL-approach  in 
concert  with  an  improved  van  Albada-flux  limiter.  Correspond¬ 
ing  non-oscillalory  extrapolation  formulas  are  given  and  tested 
uptofifthorder.-'^^ 

In  the  original  version  of  the  code  lime  integration  to  steady 
stale  was  performed  by  an  explicit  scheme  supported  by  the  lo¬ 
cal  lime  stepping  technique.  Acceptable  convergence  rates, 
however,  could  only  be  realized  with  point  relaxation 
schemes.^  Some  problems  are  reported  concerning  possible 
singular  implicit  block  operator  matrices  for  high  aspect-ratio 
cells  “  As  a  remedy  a  local  transformation  to  non-conservative 
'  Ic's  is  proposed,  which  avoids  this  ill-conditioning  prob- 


.heme  outlined  so  far  was  applied  to  a  number  of  real  life 
.j.ses,  with  the  simulation  of  the  inviscid  flow  around  a 
cuinpleie  fighter  aircraft  as  an  exceptional  highlight  at  the  time 
published  ‘"A  special  effort  was^made  to  increase  code  robust¬ 
ness  for  hypersonic  applications.’'*"’ This  was  due  to  the  ob¬ 
servation  that  the  method  produced  pre-shock  spikes  during  the 
shock  movement  process  for  very  strong  shocks  resulting  in 
possible  negative  pressures.  This  is  overcome  by  a  generalized 
flux  formulation  in  which  the  Riemann-flux  vectors  and  the 
Beam/Warming  split  flux  vectors  are  combined  such,  that  at 
strong  shocks  the  Riemann-fluxes  are  switched  off  smoothly 
and  the  more  stable  Beam/Warming  fluxes  are  activated.  The 
succe^  of  the  proposed  approach  is  demonstrated  by  results  of 
intake’*  and  nozzle’*'’*  flow  computations.  A  comprehensive 
description  of  the  overall  aroroach  is  given  in  the  textbook  of 
Eberle,  Hirschel  and  Rizzi.'* 

The  treatment  of  complex  configurations  is  enabled  by  a 
monoblock  technique  in  which  for  each  cell  the  desired  bound¬ 
ary  conditions  are  specified.  Also  available  is  multiblock  ver¬ 
sion  of  the  EUFLEX-code.  A  Navier-Stokes  version,  derived 
from  the  EUFLEX-code  is  developed  as  NSFLEX'”. 

Code  development  was  also  extended  to  the  time-accurate 
treatment  of  unsteady  flow  problems.  These  efforts  led  to  the 
unsteady  version,  called  INFLEX.  3-D  applications  were  made 
to  oscillating,  but  ri^d  wings  in  pitching  motion.”'’'*  For  time 
integration  an  implicit  unfactored  relaxation  scheme  is  em¬ 
ployed,  which  allows  a  dramatic  shortening  of  computation 
time  as  compared  to  the  explicit  scheme.  Careful  studies  are 
conducted  concerning  the  effect  of  different  convergence  crite¬ 
ria  controlling  the  iteration  process  during  one  time  step  on  the 
solution.'* 

At  the  EUROCOPTER  Deutschland  company,  a  joint  company 
of  AEROSPATIALE  and  DASA  in  the  helicopter  business  EU- 
FLEX  is  modified  and  adjusted  to  rotorcraft  problems.”  ’'’  The 
resulting  ROTFLEX  code  includes  an  unsteady  and  time- 
accurate  computation  capability.** 


DAINV-SPACE.  DAINV-SPLIT.  DAVIS- VOL: 

In  the  DASA  Space  Infrastructures  Division  the  corresponding 
aerodynamic  department  is  working  for  more  than  a  decade  on 
inviscid  flow  problems  essentially  related  to  supersonic  exter¬ 
nal  and  nozzle  type  flows.  In  recent  years  strong  emphasis  is  on 
hypersonic  reentry  and  cruise  problems.  Hypersonic  flow  prob¬ 
lems  are  emerging  from  the  European  and  national  projects  fo¬ 
cussing  on  the  reentry  vehicle  HERMES  and  the  two-stage 
space  transportation  system  SANGER.  Continuous  efforts  have 
led  to  the  development  of  a  series  of  Euler  codes,  called 
DAINV-SPACE,  DAINV-SPLIT  and  DAVIS-VOL,  which 
will  be  characterized  subsequently. 

DAINV-SPACE”"**  is  being  developed  since  many  years  and 
belongs  to  the  class  of  supersonic  space-marching  codes.  The 
numerical  approach,  originally  based  on  a  central -difference 
scheme,  has  been  develt^red  to  a  split-matrix  finite  difference 
method  solving  the  quasiconservative  and  steady-state  form  of 
the  inviscid  conservation  laws.  The  outer  shock  wave  is  fitted 


to  the  outer  computational  region  (shock  fitting  approach) 
whereas  shock  waves  embedded  inside  the  shock  layer  are  cap¬ 
tured.  The  code  is  aMe  to  deal  with  perfect  and  equilibrium  gas 
conditions.**  An  upwind  disaetization  approach  is  used  relying 
on  sign-splilting  of  the  associated  flux  Jacobians.  Some  efforts 
are  made  to  accomplish  the  eigenvalue  decomposition  with  an 
appropriate  set  of  eigenvectors.  Originally  space  integration 
was  performed  with  an  explicit  Runge-Kutta  scheme.  For  sta¬ 
bility  reasons  each  space  integration  step  is  now  considered  as 
the  steady  state  solution  of  a  time-dependent  problem.  Some 
emphasis  is  put  on  the  formulation  of  the  wall  boundary  condi¬ 
tion,  which  is  carried  out  in  the  frame  of  characteristic  com¬ 
patibility  relations.  Results  are  presented  for  supersonic  flows 
past  a  cone  at  incidence  as  well  as  for  a  delta  wing  and  a  ge- 
nerii^ronfiguration  of  a  hypersonic  space  transportation  sys- 

The  DAINV-SPLIT*'"**  code  is  based  on  a  finite-difference 
method  for  solving  the  time-dependent  and  quasi-conservative 
form  of  the  2-D  and  3-D  Euler  equations.  A  diagonalisation  of 
the  ttux  Jacobians  is  performed  to  allow  the  proper  implemen¬ 
tation  of  a  second  order  upwind  scheme  according  to  the  sign 
of  the  associated  eigenvalues.'*'"'*  An  explicit  multi-stage 
Runge-Kutta  time  integration  scheme  is  used  in  concert  with 
local  time  stepping  to  achieve  steady  state  solutions.  Solid  wall 
boundary  conditions  ate  based  on  characteristic  compatibility 
relations.  The  code  has  the  capability  for  shock  and  shear  layer 
fitting  and  can  treat  flows  under  perfect,  equilibrium  as  well  as 
non-equilibrium  gas  conditions.  First  applications  of  the 
method  are  reported  to  nozzle  flow  problems'**  and  flow  simu¬ 
lations  past  the  forebody  as  well  as  complete  configurations  of 
a  reeeniry  vehicle  under  equilibrium  real  gas  conditions.**'** 

The  DAINV-SPLIT  code  is  also  extended  to  account  for  non- 
equilibrium  chemistry.*’**  Chemical  non-equilibrium  condi¬ 
tions  add  to  the  conservation  equations  for  inviscid  flow  addi¬ 
tional  equations  accounting  for  the  mass  conservation  of  the  re¬ 
acting  gas  species.  For  low  pressures,  representative  for  reentry 
situations,  the  specfic  enthalpy  of  the  various  species  can  be 
considered  as  only  depending  on  temperature,  whereas  the 
mixture  of  reacting  gases  is  assumed  to  behave  according  to 
Dalton’s  law.  So  formally  the  non-equilibrium  code  option  has 
been  developed  along  similar  conce|^  already  proved  for  ideal 
or  equilibrium  real  gas  applications.  The  well-known  Park’s  5 
species/I  7-reactions  model  without  ionization  is  used  and  inte¬ 
grated  by  an  explicit  multistage  time-stepping  scheme.  How¬ 
ever,  if  in  the  chemistry  model  the  various  reaction  time  scales 
are  smaller  by  orders  of  magnitude  compared  to  the  character¬ 
istic  time  scales  of  the  locally  frozen  mixture  then  the  chemis¬ 
try  is  determining  locally  the  time  step  size  for  the  whole  sys¬ 
tem  of  equations.  In  this  situation  the  code  switches  to  a 
point-implicit  scheme  for  time  integration  of  the  source  term 
appearing  in  the  species  mass  conservation  equations. 

Interestingly  DAINV-SPLIT  has  an  option  to  operate  also  with 
an  enthalpy  correction  technique  improving  the  convergence 
rate  to  steady  state  as  well  as  c^e  robustness  in  transient  solu¬ 
tions  stages.  This  is  due  to  the  fact  that  a  constant  freestream 
total  enthalpy  is  enforced  in  the  whole  flowfield.  An  additional 
option  is  called  "pseudo  space  marching".  By  that  acronym  the 
possibility  is  understood  to  match  over  the  flowfield  in  stream- 
wise  direction  with  a  stack  of  several  grid  planes.  This  tech¬ 
nique  provides  a  steady  state  solution  for  a  specific  grid  plane 
in  the  middle  of  the  stack.  Assuming  supersonic  flow  and  a 
proper  implementation  of  a  pure  uprwind  scheme  the  final 
steady  stale  flowfield  solution  should  be  identical  to  a  global 
solution  approach  where  at  each  lime  step  a  sweep  over  the 
whole  solution  domain  has  to  be  canted  out.  Results  are  pre¬ 
sented  for  non-equilibrium  flows  past  a  cylinder  and  a  sphere 
which  are  compared  to  available  experimental  data.*’ 

For  shock  fitting  a  general  formulation  of  the  Rankine- 
Hugoniot  relations  was  developed  valid  for  ideal,  equilibrium 
and  nonequilibrium  real  gas  in  a  co-moving  coordinte  system.** 
A  procedure  is  outlined  to  reduce  the  general  shock  relations 
resulting  in  an  efficient  numerical  scheme.  Results  are  pre¬ 
sented  for  the  flow  past  a  complete  HERMES  configuration 
under  non-equilibrium  conditions  at  Mach  25.** 
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DAVIS- VOL^  is  a  aumerical  method  for  solution  of  the  2-D 
and  3-D  strong  conservative  form  of  the  integral  conservation 
laws.  The  approach  follows  the  finite-volume  time  stepping 
concept  The  numerical  fluxes  are  evaluated  according  to  a 
symmetric  TVD  scheme  essentially  proposed  by  Yee  with  the 
definition  of  the  eigenvector  matrices  at  the  cell  faces  accord¬ 
ing  to  Roe.  An  implicit  point  or  line  Gauss-Seidel  relaxation 
st^me  is  adopted  for  time  integration.  In  the  associated  im¬ 
plicit  operator  the  fluxes  are  approximated  to  first-order  accu¬ 
racy  using  the  Roe-averaged,  si^-splitted  flux  Jacobians. 

To  accelerate  convergence  to  steady  state  the  local  lime  step¬ 
ping  technique  is  applied  together  with  a  so-called  "switch-ofr 
scheme,  which  controls  the  iteration  process  such  that  only 
those  cells  are  updated  where  a  change  of  the  solution  vector 
beyond  some  prescribed  criteria  can  be  anticipated.  As  an  op¬ 
tion  for  supersonic  flow  problems  the  DAVIS-VOL  code  is 
also  able  to  operate  in  the  "pMudo-marching"  mode  (described 
previously),  leading  to  a  considerable  gain  in  computational  ef¬ 
ficiency  for  approppriate  problems.  This  is  demonstrated  for 
the  flow  past  a  HERMES  forebody  under  ideal  and  equilibrium 
real  gas,  assumptions.  Using  the  pseudo-marching  technique  a 
gain  of  a  factor  10  is  claimed  compared  to  the  global  solution 
approach.  Applications  are  also  presented  for  the  3-D  interact¬ 
ing  flow  of  a  two-fin  model  configuration. 

The  natural  extension  of  the  scheme  is  also  presented  to  handle 
viscous  flow  problems  by  solution  of  the  Navier-Stokes  equa¬ 
tions.'** 


MTU-EULER: 

In  the  DASA  Jet  Engine  Division  (MTU  Munich)  quasi  3-D 
(in  St  blade-to-blade  and  S2  hub-to-tip  planes)  as  well  as  full 
3-D  Euler  codes  are  under  development  since  1985. 

The  quasi  3-D  approach  as  described  by  Happel  et  al.^  is  based 
on  the  2-D  approximation  of  the  conservation  laws  along 
stream  surfaces  taking  into  account  the  streamwise  mean  radius 
of  curvature  of  the  surface  as  well  as  the  stream  tube  thickness. 
For  flow  simulation  past  rotor  blades  the  conservation  laws  are 
formulated  in  a  rotating  frame  of  reference  The  numerical 
scheme  is  based  on  a  finite-volume  cell-vertex  discretization 
in  which  the  convective  fluxes  are  approximated  to  first  order 
in  space.  An  explicit  first  order  time-stepping  scheme  is  used  to 
integrate  the  unsteady  equations  to  steady  state.  Convergence 
acceleration  is  provided  by  a  local  time-stepping  and  by  a  mul¬ 
tigrid  technique.  A  so-called  "damping  surface  technique"  is 
applied  to  provide  a  post-correction  of  the  results  to  enhance 
the  spatial  accuracy.  The  method  is  applied  to  transonic  flow 
problems  past  turbine  stator  and  rotor  blades  as  well  as  to  com¬ 
pressor  ca^ades. 

A  full  3-D  code  extension  is  presented  by  Happel  and  Stu- 
berts’*  aiming  on  flow  simulations  past  complete  blade  rows. 
Interesting  comparisions  between  experimental  data  and  results 
from  3-D  Euler  and  Navier-Stokes  computations  in  the  cascade 
rig  of  an  inlet  guide  vane  of  a  low  pressure  turbine  are  reported 
by  Niehuis  et  al.*’ 


CATS.  CEVCATS: 

In  the  German  Aerospace  Research  Establishment  (DLR)  sys¬ 
tematic  development  work  on  Euler  codes  as  tools  for  aerody¬ 
namic  design  is  performed  mainly  at  the  DLR-lnstitute  for  De¬ 
sign  Aerodynamics  in  Braunschweig. 

Euler  code  development  has  started  there  in  1983/84  and  was  a 
major  focus  point  for  theoretical  work  over  the  years.  The  basic 
apmoach  was  the  finite-volume  concept  outlined  by  Jameson  et 
al.*  which  led  to  a  3-D,  block-structured,  cell-centered  and 
central-differenced  code,  called  CATS,  described  by  Radespiel 
and  Kroll.’^'*’  Convergence  acceleration  of  the  baseline 
Runge-Kutta-type  linear  multistage  time-stepping  scheme  for 
steady  state  problems  is  achieved  by  local  time-stepping,  en¬ 
thalpy  damping  and  implicit  residual  averaging  techniques. 
Flexibility  of  the  blockstructured  code  has  been  increased  sub¬ 


sequently  by  introduction  of  a  mesh  embedding  technique  al¬ 
lowing  tite  change  of  mesh  density  by  a  factor  of  2  for  portions 
of  a  mesh  block.  Corresponding  improvement  of  the  method 
concerning  efficiency  in  terms  of  computer  time  for  specified 
accuracy  was  demonstrated  by  Radespiel^  for  a  transport  air¬ 
craft  wing/body  combination. 

A  cell-vertex  variant  of  the  CATS-code.  called  CF.VCATS, 
was  introduced  by  Rossow**  and  Rossow  el  al CEVCATS 
has  been  develop^  further  to  a  general  purpose  fluid  simula¬ 
tion  package  for  the  whole  speed  range,  also  handling  viscous 
flows  as  a  Navier-Stokes  solver.  Application  examples  are 
found  in  Kroll  el  al.^  where  a  variety  of  aerospace  configura¬ 
tions  are  analyzed  operating  in  the  transonic  as  well  as  super¬ 
sonic  flow  regime.  Transport  aircraft  type  wing/body  as  well  as 
generic  canard-delta  wing  configurations  were  treated  success¬ 
fully  in  subsonic  and  transonic  flow,  whereas  a  generic  fighter 
type  forebody,  a  waverider  type  delta  wing  and  an  early  con¬ 
figuration  of  the  European  HERMES  reentry  vehicle  were 
studied  at  supersonic  flow  conditions. 

A  FAS  multigrid  technique  for  acceleration  of  convergence  to 
steady  state  is  implemented  into  CEVCATS  based  on  the  work 
of  Radespiel  and  Swanson’*  A  discussion  on  experiences  with 
multigrid  techniques  applied  to  high  supersonic  flow  fields 
(Ma<|0)  can  be  found  in  Kroll  el  al.*  A  method  for  proper  im¬ 
plementation  of  the  baseline  multigrid  techniques  in  the  multi- 
block  framework  of  CEVCATS  is  discussed  by  Atkins.*' 

In  recent  years  CEVCATS  has  found  widespread  application  in 
aerodynamic  design  problems.  The  work  of  Schone  et  al.*^*’ 
reflect  this  effort  whereas  CEVCATS  and  an  implementation 
of  the  ^symmetric  TVD  discretization  scheme  of  Yee  is  com¬ 
pared*'  with  respect  of  accuracy  and  shock  resolution  issues  for 
a  flow  around  blunted  biconic  al  Mach  6.  A  comparison  of  two 
Euler  codes,  namely  CEVCATS  and  FLU3C,  is  presented  in 
Schone  el  al.*’  FLU3C  is  developed  at  ONERA  and  is  based  on 
a  flux-vector  splitting  technique  according  to  van  Leer.  Exten¬ 
sive  and  detailed  comparisons  have  been  made  for  supersonic 
flow  computations  around  a  vertical  tail  alternate  reentry  vehi¬ 
cle  configuration  to  the  baseline  HERMES  concept. 

Another  topic  of  continuous  research  are  transport  aircraft  de¬ 
sign  problems.  Due  to  increasing  importance  of  optimal  air¬ 
frame  integration  of  present  and  future  high  bypass  ratio  jet  en¬ 
gines  systematic  experimental  and  theoretical  studies  were 
conducted  to  investigate  the  position  as  well  as  the  influence  of 
Ihrusied  and  unihrusted  jet  engine  operation  on  aerodynamic 
wing  characteristics.  Hoheisel  el  al.“  used  a  turbo-powered 
simulator  for  low  speed  experiments  at  Mach  0.17  for  basic  in¬ 
vestigations.  A  corresponding  theoretical  study  taking  into  ac¬ 
count  a  future  ultra  high  bypass  jet  engine  with  considerable 
higher  nacelle  diameter  as  compared  to  existing  engines  was 
analyzed  by  Rossow*’.  The  inviscid  simulation  of  an  isolated 
thrusted  high-bypass  jet  engine  was  considered  by  Rudnik.** 
Whereas  in  such  inviscid  simulations  the  influence  of  py¬ 
lon/nacelle  combinations  on  aerodynamic  wing  performance 
duo  to  pure  displacement  effects  can  be  studied  quite  success¬ 
fully,  interference  effects  due  to  viscous  jet  stream  mixing 
processes  are  neglected.  An  integrated  attempt  if  several  com¬ 
putational  tools  including  CEVCATS  for  possible  design  of  a 
laminar  flow  nacelle  is  reported  by  Radespiel  et  al.*’ 

Research  on  inviscid  flow  analysis  for  slender  wings  by  Euler 
methods  is  a  major  topic  since  1986.  Kumar  and  Das***  studied 
subsonic  and  transonic  flow  around  a  cropped  delta  wing  con¬ 
figuration  defined  for  purpose  of  Euler  code  validation  as  part 
of  the  us/European  vortex  flow  experiment  project.  The  CATS 
code  was  applied  to  investigate  sharp  and  round  leading  edges 
up  to  high  angles  of  attack  producing  vortex  flow  breakdown. 
Extensions  of  that  work  to  a  coupled  canard/delta  configuration 
using  CEVCATS  is  presented  subsequently  by  Scherr  and 
Das.**  In  an  attempt  to  clarify  the  role  of  dissipation  in  Euler 
solutions  of  different  codes  for  vortical  flows  over  delta  wings 
Congo’*  made  systematic  comparisons  concerning  the  effect  of 
mesh  density  and  level  of  artificial  dissipation  in  the  CATS/ 
CEVCATS  codes,  respectively  the  level  of  truncation  errors  in 
the  EUFLEX  code  on  global  and  local  data.  Detailed  compari- 


y 
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sions  between  experimenui  and  theoretical  results  for  close- 
coupied  canard-wing  and  double-delta  wing  are  presented  by 
Loogo  and  Da$^‘.  It  was  demonstrated  that  primary  vortices 
shed  from  leading  edges  are  captured  quite  well.  However 
cross-sectional  tot^  pressure  surveys  show  distinct  quantitative 
differences  between  simulation  and  experiments  which  may  be 
attributed  to  viscous  effects  and  missing  resolution  of  vortex 
sheets. 

Thorough  discussions  on  the  most  suitable  numerical  formula¬ 
tions  related  to  rotating  frame  of  reference  for  flow  simulations 
past  propellers  and  hovering  rotors  can  be  found  in  Kroll.^^  The 
corresponding  rotorcraft  version  of  the  CATS  code  was  applied 
to  steady  stale  problems  around  two-blade  propellers.” 

An  optimum  design  method  where  the  CEVCATS  code  was 
coupled  to  an  optimization  algorithm  has  been  developed  by 
Schdne.”  The  method  was  applied  to  the  design  of  conical  and 
general  3-D  wings  at  supersonic  speeds. 

Recent  efforts  at  DLR  are  related  to  the  enhancement  of  spatial 
accuracy  by  the  use  of  high  resolution  schemes”'^*’  and  grid  re- 
rinement  strategies.”  Systematic  work  is  underway  concerning 
the  improvement  of  the  various  algorithmic  elements  of  the 
multigrid  technique.™ 

Beside  development  efforts  directed  to  the  CEVCATS  code 
some  efforts  aiming  on  unstructured  methods  have  to  be  men¬ 
tioned.” 


Ealer-Codcs  from  Research  Institatioas  and  Universities 

DLR-lnstitute  for  Theoretical  Fluid  Mechanics: 

At  the  DLR-lnstitute  for  Theoretical  Fluid  Mechanics  in  Got¬ 
tingen  no  continuous  efforts  are  made  for  development  of  a 
general  purpose  Euler-code.  However  basic  work  on  high  reso¬ 
lution  discretization  schemes  by  Muller  et  al.^  and  correspond¬ 
ing  applications  to  hypersonic  waverider  problems^'  are  re¬ 
ported. 


At  the  EFFL-lnstitut  des  Machines  Hydrauliques  et  de 
Mechanique  des  Fluides  in  Lausanne  cooperative  efforts  to¬ 
gether  with  CERFACS  (France)  ate  made  towards  the  develop¬ 
ment  of  a  3-D  general  purpose  multiblock  finite-volume  Euler 
code*^  including  equilibrium  and  non-equilibrium  real  gas  ca¬ 
pability.^'^  The  cell-centered  discretization  approach  is  based 
on  Jameson’s  aritificial  dissipation  operator*  arid  for  time  inte¬ 
gration  an  explicit  linear  multistage  time-ste]^ng  scheme  is 
applied.  Another  direction  of  Euler<ode  application  concerns 
incompressible  flow  simulation  problems  in  water  turbines.**^ 

Institut  fiir  Strahlanlriebe  und  Turboarbeitsmaschinen.  RWTH- 
Aachen: 

At  the  RWTH-lnstitut  fiir  Strahlantriebe  und  Turboarbeits¬ 
maschinen  efforts  ate  made  for  development  of  a  general  pur¬ 
pose  finite-volume  code  aimine  at  steady  and  unsteady  turbo- 
machinery  flow  applications.  Beside  structured  also 
unstructured  codes  are  under  development.*' 

Institut  fiir  Aero-  und  Gasdvnamik.  Universitat  Stuttgart: 

At  the  Institut  fiir  Aero-  und  Gasdynamik  main  efforts  are  di¬ 
rected  to  development  of  a  finite-volume  Euler  code  aiming  at 
rotorcraft  flow  applications.”  ”  Basis  for  development  is  the 
EUFLEX  code  from  the  DASA  Military  Aircraft  Division. 

Institut  fiir  Raumfahrtsvsteme.  Universitat  Stuttgart : 

At  the  Institut  fiir  Raumfahrtsysteme  main  efforts  ate  directed 
to  development  of  a  3-D  finite-volume  Euler  code  aiming  at 
turbomachinery  flow  applications.”'” 

Institute  for  Computer  Applications,  Universitat  Stuttgart: 

At  the  Institute  for  Computer  Applications  serious  efforts  are 
underway  for  development  of  a  general  purpose  finite-element 
Euler/Navier-Stokes  code  including  equilibrium  and  non¬ 
equilibrium  real  gas  capabilities.”'”  Focus  point  are  reentry 
flow  applications  related  to  the  European  reentry  vehicle  pro¬ 
ject  HERMES. 


33.2  Presentatioa  of  Individual  Codes 


COMPANY  /  INSTITUnON:  DASA  •  Airbus  Division  /  Bremsn  •  Germany 


SPACEfTIME 

DISCRET. 


mukiblock-structured.  central  drflerencing. 


CODE 

DISCRET. 

TECHNIQUE 

MELINA 

3-D. 

finite-volume. 

cell-vertex 

blockwise  mesh 
refinement 


Jameson's  second  and 
fourth  difference 
dissipation  operator, 
explicit  Runge-Kutta 
scheme 


CONVERGENCE 

ACCELERATION 

SPECIAL 

FEATURES 

local  time  stepping, 
implicit  residual 
smoothing,  enthalpy 
damping,  multigrid 

Euler/Navier-Stokes 
solver, 
actuator  b.c.. 
shock  capturing 

COMPANY  /  INSTITUTION;  DASA  •  Regioprop  Division  /  Domier  Luftfahrt  /  Friedrichshafen  -  Gennany 


CODE 

DISCRET. 

TECHNIQUE 

GRIDS 

SPACE/TIME 

DISCRET. 

CONVERGENCE 

ACCELERATION 

IKARUS 

3-D. 

finite- volume, 
cell-centered 

multiblock-structured, 
blockwise  mesh 
refinement,  arbitrary 
block  face 
segmentation 

central  differencing. 
Jameson’s  blended 
second  and  fourth 
difference  dissipation 
operator.  Runge-Kutta 
explicit  or  LU-SSOR 
implicit  scheme 

local  time  stepping, 
implicit  residual 
smoothing,  enthalpy 
damping,  multigrid 

COMPAinr/ msrrrUTION:  OASA  •  IMIitwy  Airei«ft  nviston  /  Otlobrum 


CODE  OeCRET. 

TECHNIQUE 


3-0. 

finite-volume. 
EUFLEX  cel-centered 


SPACE/TME 

DiSCRET. 


CONVERGENCE 

ACCELERATION 


SPECIAL 

FEATURES 


3-D.  monototock-structured  upwind  (combined  Sieger 

finite-volume.  Ilux  vector  and  Godunor 

cell-centered  -type)  dillerencing.  point 

Gauss-Seidel  implicit 
scheme.  1st  order  Euler 
backward  time  opeialor 


COMPANY  /  INSTITUTION:  EUROCOPTER  DeutscManri  /  Ottobrunn  -  Germany 


ROTFLEX 


DISCRET. 

TECHNIQUE 

To 

j  finite-volume, 
cell  centered 


SPACE/TIME 

DISCRET. 


CONVERGENCE 

ACCELERATION 


monoblock  structured!  upwind  (combined  Sieger  local  time  stepping. 
I  llux  vector  and  Godunov 
I  type)  dillerencing.  point 
i  Qauss-Seidel  im^icit 
!  scheme 


COMPANY  /  INSTltUTION:  DASA  -  Spac«  InfrastrucurM  /  Ottobrunn  -  Qarmany 


CODE  1 

1 

DISCRET. 

TECHNIQUE 

GRIDS 

SPACE/riME 

DISCRET. 

CONVERGENCE 

ACCELERATION 

OAINV- 

SPACE 

D  i  3-D, 
finite^lilterence 

1 

single  block, 
structured 

upwind  llux  vector 
spiriting  scheme. 
Runge-Kutta  explicit 
space/time  integration 
scheme 

local  time  stepping 


multiblock-structured  upwind  (flux-vector 
splitting)  diflereiicing. 
Runge-Kutta  explicit  time 
stepping  scheme  /  point 
Gauss-Seidel  implicit  lor 
species  source  terms 


multiblock-structured  central  (symmetric  TVD)  local  lime  stepping 
dillerencing.  implicit  Euler 
backward  time  stepping, 
symmetric  Gauss-Setdel 
relaxation 


SPECIAL  REF. 
FEATURES 


rolorcrafl  version  of  35.36 
EUFLEX. 

also  time-aocurate 
version  available 


SPECIAL 

FEATURES 


space  marching 
method,  shock 
fitting,  equilibrium 
gas  option 


shock  filling, 
quasi-conservative 
Euler  formulation, 
perfect  gas. 
equilibrium  and 
non-equilibrium  real 
gas  option 


COMPANY  /  INSTITUTION:  OASA  •  Jet  Engine  Division  (MTU  -  Munich)  -  Gennany 


CODE 

DISCRET. 

TECHNIQUE 

GRIDS 

SPACETIME 

DISCRET. 

CONVERGENCE 

ACCELERATION 

MTUCULER 

2-D  &  3-0. 

finite-volume. 

cell-vertex 

multiblock-structured 

central  differencing  with  ! 
second  difference 
dissipation  operator, 
explicit  first-order  Euler 
time  stepping  scheme 

local  time  stepping, 
multigrid 

FEATURES 


REF. 

POC 

50-52 

6 

COMPANY  /  INSTITUTION:  DLR  •  Institute  for  Design  Aerodynamics  /  Brunswick  -  Germany 


CODE 

DISCRET. 

TECHNIQUE 

GRIDS 

SPACEA’IME 

DISCRET. 

CONVERGENCE 

ACCELERATION 

SPECIAL 

FEATURES 

REF. 

CATS 

3-0, 

finite- volume, 
cell-centered 

muRiblock-structured, 
biockwise  mesh 
refinement 

central  differencing. 
Jameson's  blended 
second  and  fourth 
difference  dissipation 
operator,  explicit 
Runge-Kutta  time  j 

stepping  scheme 

local  time  stepping, 
implicit  residual 
smoothing,  enthalpy 
damping,  multigrid 

shock  capturing 

53-55 

131 


COMTAMV  /  tWSTmrnOM:  DLR  -  IrwtHutn  foe  D— ign  Antrodyrtninicn  /  Brunswick  -  Gnnnwty 

COOC 

0I8CRET. 

TECHNIQUE 

SPACE/TIUE 

OBCHET. 

CONVERGENCE 

ACCELERATION 

SPECIAL 

FEATURES 

REF. 

POC 

CEVCATS 

3-0. 

finilo-wolume. 

ceV-vnnex 

muWhtock-structurod. 
btodnnse  mesh 
refinement 

central  (Jameson's 
blended  second  and 
fourth  difference 
dissipalion  operatcr. 
symmetric  TVO  scheme) 
a^  upiwind  dMerencng, 
exptdt  Runge-Kulta  time 
stepping  scheme 

local  time  steppirrg. 
impadl  rasiduaf 
srnoothmo.  enthalpy 
damping,  multigrid 

Euler/Navier-Slokes 
solver, 
actuator  be., 
shock  capturing, 
equilibtium  real  gas. 
gerrertf  contig. 
capability 

56-75 

1 

COMPANY  /  INSTITUnON:  DLR  •  Instituto  for  TheortHcal  Rutd  Mechanics  /  Qottingan  •  Germany 

CODE 

DISCRET. 

TECHNIQUE 

GRIDS 

SPACEHTME 

DISCRET. 

CONVERGENCE 

ACCELERATION 

SPECIAL 

FEATURES 

REF. 

POC 

(ITS-Euler) 

3-D. 

finite-dIfferetKe 

single  blocit, 
structured 

upwind  (Harten-Yee) 

TVD  scheme,  3-faclor  AF 
implicit  Beam-Warming 
scheme 

local  time  stepping 

shock  capturing 

80.81 

8 

COMPANY  /  INSTITUnON:  EPFL  -  InstHuto  /  Lausanne  •  Switzarland 

CODE 

DISCRET. 

TECHNIQUE 

SPACETHME 

DISCRET. 

CONVERGENCiT 

ACCELERATION 

SPECIAL 

FEATURES 

REF. 

POC 

(EPFL-Euler) 

3-D, 

finite-volume. 

cell-centered 

muRiblock-structured 

central  differencing. 
Jameson's  blended 
second  and  fourth 
difference  dissipation 
operator.  expiicA 
Runge-Kutta  time 
stepping  scheme 

local  lime  stepping, 
residual  averaging 

shock  capturing, 
equilibtium  and 
non-equHibrium  real 
gas  option 

82-88 

9 

3  J  J  Points  of  Contact 


Point  of  Cootuct  (POP  No.  I: 


Co<le(s): 

Name: 

Dept.: 

Tel.: 

Mailing  Address: 


Tel.-Company: 

Fax-Company: 

References: 


MELINA 
S.  Rill 
EFIO 

(+49)  421-538-4499 
Deutsche  Aerospace  Airbus  GmbH 
D-28183  Bremen 
Germany 
(+49)  421-538-01 
(+49)  421-538-3320 
1.2 


Point  of  Conttct  (POCl  No.  2: 


Code(s): 

Name; 

Dept.: 

Tel.: 

Mailing  Address: 


Tel.-Company: 

Fax-Company: 

References: 


IKARUS 

H.  Rieger  /  S.  Leicher 
LREV3 

(+49)  7545-84203  /-84819 

Domier  Luftfahrt  GmbH 

D-88039  Friedrichsbafen 

Germany 

(+49)  7545-80 

(+49)  7545-8441 1 

7-21 


Point  of  Contact  (POCl  No.  3: 


Code(s): 

Name: 

Dept.; 

Tel.: 

Mailing  Address: 


Tel.-Company; 

Fax-Company: 

References; 


EUFLEX,  INFLEX 
A.  Eberle 
LME2I1 

(+49)  89-607-24912 
Deutsche  Aerospace  AG 
Military  Aircraft  Division 
D-81663  Miinchen 
Germany 
(+49)  89-607-0 
(+49)  89-607-26481 
22-34 


Point  of  Contact  (POCl  No.  4: 


Code(s); 

Name: 

Dept.: 

Tel.; 

Mailing  Address; 


Tel.-Company; 
Fax -Company; 
References: 


ROTFLEX 
H.  Stahl-Cucinelli 
D/EE41 

(+49)  89-607-23681 

Eurocopter  Deutschland  GmbH 

D-81663  Miinchen 

Germany 

(+49)  89-607-0 

(+49)  89-607-26888 

35,  36 


t 
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Oxkis): 

Name; 

Mailing  Addicss: 


Td.-Company; 

Fax-Company: 

RefcKnces: 


DAINV-SPACE.  DAINV-SPUT. 

DAVIS-VOL 

C.  Weiland 

Rms 

(+49)  89-607-28473 
Deutsche  Aerospace  AC 
Space  Infrastructures 
D-81663  Miinchen 
Germany 
(+49)  89-607-0 
(+49)  89-607-26481 
37-49 


Paint  of  Contact  (POO  No.  6; 


Code(s): 

Name: 

Dept.: 

Tel.; 

Mailing  Address; 


Tel.-Company: 

Fax-Company: 

References: 


MTU-EULER 
H.-W.  Happel 
EWTS 

(+49)  89-1489-2535 

MTU  Motoren-  und  Turbinen-Union 

Miinchen  GmbH 

D-80991  Munchen 

Germany 

(+49)89-14  89-0 

(+49)89-150  2621 

50-52 


Point  of  CooUct  (POO  No.  7: 


Code(s): 

Name: 

Dept.; 

Tel.: 

Mailing  Address: 


Tel.-Company: 

Fax-Company; 

References; 


CATS.  CEVCATS 
N.  Kroll  /  R.  Radespiel 
Numerische  Aerodynamik 
(+49)  531-295-2440  / -2488 
Deutsche  Forschungsanstalt  ftir 
Luft-  und  Raumfahrt  e.V.  (DLR) 
Institut  fur  Entwurfsaerodynamik 
Lilienthalplatz  7 
D-38108  Braunschweig 
Germany 
(+49)531-295-0 
(+49)  531-295-2320 
53-75 


Point  of  Contact  (POO  No.  8: 


Code(s): 

Name: 

Dept.: 

Tel.. 

Mailing  Address: 


Tel.-Company: 

Fax-Company: 

References: 


ITS-EULER 
W.  Kordulla 

(+49)  551  709-2274  or  -2275 
Deutsche  Forschungsanstalt  fiir 
Luft-  und  Raumfahrt  e.V.  (DLR) 

Inst,  fiir  Theoretische  Sadmungsmechanik 
SM-SM 

Bunsenstra&e  10 
D-37073  Gottingen 
Germany 
(+49)551  709-1 
(+49)551  709-2446 
80,81 


Point  of  Contact  (POCl  No.  9: 


Code(s): 

Name: 


Dept.; 


Tel.. 

Mailing  Address; 


EPFL-EULER 
C.  Bergmann 

(+21)  693-3503  or -3504 

Swiss  Federal  institue  of  Technology 

Institut  de  Machines  Hydraulique 

et  de  Mdchanique  des  Huides 

BItiment  DME 

EPFL-Ecublens 

CH-1015  Lausanne 


Com^y: 

Fax-Company: 

References: 


Switzerland 
(+21)693-1111 
(+21)693-3646  or -2525 
82-88 


Point  Contnct  (POP  No.  10: 


Code(s): 

Name: 

Dept: 

Tel.: 

Mailing  Address; 


Tel.-Company: 

Fax-Company: 

References: 


RWTH-EULER 
H.E.  Callus 

(+49)  241  80-5500 
Rheinisch-Westfalische 
Technische  Hochschule  Aachen  (RWTH) 
Institut  fiir 

Sirablaniriebe  und  Turbomaschinen 
Templergraben  55 
D-S2062  Aachen 
Germany 

(+49)  241  80-5504 
(+49)  241  8888-229 
89-92 


Point  of  ConUct  (POC)  No.  11: 


Code(s); 

Name: 

Dept.: 

Tel.; 

Mailing  Address: 


Tel.-Company: 

Fax-Company: 

References: 


lAGS-EULER 
S.  Wagner 

(+49)  71 1-685-3580 

Universitat  Slullgan 

Institut  fiir  Aero-  und  Gasdynamik 

Pfaffenwaldring  21 

D-70569  Stuttgart 

Germany 

(+49)711-685-1 

(+49)  711-685-3438  or  -3500 

93-95 


Point  of  Contact  (POO  No.  12: 


Codefs); 

Name: 

Dept.: 

Tel.; 

Mailing  Address: 


Tel.-Company: 
Fax -Company: 
References: 


IRS-EULER 
H.-H.  Friihauf 

(+49)  71 1  685-2382 
Universitat  Stuttgart 
Institut  fiir  Raumfahrtsysteme 
Pfaffenwaldring  31 
D-70569  Stuttgart 
Germany 
(+49)711-685-1 
(+49)  711-685-35%  or  -3500 
%-97 


Point  of  Contact  fPOC)  No.  13:. 


Code(s); 

Name: 

Dept.: 

Tel.; 

Mailing  Address; 


Tel.-Company: 

Fax-Company: 

References: 


ICA-EULER 
J.  Argyris 

(+49)711-685-3594 

Universitat  Stuttgart 

Institut  fiir  Computer-Anwendungen 

Pfaffenwaldring  27 

D-70569  Stuttgart 

Germany 

(+49)711-685-1 

(+49)  71 1-685-3669  or  -3500 

98,99 


r 


tr 
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iA  CODES  FROM  GREAT  BRITAIN, 

THE  NETHERLANDS  and  SCANDINAVIA 


3.4.1  Overview 

The  majority  of  solution  techniques  routinely  used  to  solve  the 
Euler  equations  are  based  upon  the  Lax-Wendioff  (structured 
grids),  Taylor-Galerkin  (uastructured  grids),  and  Jameson  ex¬ 
plicitly  added  artificial  dissipation  with  Runge-Kutta  time  step¬ 
ping  methods  (structured  and  unstructured  grids).  Structured 
gri^  are  primarily  used  but  recently  there  appears  to  be  grow¬ 
ing  interest  within  industry  for  the  use  of  unstructured  grids 
with  their  inherent  advantages  for  adaptation  techniques  and 
Rexibility  for  complex  geometr'cs. 

Majoi  uses  of  the  multiblock  grid  and  flow  procedure  for  com¬ 
plex  three-dimensional  geometries  include  the  National  Aero¬ 
space  Laboratory  (NLR),  The  Netherlands,  with  the  code 
ESOLVB,  British  Aerospace  (BAe  -  Commercial  Aircraft)  with 
the  code  EJ83,  SAAB,  Sweden,  with  the  code  MULTEUL  and 
CFD  norway,  Norway,  with  the  code  ThreeFlow,  For  the  solu¬ 
tion  techniques  it  is  interesting  to  note  that  they  all  use  the  clas¬ 
sic  Jameson'"  procedure  with  the  main  features  of  cell- 
centered  central  differencing,  explicit  local  time  stepping, 
added  artificial  dissipation  with  combinations  of  second  and 
foorth  order  differences. 

In  the  United  Kingdom,  the  British  Aerospace  code  EJ83'  has 
multigrid  convergence  acceleration  and  a  viscous  capability 
with  options  for  viscous  simulation  with  a  coupled  boundary 
layer  based  upon  2D  strip  theory  or  full  3D  boundary  layer  the¬ 
ory.  In  addition  to  their  multiblock  code,  British  Aerospace 
have  developed  a  suite  of  codes  using  the  Jameson  solution 
technique  for  particular  applications.  The  code  EJ6I,  which  is 
applicable  to  two-dimension«.  'Tofoils  has  a  full  adaptation 
capability  with  both  point  refinement  and  node  movement, 
EJSU  and  FJS3  are  specifically  used  for  intakes  and  forebody 
geometries,  EJ63  and  EJ65  for  wing/body  configurations.  The 
latter  two  codes,  in  common  with  the  multiblock  code  EJ83, 
have  a  viscous  coupled  capability. 

The  Defence  Research  Agency  fDRA),  Farnborough.  UK  have 
developed  .several  different  codes  for  the  solution  of  the  Euler 
equations.  The  technique  used  to  simulate  the  Hows  over  iso¬ 
lated  wings  is  based  on  the  work  of  Ni*  and  enhanced  by  Hall’ 
and  relies  upon  the  Lax-Wendroff  method  with  a  mulligrid  ca¬ 
pability.  Their  unsteady  capability  uses  an  implicit  Beam  and 
Warming''  scheme  with  central  differencing  approximations 
and  an  artificial  dissipation  approach. 

Oxford  University,  UK  have  developed  Euler  solvers  for  both 
two  and  three-dimensional  geometries  which  utilise  a  two  pa¬ 
rameter  Lax-Wendroff  lime  stepping  with  node  based  mulligrid 
and  Jameson  artificial  viscosity  terms.  '*  The  solvers  ate  appli¬ 
cable  to  single  block  grids,  in  particular,  C-H  grids  for  isolated 
wings. 

In  isolation  within  the  survey,  Swansea  University  and  Compu¬ 
tational  Dynamics  Research,  Swansea,  UK  have  developed  the 
codes  BRITE3D,  FLITE3D,  TG  and  HYBRID  each  of  which  is 
based  upon  unstructured  triangular  and  tetrahedral  grids."’'” 

The  code  BRITE3D  and  FLITE  are  both  based  upon  the  Jame¬ 
son  method'”""  and  have  a  face  and  side  based  data  structure 
implementation,  respectively.  BRITE3D  contains  a  tetrahedral 
grid  generator  based  upon  the  Delaunay  triangulaiion"”’  and 
the  FL1TE3D  has  an  advancing  front  generator.  The  FLITE3D 
solver  also  has  a  multigrid  capability'  .  Both  have  grid  adapta¬ 
tion  capabilities  based  upon  the  methods  of  grid  remeshing, 
point  refinement  and  the  use  of  sources.  The  c^  TG  is  bas^ 
upon  the  Taylor-Galerkin  formulation  on  unstructured 
grids.'”''  All  the  codes  BR1TE3D,  FLITE3D  and  TG  are  appli¬ 
cable  to  a  wide  range  of  aerodynamic  configurations.  The  code 
hybrid'”  has  a  cell  centered  Runge-Kutta  time  stepping  al¬ 
gorithm  which  is  applicable  to  unstructured,  structured  and  hy¬ 
brid  grids.  These  grids  can  be  automatically  generated  and  both 


the  grid  and  flow  are  executed  through  a  menu  driven  MOTIF 
user  inurrface  The  code  also  has  a  viscous  capability  with  op¬ 
tions  of  a  Baldwin-L-omax  and  k-t'  turbulence  models  and  grid 
adaptation  on  any  grid  type  can  be  ituplemented  using  point  re¬ 
finement,  point  derefinement,  rcmeshing.  source  adaptation 
and  point  movement.  It  is  primarily  used  in  the  research  envi¬ 
ronment. 

In  The  NrthcrUnds,  at  the  National  Aerospace  Laboratory 
NLR,  the  software  system  ENFLOW  for  the  calculation  of 
Euler  flows  around  complex  aerodynamic  configurations  is 
available.  The  system  may  also  be  used  for  the  calculation  of 
Navier-Siokes  flows.  In  particular,  ENFLOW  o  ajiplied  for  the 
computational  analysis  of  the  aerodynamics  o,  flows  around 
transport  aircrafts,  including  the  aerodynamic  effects  of  propef 
lers  and/or  jet-engines  Based  on  early  technical  concepts  ' 
the  system  was  implemented  in  cooperation  with  FOKKER  .>( 
The  Netherlands.  ALENIA  and  CIRA,  both  of  Italy,  paitici 
paled  in  the  development  of  an  early  version  of  the  system 
ENFLOW  as  a  CFD  user  environment  is  operational  on  a  di¬ 
versity  of  hardware  and  available  in  various  releases  for  indus¬ 
try  and  research  institutions. 

To  treat  the  aerodynamic  flow  simulation  task  efficiently  with 
the  ENFLOW  system  a  decompeisiiion  into  five  subtasks  has 
been  accomplished.  By  such  a  design  it  became  po.ssible  to  iso¬ 
late  critical  topics  like  geomeirv  manipulation  and  grid  genera¬ 
tion  fro.n  the  other  CFD  work 

The  five  subtasks  are  the  geometric  surface  modelling  and  a|>- 
piopriate  modification  of  aerodynamic  siiitaccs,  the, ^compo¬ 
sition  of  the  flow  domain  into  subdomains  or  blocks"'  by 

the  •.oftware  ENDOMO,  the  multiblock  mesh  genera¬ 
tion"'"''"  the  flow  calculation  with  the  flow  solver  EN- 
SOLV"'' and  finally  the  graphical  interactive  data 
analysis  and  flow  visualization.'"’  The  various  code  elements 
within  the  system  are  interfaced  by  slandarized  file  formats 

The  multiblock  grids  which  are  accepted  by  the  flow  wiver 
ENSOLV  should  have  the  following  chaiacterislics.” ' 
Blocks  are  patched  to  each  other,  without  gaps  or  overlaps. 
Block-faces  are  allowed  to  be  sub-structured  or  segmented, 
which  gives  additional  flexibility  concerning  the  handling  of 
complex  boundary  conditions,  fhe  code  ENSOLV  has  also  the 
capability  for  a  block-by-block  grid  adaptation  using  point  re¬ 
finement. 

ENSOLV  is  based  on  a  cell-centered  finite-volume  discretiza¬ 
tion  using  explicit  second  and  fourth  difference  dissipation  op¬ 
erators  for  treatment  of  convective  terms  according  to  Jame¬ 
son'".  Integration  to  steady  state  is  performed  by  various 
multi-stage  Runge-Kutta  schemes.  Convergence  speed  is  es¬ 
sentially  accelerated  by  a  mulligrid  procedure  offering  full  or 
semi-coarsening  options.  As  much  as  14  different  kinds  of  so- 
called  external  boundary  conditions  are  accepted,  including  in¬ 
let,  outlet  and  propeller  boundary  conditions,  the  latter  Ixing 
modelled  as  actuator  disk.  Second  order  accuracy  is  maintained 
also  across  discontinuous  block  interfaces  by  special  block- 
coupling  routines. 

The  ENFLOW  system  has  been  applied  successfully  to  a  mani¬ 
fold  of  inviscid  flow  problems.  Reported  are  simulations  p^t 
transport  aircrafts'"  including  propeller  slipstream  effects""" 
and  past  delta  wings.’””'’"'’” 

NLR  is  developing  also  an  unstructured  flow  solver,  called 
D2EUL''”.  It  is  based  on  a  finite-volume  cell  vertex  discre/isa- 
tion  with  flux  difference  upwinding'*"  and  second  order  accu¬ 
racy  extension  according  to  the  MUSCL  scheme.'*’  Grid  gen¬ 
eration  based  on  triangles  is  automated  and  requires  minimal 
user  interaction.  The  code  is  highly  vectorized  and  is  planned 
to  be  extended  to  a  3D  capability. 

The  Aerospace  Faculty  of  Delft  University  of  Technology,  The 
Netherlands,  has  developed  an  Euler  solver  for  thtee- 
dimensional  geometries,”'  which  is  an  extension  of  a  2D 
solver”"  from  CWI,  The  Netherlands.  This  code”'  uses  several 
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upwind-biased  discrelization  techniques  (van  Leer,  Osher  and 
Roe)  and  an  unfactored  relaxation  meth^  within  a  multigrid 
solution  procedure.  The  solver  is  applicable  to  single  block 
structured  grids. 

In  Sweden,  SAAB  relies  essentially  on  their  multiblock  code 
MULTEUL^'  for  the  treatment  of  general  three-dimensional 
comi^ex  configurations.  The  code  is  able  to  handle  general 
flow  simulations  past  complete  missile,  aircraft  and  aerospace 
vehicles.  As  indicated  by  the  name,  the  MULTEUL  code  has 
built  in  a  multigrid  convergence  acceleration  technique.  Mesh 
generation  is  based  on  a  commercial  system,  called  ICEM- 
MULCAD.  It  should  be  noted  that  MULTEUL  has  also  a  vis¬ 
cous  option  enabling  Navier-Stokes  simulations. 

In  addition  to  MULTEUL  a  general  space-marching  code, 
called  GEMINI'*"  is  in  productive  use  at  SAAB  for  treatment  of 
supersonic  flow  problems.  According  to  a  specific  time/space 
integration  technique  the  code  circumvents  the  integration  step 
size  restrictions  posed  bv  stability  reasons.  Essentially  the  un¬ 
known  steady  state  at  the  new  space  position  is  determined  by 
solution  of  a  time-dependent  problem.  Which  means  that  the 
originally  hyperbolic  problem  in  space  is  converted  to  a  prob¬ 
lem  being  hyperbolic  in  time.  This  approach  leads  to  improved 
algorithmic  stability  and  makes  the  extension  to  parabolized 
Navier-Stokes  solver  straightforward.  The  grid  is  structured 


and  is  automatically  generated  plane-by -plane  with  an  alge¬ 
braic  interpolation  procedure  at  each  section,  as  needed.  There¬ 
fore,  the  code  GEMINI  is  applied  for  inviscid  and  viscous  flow 
simulations  past  general  missiles  and  aircraft  configurations 
with  emphasis  on  aerodynamic  flows  around  wings,  rudders, 
inlets  and  diverters. 

In  Norway  a  key  institution  in  the  field  of  flow  simulation  is 
the  company  "CFD  notway  as".  The  company  has  developed  a 
complete  package  consisting  of  grid  generators,  flow  solvers 
and  visualization  tools  for  the  treatment  of  2-D  and  3-D  flows 
in  complex  geometries  that  are  based  on  a  structured  mul¬ 
tiblock  approach. 

The  grid  generation  package  uses  algebraic  and  elliptic-type  as 
well  as  combined  techniques  for  generating  blockstructured 
grids.*’  The  flow  solvers’"  are  based  on  a  cell-centered  finite- 
volume  discretization  using  the  switched  second  and  fourth  or¬ 
der  dissipation  operators  according  to  Jameson'  for  approxi¬ 
mating  the  convective  terms.  Time  integration  is  performed 
with  a  linear  3-stage  Runge-Kutta  scheme.  The  flow  solvers  in¬ 
clude  also  options  for  solving  either  the  thin-layer  or  the  full 
Navier-Stokes  equations  with  several  zero-equation  and  two- 
equation  eddy  viscosity  turbulence  models.  Options  for  operat¬ 
ing  the  code  in  a  rotating  frame  of  reference  as  well  as  with 
real  gas  assumptions  are  available. 


3.4.2  Presentation  of  Individual  Codes 


COMPANY !  INSTITUTION:  BRmSH  AEROSPACE  (BAe)  -  Commercial  Aircraft  Dlvlalon  /  United  Kingdom 


CODE 

DISCRET. 

TECHNIQUE 

Ed61 

2-0. 

finite- volume 

EJSO 

EJS3 

EJ63 

EJ6S 

3-D. 

finite- vokime 

SPACE/riME 

DISCRET. 


central  differencinq. 
Jameson-type  and  fourth 
difference  dissipation 
operator,  explicit 
multistage  Runge-Kutta 
scheme 


CONVERGENCE 

ACCELERATION 


local  time  stepping 


multibkKk-structured  central  differencinq, 

Jameson-type  anrj  fourth 
differerx^  dissipation 
operator,  explicit 
multistage  Runge-Kutta 
scheme 


COMPANY  /  INSTITUTION: .  DEFENSE  RESEARCH  AGENCY  (DRA)  /  Famborough  -  United  Kingdom 


CODE  DISCRET. 

TECHNIQUE 


3-D. 

finite- volume 
cell- vertex 


2-D/3-D 
finite-volume, 
UNSTEADY  cell-centered 
EULER 


GRIDS 

SPACE/TIME 

DISCRET. 

CONVERGENCE 

ACCELERATION 

single  grid, 
structured.  0-type 

Riemann  solver,  explicit 
multistage  Runge-Kutta 
scheme 

local  time  stepping 

single  grid, 
structured,  C-H  type 

explicit  Lax-Wendroff 
seneme 

local  time  stepping, 
multigrid 

single  grid, 
structured 
cartesian  box 

explicit  Lax-Wendroff 
scheme 

local  time  stepping, 
multigrid 

Structured 

central  differencing. 
Jameson-type  second 
and  fourth  difference 
dissipation  operator, 
implicit  Beam-Warming 
scheme 

multibkxk-structured 

explicit  Lax-Wendroff 
scheme 

local  time  stepping. 
multigrid 

SPECIAL 

FEATURES 


REF.  I  POC 


COMPANY  /  INSTITUTION:  OXFORD  UNIVERSITY  /  Oxford  •  UnHad  Kingdom 

CODE 

DISCRET. 

TECHNIQUE 

GRIDS 

SPACEH'IME 

DISCRET. 

CONVERGENCE 

ACCELERATION 

SPECIAL 

FEATURES 

REF. 

POC 

CV_FLOW2 

2-D, 

finite- voluine. 
ceil- vertex 

Single  block. 

0/C-type 

central  differencing. 
Jameson-type  second 
and  fourth  difference 
dissipation  operator, 
explicit  Lax-Wendroff 
scheme 

local  time  stepping, 
muttlgrid 

Euler/Navier-Stokes 

solver 

7,8 

THREE 

FLOW 

3-D, 

finite- volume, 
cell-vertex 

single  block, 

H/C-type 

central  differencing, 
Jameson-type  second 
and  fourth  difference 
dissipation  operator, 
explici*  Lax-wendroff 
scheme 

local  time  stepping, 
multigrid 

Euler/Navier-Stokes 

solver 

9 

COMPANY  /  INSTITUTION:  SWANSEA  UNIVERSITY  /  Swansea  -  UnKed  Kingdom 


CODE 

GRIDS 

SPACE/TIME 

DISCRET. 

CONVERGENCE 

ACCELERATION 

SPECIAL 

FEATURES 

REF. 

POC 

BRfTE30 

3-0, 

finite- volume, 
cell-vertex 

unstructured, 
adaptation  with 
mesh  refinement 
and  remeshIng 

central  differencing, 
Jameson-type  second 
and  fourth  difference 
dissipation  operator. 
muKistage  Runge-Kutta 
scheme 

local  time  stepping 

Euler/Navier-Stokes 

solver 

10, 

11. 

12 

TG 

3-D, 

finite-element 

unstructured, 
adaptation  with 
mesh  refinement 
and  remeshIng 

Taylor-Gaierkin 
finite-element  formulation 

local  time  stepping 

unsteady  2-D 
version  available 

13. 

14 

FUTESO 

3-D, 

finite-element 

unstructured  with 
mesh  refinement 
and  remeshIng 

central  differencing, 
explicit,  multistage 
Runge-Kutta. 

local  time  stepping, 
multigrid 

13-17 

COMPANY  /  INSTITUTION:  NATIONAL  AEROSPACE  LABORATORY  (NLR)  /  Amsterdam,  •  The  Nathertands 

DISCRET. 

TECHNIQUE 

GRIDS 

SPACE/TIME 

DISCRET. 

CONVERGENCE 

ACCELERATION 

SPECIAL 

FEATURES 

REF. 

POC 

ENSOLV 

3D. 

finite-volume, 

cell-centered 

multiblock-structured 
block-to-block  mesh 
refinement  and 
adaptation 

central  differencing. 
Jameson-type  second 
and  fourth  difference 
dissipation  operator, 
explicit  multistage 
Runge-Kutta  scheme 

local  lime  stepping, 
implictt  residual 
averaging,  enthalpy 
damping,  multigrid  -  lull 
&  semi-coarsening 

Euler/Navier-Stokes 

solver, 

part  of  CFD  system 
ENFLOW, 
propeller  and  jet 
propulsion  options 

21-41 

5 

02EUL 

2-D. 

finite- volume, 
cell-vertex 

unstructured 

Dick-upwind  flux 
difference  discretization. 
MUSCL  extrapolation  for 
2nd  order  accuracy, 
explicit  multistage 
Runge-Kutta  scheme 

local  'ime  stepping 

COMPANY  /  INSTITUTION:  SAAB  -  SCANIA  A.B.  /  Unkoping  ■  Sweden 

GRIDS 

SPACE/TIME 

DISCRET. 

CONVERGENCE 

ACCELERATION 

POC 

MULTEUL 

3-D. 

finite-volume, 

cell-centered 

multiblock-structured 

central  differencing. 
Jameson-type  second 
and  fourth  difference 
dissipation  operator, 
multistage  Runge-Kutta 
schme 

local  time  stepping, 
explicit  and  impliot 
re^ual  averaging, 
multigrid 

6 

GEMINI 

3-D. 

finite- volume, 
cell-cerrtered 

structured, 
automatic  grid 
generation  plane  by 
plane 

spaoeAime  marching 
scheme,  time  integration 
by  explicit  Runge-Kutta 
type  scheme,  space 
discretization  by  Roe  flux 
difference  splitting 
upwind  scheme 

local  time  stepping, 
eigenvalue  extrapolation 
technique 

Euler/Parabolized 

Navier-Stokes 

solver. 

general  missile 
and  alraaft 
configurations 

48 

COMPANY  /  INSTITUTION:  CFD  norway  as  /  Trondheim  -  Norway 

CODE 

DISCRET. 

TECHNIQUE 

GRIDS 

SPACE/TIME 

DISCRET. 

CONVERGENCE 

ACCELERATION 

SPECIAL 

FEATURES 

REF. 

POC 

TwoFlow 

2-D, 

finite- volume, 
cell-centered 

multiblock-structured 

central  differencing. 
Jameson-type  second 
and  fourth  differerce 
dissipation  operator, 
explicit  3-stage 
Runge-Kutta  scheme 

local  lime  stepping 

Euler/Naviet-Stokes 

solver 

49 

1 

COMPANY  /  linTmmON:  CFD  norway  as  /  TrondMin  -  Norway 


CODE 

OISCRET. 

TECHNIQUE 

ThranFlew 

3-0, 

hnite-vDlumn, 

cud-centered 

tnuKiblock-struclufed 


SPACE/TIHE 

OISCRET. 

CONVERGENCE 

ACCELERATION 

central  differencing, 
Jameson-type  second 
and  fourth  cHfererKe 
dissipation  operator, 
explicit  3-stage 
Runge-Kutta  scheme 

local  time  stepping 

SPECIAL 

FEATURES 


REF.  POC 


3.4  J  Points  of  Contact 


I  MTTnn  irEnmiujiaiCEa 


Point  of  Contact  (POC)  No. 


Code(s): 

EJ51,  EJ50,  EJ53,  EJ63,  EI65,  EJ83 

Code(s); 

ENSOLV, D2EUL 

Name: 

A.  Pagano 

Name: 

J.W.  Boerstoel,  B.  Oskam 

Dept.: 

Aerodynamics 

Dept.: 

Theoretical  Aerodynamics  Department 

• 

Tel.: 

(+44)  272-693831 

Tel.; 

(+31)20-511  3357 

1  Mailing  Address:  British  Aerospace  Ltd.  (BAe) 

Mailing  Address:  National  Aerospace  Laboratory  NLR 

Airbus  Division 

P.O.  Box  90502 

P.O.  Box  77 

1006  BM  Amsterdam 

Bristol  BS99  7AR 

The  Netherlands 

United  Kingdom 

Tel.-Company: 

(+31)20-511  3113 

Tel.-Company: 

(+44)  272-693831 

Fax-Company; 

(+31)20-511  3210 

Fax-Company; 

(+44)  272-362828 

References: 

21  -44 

• 

References: 

3 

Po)nt  of  Contact 

Point  of  Contact  (POC)  No.  6: 

Code(s): 


Name; 

Dept.: 

Tel.: 

Mailing  Address: 


Tel.-Company; 

Fax-Company: 

References: 


ROE/UTTON,  HALL/SALMOND, 

EMJET  SERIES.  UNSTEADY  EULER. 

ECUMB2D 

B.  Williams 

Aerodynamics 

(+44)  252-392576 

Defence  Research  Agency  (DRA) 

Aerodynamics  Department 

Farnborough 

Hams.GU146TD 

United  Kingdom 

(+44)  252-24461 

(+44)  252-375890 

4-6 


Point  of  Contact  (POC)  No.  3: 


Code(s):  CV_FLOW2.  THREE  FLOW 

Name;  K.W.  Morton 

Dept.: 

Tel.;  (+44)  865-273885 

Mailing  Address;  Oxford  University  Computing  Laboratory 
1 1  Keble  Road 
Oxford.  0X1  3QD 
United  Kingdom 


Tel.-Company: 

Fax-Company; 

References: 


Code(s); 

Name: 

Dept: 

Tel.: 

Mailing  Address: 


Tel.-Company: 

Fax-Company: 

References: 


MULTEUL,  GEMINI 
B.  Arlinger 
Aerodynamics 
(+46)  1318-2583 
SAAB  SCANIA  A.B. 
Saab  Aircraft  Division 
Military  Aircraft  Sector 
581  88  Linkoping 
Sweden 

(+46)  1318-0000 
(+46)  1318-1802 
47.48 


Point  of  Contact  (POC 


(+44)  865-273839 
7-9 


Code(s): 

Name; 

Dept.: 

Tel.. 

Mailing  Address; 


Tel.-Company; 

Fax-Company: 

References: 


TwoFlow,  ThreeFlow 
N.  Kubberud 

(+47)  73-54-0340 
<;FD  norway  as 
Teknostallen 
Professor  Brochsgt.  6 
N-7030  Trondheim 
Norway 

(+47)  73-54-0340 
(+47)  73-94-3861 
49.50 


Code(s); 

Name; 

Dept.: 

Tel.: 

Mailing  Address: 


Tel.-Company: 
Fax -Company; 
References: 


BRITE3D.  TG.  FLITE3D.  HYBRID 
O.  Hassan 
Aerodynamics 
(+44)  792-295625 
Computational  Dynamics  Research 
Innovation  Centre 
University  (College  of  Swansea 
Singleton  Park 
Swansea,  SA2  8PP 
United  Kingdom 
(+44)  792-295625 
(+44)  792-295613 
10-18 
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Chapter  4 

Applications 


4.1  AIRFOILS 

The  Euler  equations  have  been  extensively  applied  to  and 
correlated  for  the  flow  over  two-dimensional  airfoils.  The 
early  method  developments  centered  on  oscillation-free  shock¬ 
capturing  schemes,  either  through  incorporation  of  adaptive 
dissipation  coefficients  or  upwind  discretizations.  The  recent 
trend  has  been  towards  the  incorporation  of  general-geometry 
adaptive-grid  .schemes  for  the  treatment  of  complex  configura¬ 
tions,  such  as  the  multielement  airfoil  solutions  shown  below. 
These  adaptive-grid  methods  have  gained  popularity  due  to 
their  potential  to  provide  highly  accurate  solutions  with  rela¬ 
tively  few  grid  points.  This  gain  in  popularity  owes  in  large 
part  to  the  difficulty  in  modeling  complex  three-dimensional 
geometries  with  globally  refined  "structured"  grids.  Several 
typical  solutions  over  the  NACA  0012  airfoil  are  shown  be¬ 
low.  as  well  as  several  reference  (datum)  solutions  which  serve 
as  well-defined  te.st  cases  for  the  evaluation  of  schemes.  The 
computational  challenge  posed  by  Pulliam  in  numerical  so¬ 
lutions  to  the  Euler  equations  for  the  subcritical  flow  over  a 
smooth  body  is  also  discussed.  Finally,  an  example  of  the  use 
of  Euler  equations  to  scale  the  results  obtained  in  a  gas  with 
nonideal  behavior  to  that  of  air  is  reviewed, 

4.1.1  NACA  0012  Airfoil 

The  flow  around  a  NACA  0012  airfoil  at  =  0.8  and  o 
=  1.25  deg  is  shown  in  Fig.  4.1.1  using  an  extension  of  the 
1985  implicit  scheme  of  MacCormack  developed  at  Deutsche 
Airbus  (DA).'  The  pressures  indicate  an  upper  surface  shock 
and  a  weaker  lower  surface  shock.  Results  include  second- 
and  third-order-accurate  flux  vector  splitting  formulations  to¬ 
gether  with  a  second-order  treatment  of  the  surface  boundary 
condition.  The  results  demonstrate  the  sensitivity  to  discretiza¬ 
tion  and  boundary  conditions:  the  first-order  results  reveal 
strongly  disturbed  isoMachlines  near  the  surface  of  the  model 
over  several  layers  of  finite  volumes  associated  with  exces¬ 
sive  total  pressure  losses  generated  in  the  region  of  strong  ac¬ 
celeration  near  the  leading  edge.  The  pressure  distribution  is 
most  influenced  by  the  truncation  error  of  the  scheme,  whereas 
the  entropy  error  is  most  influenced  by  the  boundary  condi¬ 
tion  treatment.  Third-order  accurate  spatial  discretization  and 
second-order  surface  boundary  condition  lead  to  the  entropy 
variation  to  be  expected,  with  small  losses  except  for  the  jump 
at  the  upper  shock.  A  small  rise  of  total  pressure  loss  in  the 
field  occurs  at  the  transition  from  subsonic  to  supersonic  flow 
and  is  commonly  observed  in  flux  vector  splitting  results. 

The  flow  field  and  convergence  history  for  the  inviscid  super¬ 
sonic  flow  past  a  NACA  0012  airfoil  (Af^  =  3,  u  =  7  deg) 
is  shown  in  Fig.  4.1.2.  All  computations  were  carried  out 
using  the  same  explicit  multistage  second-order  upwind  TVD 


scheme.’  Standard  V-type  multigrid  cycles  were  applied.  The 
upwind  implicit  residual  smoothing  method  (DIRS)  is  com¬ 
pared  to  the  widely  used  central  implicit  residual  smoothing 
(CIRS)  method.  The  CPU  limes  were  measured  on  a  sin¬ 
gle  processor  CRAY  Y-MP.  The  CIRS  method  performed  best 
with  a  (3.2Fscheme  (3  stages.  2  dissipation  evaluations).  The 
UIRS  method  performed  best  with  a  (3.3)-scheme.  The  UIRS 
scheme  took  more  iterations,  but  the  total  time  to  converge  5 
orders  of  magnitude  was  approximately  35  seconds  for  either 
of  the  schemes  with  residual  smoothing  Further  extensions  of 
the  residual  smoothing  concepts  are  presented  by  Zhu  et  al.' 

4.1.2  Datum  Solutions 

In  1985  the  AGARD  Working  Group  07  completed  the  work 
on  the  evaluation  of  numerical  results  obtained  for  specified 
test  cases  by  inviscid  flow  field  methods.  The  aim  of  the  effort 
was  to  compile  the  state-of-the-art  capabilities  for  computing 
two-  and  three-dimensional  numerical  solutions  of  the  Euler 
equations  for  airfoils  and  wings.  Solutions  from  many  re¬ 
searchers  of  well-known  institutions  and  companies  were  sub¬ 
mitted  and  subsequently  compared  with  respect  to  v  arious  cri¬ 
teria  concerning  local  and  global  flow  field  properties.  An 
evaluation  strategy  was  developed  to  determine  the  "besi”  nu¬ 
merical  solution(s)  for  each  test  case.  Judgments  of  quality 
were  on  the  basis  of  comparisons  with  known  solutions  and 
numerical  sensitivities,  including  grid  density,  far-field  bound¬ 
ary  location,  and  entropy  error  variations.  Datum  solutions 
which  can  be  used  as  high-quality  reference  solutions  for  the 
comparison  of  methods  are  presented  in  Ref.  4.  Two  transonic- 
cases  from  that  study  are  shown  in  Figs.  4.1. .3-4. 1.6.  Recent 
adaptive-grid  computations  for  a  third  test  case  from  that  study 
are  shown  in  Fig.  4.1.7;  ihe.se  more  recent  computations  re¬ 
solve  the  laige  spread  in  the  originally  contributed  results. 

\LR  7301:  =  0.721,  n  =  -0.194  deg 

As  a  remarkable  example  of  the  solution  accuracy  which 
could  be  obtained  at  that  time,  the  Mach  number  contours 
from  the  numerical  results  of  Schmidt/Jameson''  for  their  two- 
dimensional  compulation  around  the  NLR  7301  airfoil  sec¬ 
tion  at  "shock-free"  design  conditions  are  presented  in  Fig. 
4.1.3.  Euler  computations  around  the  NLR  7301  profile  with 
the  .specified  flow  conditions  pose  a  special  difficulty  as  an 
"exact"  hodograph  solution  by  Boerstoel  and  Huizing'  exists 
which  indicates  the  development  of  a  supercritical  shockicss 
flow.  Many  contributors  were  unable  to  compute  a  shockicss 
flow  and.  therefore,  failed  to  predict  accurate  global  forces 
and  moments.  The  shock-free  solution  is  an  isolated  design 
point,  and  slight  variations  in  geometry  or  angle  of  attack  will 
cause  a  single  or  double  shock  to  appear  on  the  airfoil.  The 
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shock-free  solution  was  generated  from  a  hodograph  solution 
which,  unfortunately,  is  nut  without  some  discretization  er¬ 
ror.  as  particularly  evidenc'ed  in  the  pressure  variation  near  the 
occurrence  of  the  first  sonic  point.  The  airfoil  itself  is  only 
defined  discretely  at  a  large  number  of  points.  It  is  difficult  to 
retain  the  shock-free  feature  as  the  grid  is  refined.*'  There  is 
some  question  whether  this  is  due  to:  slight  errors  in  the  hodo- 
graph  solution,  or  the  extrapolated  intinite-gnd  solution  being 
computed  on  a  geometry  which  is  inconsistent  with  a  shock- 
free  case  because  of  limitations  in  the  geometry  specification. 
The  accuracy  of  the  solution  is  probably  best  judged  by  mon¬ 
itoring  for  convergence  of  the  global  forces  and  moments  as 
the  grid  is  refined  uniformly  with  well-po.sed  boundary  condi¬ 
tions  and  by  checking  fur  inconsistencies  in  the  solution,  such 
as  entropy  losses  upstream  of  sh<x.ks. 

Two  numerical  solutions,  namely  those  by  Riz/i  and 
Schmidl/Jamesun.  were  considered  as  numerical  reference  so¬ 
lutions  according  to  their  high  quality.'*  In  Fig.  4  1.5.  the 
surface  distributions  of  pressure  and  total  pressure  loss  of 
Schmidt/Jameson  are  depicted  together  with  the  curves  ac¬ 
cording  to  the  "exact"  hodograph  solution  (E).  The  overall 
agreement  is  very  good  except  at  the  leading  edge,  where  a 
disagreement  is  noticed  in  the  representation  of  the  suction 
peak.  This  defect  .seems  to  be  systematic  in  nature  and  can 
be  found  in  all  numerical  .solutions  presented  to  the  working 
group.  Also,  minor  deviations  from  the  htxlograph  solution 
are  evident  on  the  upper  and  lower  surfaces  wherever  stronger 
pressure  gradient  changes  (K'cur.  Considering  the  total  pressure 
lo.ses,  all  values  arc  well  below  1  percent.  With  the  exception 
of  the  suction  peak  region  and  the  area  around  the  midchord 
lower  side,  very  small  or  almost  zero  values  underline  the 
high  numerical  standard  achieved. 


Source 

Mesh 

C,. 

Cf) 

V  \f 

Rizzi 

160x32 

O-type 

0.597 

0.0002 

-0.130 

Jamc.son 

/Schmidt 

322x66 

O-type 

0.594 

0.0005 

-0. 1 32 

Exact 

0.594 

0.0005 

-0.130 

Table  4.1.1  Aerodynamic 
coefficients  for  NLR  7301  test  case. 

The  forces  and  moments  from  the  two  datum  solutions  arc 
compared  to  the  exact  solution  in  Table  4.1.1;  the  variations 
arc  very  small.  A  full  di.scussion  of  the  variations  between 
eighteen  solutions  for  global  forces  and  moments  are  summa¬ 
rized  in  Ref.  4.  including  u.seful  information  regarding  solution 
features,  such  as  mesh  extent  and  grid  topology  and  density. 

NACA  0012:  =  0.85,  r>  =  /  deg 

Fig.  4. 1 .4  shows  the  Mach  number  distribution  from  the  datum 
solution  of  Schmidt/Jameson."*  An  analysis  of  all  .seven  con¬ 
tributions  concerning  global  forces  and  moments  is  provided 
in  Ref.  4;  there  was  a  relatively  high  scatter  of  16  percent  in 
lift  and  36  percent  in  moment  coefficient.  The  reasons  for  that 
behavior  arc  attributed  to  the  uncertainty  in  the  determination 


of  the  shock  posiuons.  The  outer  boundary  distance  and  nu¬ 
merical  propenies  (such  as  artificial  viscosity,  truncation  error. 
Of  convergcricc)  were  important  influencing  factors. 

The  results  of  Salas/Souih  and  Schmidt/Jameson  were  selected 
as  the  best  two  contributing  solutions  *  The  coefficients  from 
these  two  datum  solutions  are  shown  in  Table  4  12  and  indi¬ 
cate  close  agreement  Both  solutions  are  plotted  in  Fig.  4.1  6 
as  surface  pressure  and  total  pressure  loss  disinbutions  The 
latter  solution  shows  extremely  small  total  pressure  sanations 
over  almost  all  the  upper  and  lower  side,  with  the  exception 
of  some  minor  excursions  at  the  shock  psisitions.  The  errors 
in  both  methods  are  small  enough  that  either  can  serve  as  nu- 
mencal  reference  solutions. 


StHifce 

Mesh 

r. 

Cn 

C-., 

Salas 

I92X.39 

0,.U72 

0.0557 

-.1167 

/South 

O-type 

Jameson 

320xfv4 

0.35X4 

0.0580 

-.1228 

/Schmidt 

O-lype 

Table  4.1.2  Aerodynamic  coefficients  for  NACA 
0012  test  case;  M  ^  =  0.85  and  ..  =  1  deg. 


NACA  0012:  =  0.95,  n  =  0  deg 

This  test  case,  originally  considered  by  the  AGARD  working 
group.'*  is  characterized  by  an  oblique  shock  structure  emanat¬ 
ing  from  the  trailing  edge,  with  a  weak  normal  shixtk  in  the 
wake  as  shown  in  Fig,  4.1.7.  The  contributed  computations 
showed  wide  variations  in  the  predicted  lixtation  of  the  sonic- 
point  on  the  downstream  chord-line  extension,  from  1.4  to  3. 1 
chords  downstream  from  the  trailing  edge,  associated  with  the 
large  cell  sizes  downstream  of  the  airfoil. 

The  normal  shtKk  is  relatively  weak  with  a  Mach  number 
of  less  than  l.l  ahead  of  the  shock.  An  analysis  indicates 
that  the  location  of  the  downstream  normal  shixik  wave  is 
very  sensitive  to  the  resolution  of  the  expansion  waves  in  the 
supersonic  zone  above  the  airfoil,  since  that  sets  the  oblique 
shock  angle  at  the  trailing  edge.’  The  normal  shtK'k  liKaiion 
is  quite  sensitive  to  small  errors  because  the  Icngi!  the 
oblique  shock  emanating  from  the  trailing  edge  to  i  -ck 
triple  point  is  about  five  chord  lengths. 

The  correct  location  of  the  normal  shock  downstream  of  the 
trailing  edge  has  been  determined  through  a  grid  convergence 
study’  performed  using  a  structured-grid  ctxle.  The  grids 
utilized  include  65  x  25,  129  x  49.  257  x  97,  and  2049  x  765 
O-type  grids.  The  effect  of  grid  density  on  the  location  of  the 
normal  shock  is  shown  in  Fig.  4.1.7.  where  the  shtK'k  location 
is  measured  downstream  of  the  trailing  edge.  The  infinite-grid 
normal-shock  kx:ation  obtained  in  this  manner  is  about  3.35 
ciioius  from  tire  ua.l4iig  edge.  Corresponding  mesh-refinement 
results  using  the  GAUSS2D  method  of  Hartwich"  arc  also 
shown  and  indicate  a  similar  shock  location  of  approximately 
3.32. 

The  ability  of  adaptive  mcthtxls  to  obtain  accurate  results 
is  examined  using  two  different  Euler  solvers  in  Ref.  7. 


•  • 
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The  Iwo  solvers  corresponded  to  upwind-biased  methods:  a 
fully  unstructured-grid  method  using  triangular  cells  and  a 
semiunslructured-grid  method  using  quadrilateral  cells.  The 
adapted  grids  from  these  two  methods  are  shown  in  Fig.  4.1.7 
The  adaptive  grids  demonstrate  that  the  shuck  features  can  bo 
resolved  well  at  large  distances  from  the  airfoil  since  small 
cell  sizes  can  be  maintained  all  along  the  shuck  waves.  The 
accuracy,  however,  is  determined  more  by  the  resolution  of  the 
smooth  portions  of  the  flow  than  by  the  resolution  of  the  more 
prevalent  How  features,  such  as  discontinuities.  The  results 
presented  used  an  adaption  criteria  which  led  to  consistent 
results  in  normal-shtx;k  position  as  the  number  of  points  is 
increased.  The  adaption  criteria  used  repaired  inconsistencies 
in  several  commonly  used  methods  of  adaption. 

4.1.3  Multielement  Airfoils 

The  capability  to  compute  flows  over  comple.x  geometries  is 
extremely  important  to  the  aerodynamic  designer.  As  alterna¬ 
tives  to  block-structured  grid  methods,  the  unstructured  grid 
methods  have  greatly  expanded  the  capabilities  in  that  direc¬ 
tion  using  both  Euler  and  Navier-Stokes  equation  sets.  These 
methods  are  natural  as  a  framework  for  the  accommodation  of 
arbitrary  geometries  and  the  incorporation  of  adaptive  mesh¬ 
ing  techniques. 

Results  from  the  computations  of  Mavriplis  and  Jameson''  "’ 
for  a  twrvelement  airfoil  (slat  and  main  airfoil)  are  shown  in 
Fig.  4. 1.X.  The  method  u.scs  triangular  and  adaptive  grids, 
and  the  results  shown  were  some  of  the  lirst  which  demon¬ 
strated  the  power  of  the  unstructured  grid  method  in  aero¬ 
dynamic  applications.  A  node-based  central-difference  finite- 
volume  scheme  is  used,  which  has  been  shown  to  be  equiva¬ 
lent  to  a  Cialerkin  finite-element  methtxl.  with  a  lumpcd-mass- 
matnx  term.  '  ' '  Several  of  the  computatitmal  grids  which  arc 
used  in  the  solution  process  arc  shown  in  the  top  half  of  Fig. 
4. 1 .8;  the  grids  shown  are  the  finest  adapted  mesh  and  three  of 
the  coarser  grids  used  in  the  mesh  icquencing  and  multigrid 
acceleration  prtKcsses,  The  grids  have  been  generated  inde¬ 
pendently  of  each  other,  thus  decoupling  the  grid  generation 
prtxress  from  the  multigrid  acceleration  scheme.  Finer  grids 
can  be  obtained  by  global  refinements  or  by  adapting  previ¬ 
ous  coarser  grids;  the  grids  communicate  through  an  efficient 
tree-search  algorithm.  The  lower  half  of  the  figure  shows  the 
pressures  on  the  slat/airfoil  and  the  convergence  rate  of  the 
algorithm  using  single  and  multiple  grids.  The  pressures  have 
been  compared  efsewhere"  to  experimental  and  potential  re¬ 
sults  for  unadapted  meshes  at  slightly  different  conditions  with 
generally  good  results.  The  convergence  rate  shown  is  com¬ 
parable  to  that  attained  in  structured-grid  multigrid  codes  and 
substantially  improved  over  that  attainable  with  only  a  single 
grid;  comparisons  (not  shown)  of  the  unadapted  and  adapted 
grid  solutions  indicate  that  higher  accuracy  can  be  obtained 
with  fewer  points  in  the  latter  approach. 

The  flow  over  a  three-element  NLR  422  airfoil  computed  with 
an  unstructured  finite-volume,  vertex -centered  code''  is  shown 
in  Fig.  4,1.9.  A  .second-order-accurate  upwind  llux-differencc- 
splilting  algorithm*'  is  solved  to  steady  state  using  an  explicit 
Rungc-Kutia  scheme.  The  far-field  and  ncar-ticid  views  of  the 
grid  indicate  a  gradual  enlargement  of  the  grid  away  from  the 
surface.  The  grids  arc  generated  in  an  automatic  way.  driven 
by  overall  user-defined  parameters,  like  maximum  allowable 
grid  spacing  and  curvature.  The  pressure  distributions  over  the 


slat,  main  elci,..  ,.  and  flap  at  a  subsonic  condition  t.M^  = 
0.20,  <1  =  10  adicatc  excellent  correlation  wiih  a  pHHcntial 
flow  method  '■  ms  particular  case  was  chosen  in  order  to 
make  a  comparison  of  Euler  computations  with  a  potential 
flow  result  Other  adaptive-gnd  computations  for  a  similar 
case  are  given  by  Dimier  and  Ronzheimer 

4.1.4  6:1  Ellipse 

Numerical  solutions  of  'he  Euler  equations  obtained  for  sub¬ 
sonic  airfoifs  with  sharp  trailing  edges  have  faithfully  repro¬ 
duced  the  expected  solutions  obtained  for  viscous  flow,  namely 
smooth  flow  at  the  trailing  edge  Euler  solutions  have,  with 
grid  rctinement,  returned  those  of  potential  theory  with  a  Kutta 
condition  imposed  at  the  trailing  edge.  For  a  smixith  trailing 
edge,  Pulliam'  has  presented  a  currently  unresolved  problem: 
the  inviscid  suhcritical  flow  over  a  b:  1  ellipse  section  The 
potential  How  solution  is  unique  up  to  the  specification  of  the 
circulation  or.  equivalently,  the  rear  stagnation  point  on  the 
surface.  Assuming  irrotational  initial  and  boundary  conditions, 
the  inviscid  solution  should  remain  irrotational.  However,  the 
discrete  Euler  solutions  obtained  by  Pulliam  with  a  central- 
difference  linilc  difference  solution  and  by  several  others  with 
different  formulations  return  an  arbitrarily  large  value  of  lift 
for  any  combination  of  grid  and/or  angle  of  attack  which  is 
nonsymmctric.  The  resulting  solutions,  however,  agree  closely 
with  potential  flow  solutions  with  a  circulation  imposed  equal 
to  that  obtained  in  the  discrete  Euler  solutions,  as  shown  in  Fig. 
4.1,10.  The  Euler  solutions  are  sensitive  to  solution  parameters 
such  as  grid  refinement  and  stretching,  boundary  conditions, 
dissipation  coefficients,  crmvergcncc  level,  etc.  However,  no 
consistent  explanation  of  the  discrepancy  obtained  with  the  dif¬ 
ferent  discrete  Euler  solution  could  be  found.  Winterstein  and 
Hafc/.''’  show  the  numerical  interplay  of  the  dissipation  forms 
and  the  boundary  conditions  for  blunt  bodies.  For  viscous  al¬ 
gorithms  which  u,sc  Euler  formulations  as  a  building  block  for 
the  convective  and  pressure  terms,  the  issue  is  not  considered 
to  be  relevant  as  the  viscous  separation  at  the  trailing  edge 
serves  to  set  the  lift  cocflicient. 

4.1.5  Heavy-Gas  Airfoil  Computations 

The  capability  to  conduct  three-dimensional  wind-tunnel  tests 
at  full-scale  Reynolds  number  has  long  been  an  important  aero¬ 
dynamic  need.  Full-scale  tunnels  arc  only  available  at  low 
speeds  becau.se  of  size  and  power  constraints;  high  Reynolds 
number  ground-based  testing  is  generally  achieved  through 
combinations  of  high  pressure,  cryogenic  temperatures,  or  al¬ 
ternate  test  gases.  The  cryogenic  temperature  approach  enables 
Mach  number  to  be  varied  independently  of  Reynolds  num¬ 
ber,  but  testing  is  expensive  and  complex.  Heavy  gases,  such 
as  sulfur  hexafluoride  (SFs),  are  an  attractive  alternative  to 
air  because  of  the  increased  Reynolds  number  available  due 
to  lower  viscosity  and  increased  density,  for  fixed  length  and 
velocity.  In  addition,  power  consumption  and  model  loads 
arc  less  than  that  for  air  at  a  constant  Mach  number.  Un¬ 
fortunately.  most  heavy  gases  behave  as  nonidcal  gases,  and 
the  results  obtained  have  to  be  correlated  with  those  tor  air, 
since  the  ultimate  objective  is  the  performance  of  the  tested 
configuration  in  a  high-Rcynolds  number  air  flow. 

The  difficulty  introduced  by  the  nonidcal  gas  behavior  is  shown 
in  Fig.  4.1.11;  the  pressure  distribution  over  a  NACA  (X)12 
airfoil  at  =  0.8  and  o  =  1 .25  deg  is  shown  for  air  and  for 
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a  heavy  gas,  SF«,  at  various  pressures.'^  The  air  results  would 
be  the  same  independent  of  the  pressure  since  air  behaves  as  an 
ideal  gas.  The  pressure  distnbutions  shown  are  quite  different 
because  of  tlw  nonideal  behavior  of  the  SFt.  As  the  pressure 
is  increased,  the  upper  surface  shock  moves  forward  relative 
to  air  and  the  lower  surface  shock  disappears.  A  numencal 
scalii^  procedure  was  developed'^  based  on  the  use  of  the 
Euler  equations  and  the  transonic  small  disturbance  equations. 
Using  the  transonic  scaling  procedure  in  which  an  equivalent 
gamma  is  determined  based  on  both  temperature  and  pressure, 
the  pressure  distributions  are  shown  in  Fig.  4.1.1 1  for  air  and 
for  SF(,  at  various  combinations  of  pressure  and  temperature 
Note  the  Mach  number  for  the  SF*  calculations  is  different 
from  that  in  air  in  order  to  match  the  transonic  similarity 
parameter.  The  procedure  closely  correlates  inviscid  results  in 
SFs  to  those  in  air.  The  viscous  scaling  between  air  and  SF^ 
introduces  additional  complications,  especially  at  transonic 
speeds;  the  inviscid  scaling  procedure  used  above  leads  to 
different  shock  locations  in  viscous  How  at  high  Reynolds 
numbers.  Further  details  and  references  to  earlier  works  in 
this  area  are  given  in  Ref  17. 
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Figure  4.1.1  Sensitivity  of  Euler  results  to  algorithm  dissipation  and  boundary  condition  for 
NACA  0012  airfoil;  -  0.8,  0-1.25  deg. 
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Rgure  4.1.2  Mach  contours  and  convergence  history  for  the  supersonic  flow  past  a  NACA 
0012  airfoil:  =  3.  o  =  7  deg. 
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Iso-Mach  lines  of  solution  n°  9  2 
(AM  »  0.05,  curve  parameter «  100M). 


Figure  4.1.3  Mach  contours  tor  NLR  7301  datum  solution;  »  0.721.  a  >=  -0.194  deg. 
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Figure  4.1.4  Mach  contours  for  NACA  0012  datum 
solution:  Mx  »  0.85.  o  »  1 .0  deg. 


Rgure  4.1.5  Comparisons  of  datum  and  hodograph 
solutions  for  NLR  7301  airfoil;  Mx  “  0.721 , 
a  =  -0.194  deg. 
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Figure  4.1.8  Adaptively-refined  grids,  computed  pressures,  and  convergence  rate  for 
unstructured-grid  computations  of  a  two-element  airfoil  (main  airfoil  and  slat);  =  0.7,  a 
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Figure  4.1.10  tnviscid  subcritical  flow  about  a  6;1  ellipse  from  analytic  solutions  to  the  potential 
equations  and  numerical  solutions  to  the  Euler  equations;  a  >  0.0  deg. 
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Rgure  4.1.11  Effect  of  non-ideal  gas  behavior  on  the  pressure  distribution  for  a  NACA  0012 
airfoil;  =  0.8,  a  =  1.25  deg. 
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42  WINGS 

Applications  are  shown  below  of  Euler  codes  applied  to  at¬ 
tached  flows  over  wing  components.  These  types  of  computa¬ 
tions  can  be  done  routinely  with  modem  computers  and  algo¬ 
rithms.  Without  the  modeling  of  viscous  terms,  the  solutions 
to  the  Euler  equations  generally  overestimate  the  e.xperimcn- 
tal  lift  and,  at  transonic  speeds,  produce  shock  locations  which 
are  generally  too  far  aft  of  high  Reynolds  number  experimental 
data.  Calculations  for  the  ONERA  M6  wing  are  shown  be¬ 
cause  it  is  a  widely  u.sed  test  case  for  the  comparison  of  Euler 
codes,  using  both  structured  and  unstructured  grids.  The  other 
three  examples  arc  comparisons  of  the  capabilities  of  differ¬ 
ent  codes  for  a  transport-type  wing  and  two  lower  aspect-ratio 
fighter-type  wings.  The  examples  include  comparisons  be¬ 
tween  different  Euler  methods  and  with  irrotational  methods, 
such  as  nonconservative  and  conservative  potential  methtxis. 

42.1  ONERA  M6  Wing 

The  ONERA  M6  wing  at  transonic  conditions  (.\/^  =  0.84 
and  o  =  .V06  deg)  has  been  used  extensively  as  a  test  case 
for  the  verification  of  Euler  methods.  The  results  shown 
in  Fig.  4.2.1  arc  typical  of  those  that  are  attainable  with 
finite-volume  codes,  in  this  case  an  upwind-biased  implicit 
scheme'  u.sing  the  flux-vector  splitting  of  Van  Leer.  At  these 
conditions,  the  predicted  shuck  is  slightly  aft  of  the  measured 
experimental  data,  obtained  at  a  Reynolds  number  of  11.7 
million."  The  pressures  are  shown  for  a  97x17x17  C-O  mesh 
and  a  19.1x,1,1x3.^  C-O  mesh;  the  differences  between  the  two 
structured  meshes  are  limited  to  the  regions  of  the  upper 
surface  shocks.  The  surface  pressures  are  shown  at  the  right 
of  the  figure  for  a  C-O  mesh  and  a  C-H  mesh;  the  resolution 
of  the  C-O  mesh  at  the  tip  is  considerably  better  and  leads  to  a 
greatly  improved  resolution  of  the  pressures  in  the  tip  region. 

In  Fig.  4.2.2.  the  grid  and  Mach  contours  from  the  unstructured 
cell-venex  method  of  Mavriplis'  is  shown.  The  grid  is  adapted 
to  the  shock  patterns  on  the  wing  and  plane  of  symmetry.  For 
the  nonadaptive  case,  the  lift  coefficient  on  meshes  of  9,428 
cells.  53.%l  cells,  and  357.900  cells  was  0.2713.  0.2872,  and 
0.2923.  With  adaption,  the  lift  coefficient  was  0.2901  with 
173,412  cells,  clo.se  to  that  of  the  finest  mesh  with  better 
resolution  in  the  sh(x:k  and  leading-edge  regions.  The  full 
multigrid  method  is  used  to  accelerate  convergence  of  the 
scheme,  with  an  order  of  magnitude  benefit  in  efficiency. 

The  results  of  Mavriplis  demonstrated  that  complex  ge¬ 
ometries  could  be  solved  on  unstructured  grids  with  sim¬ 
ilar  multignd  performance  to  that  attained  with  structured 
grids.  The  computer  resources  for  the  scheme  were  some¬ 
what  higher  (approximately  UX)  words/vertex  and  75-100 
microseconds/multigrid-cycle/vertex  on  the  CRAY-YMP  com¬ 
puter)  compared  with  the  structured-grid  codes  (40  words/cell 
and  30  microseconds/mulligrid-cycle/cell  on  the  CRAY- 
YMP  computer).  The  additional  resources  required  by  the 
unstructured-grid  scheme  arc  offset  by  the  ease  in  which  the 
grid  can  be  adapted  to  the  local  fcatu-es  of  interest. 

4.2.2  DFVLR  F4  Wing 

In  order  to  increase  the  understanding  of  the  prediction  accu¬ 
racy  for  the  flow  around  general  aerodynamic  configurations. 


a  detailed  study  was  made  under  the  auspices  of  the  Euro¬ 
pean  GARTEUR  Action  Group  AG05  regarding  the  predic¬ 
tion  capabilities  of  a  number  of  different  codes  for  the  flow 
over  a  simple  wing.^  The  wing  selected  was  the  DFVLR  F4 
wing,  shown  in  Fig  4.2.3  at  two  conditions  one  subsonic 
f.U,^  =  0.30,  <»  =  0.84  deg)  and  one  transonic  i.\l^  =  0.75, 
(I  =  0.84  deg).  Ten  methods  were  applied,  which  included 
nonconservative  and  conservative  potential  methods  and  three 
Euler  methods.  Studies  were  made  and  reported  of  conver¬ 
gence  characteristics,  grid  refinement,  and  grid  extent.  A  few 
selected  results  from  the  study  are  shown. 

For  the  subsonic  case,  the  global  lift  and  drag  predictions  in¬ 
crease  from  nonconservative  potential  to  conservative  potential 
to  Euler;  somewhat  surprisingly,  the  variations  also  decrease  in 
the  same  manner,  although  .some  of  this  effect  may  be  because 
the  three  Euler  solvers  were  closely  related  central-difference 
schemes.  The  largest  discrepancies  iKcurred  outboard  on  the 
wing,  principally  due  to  different  modelings  of  the  wing  tip. 
The  pressure  distributions  from  all  of  the  contributions  at  a 
.semispan  location  of  0.821  are  shown  and  indicate  "essentially 
the  same  pressure  distnbution  in  a  fairly  narrow  hand."  thus 
lending  high  confidence  to  their  validity  in  predicting  pressure 
variations  due  to  contigurations  changes. 

The  global  lift  and  drag  coefficients  for  the  transonic  case, 
however,  indicate  .substantially  larger  differences  than  for  the 
subsonic  ca.se.  The  nonconservative  potential  codes  predicted 
the  shock  position  too  far  forward  in  relation  to  conservative 
potential  or  Euler  codes,  attributed  to  the  lack  of  mass  conser¬ 
vation  in  the  former  class  of  .schemes.  The  predictions  from 
the  latter  two  clas,ses  arc  shown  at  the  semispan  location  of 
0.821  and  indicate  that  the  variations  in  lift  cixifficients  are 
largely  attributed  to  variations  in  shock  position.  Additional 
computations  for  this  case  includes  the  embedded  grid  compu¬ 
tations  of  Radespicl'  and  the  grid  refinement  compulations  of 
Leicher.''  As  pointed  out  in  the  reference,^  the  results  indicate 
only  a  "snapshot"  of  capability  exi.sling  in  1986;  advances  in 
computational  capability  have  occurred  since  that  time  which 
have  allowed  greater  confidence  for  engineering  computations 
of  transonic  flows  with  the  Euler  equations. 

4.2.3  RAE  Wing-Fuselage 

Accurate  prediction  of  transonic  and  supersonic  wave  drag  is 
critical  in  fighter  aircraft  design  opiimi/aiion.  The  flows  arc 
complex  and  highly  nonlinear;  the  Euler  equations,  although 
neglecting  viscosity,  with  con.sequcnl  errors  in  shock  position 
and  strength,  can  be  used  to  predict  overall  configuration  ef¬ 
fects  including  rotational  flows  due  to  shock  curvature  or  free 
vortices.  Three  different  Euler  solvers  were  compared  for  tran¬ 
sonic  flow  field  computations  on  a  wing-lusclagc  configura¬ 
tion  by  Agrawal  et  al.^  The  three  schemes  compared  were  the 
explicit  central-difference  FL067  code,  the  implicit  upwind- 
biased  code  CFL3D.  and  a  noncon.servaiivc  upwind  code  ET2. 
The  three  codes  were  compared  on  two  configurations  and 
were  evaluated  with  respect  to  accuracy  and  convergence.  A 
sample  calculation  is  .shown  in  Fig.  4.2.4  for  the  transonic  flow 
over  an  RAE  wing-fuselage  geometry  at  .1/.;  =  0.9  and  o  = 
1  deg.  The  results  predicted  by  the  three  methods  are  similar, 
except  for  differences  in  coarse-grid  regions  and  near  shocks. 
The  upwind  finite-volume  cixie  predicted  shock  waves  with 
the  best  resolution  and  was  least  sensitive  to  grid  refinement. 
The  best  convergence  was  obtained  with  the  central-difference 
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PL067  code  using  local  time  stepping  and  full  multigrid  ac¬ 
celeration.  The  latter  code  was  particularly  robust  in  this  range 
of  application;  its  predictions  generally  suffice  for  flows  near 
design  conditions  where  shock/boundary- layer  interaction  ef¬ 
fects  are  small. 


4^.4  FS  Wing 

As  part  of  a  code  validation  study."  a  number  of  transonic 
computations  were  made  using  the  implicit  upwind  Euler 
code  CFL3D  and  the  transonic  small -disturbance  code  CAP- 
TSD  for  both  steady  and  unsteady  applications.  The  small- 
disturbance  code  incorporated  both  entropy  and  vorticity  cor¬ 
rections.  thereby  extending  its  applicability  into  regimes  where 
shock  strength  normally  precludes  its  use.  The  purpose  of  the 
evaluation  was  to  determine  the  accuracy  and  applicability  of 
the  methods  by  performing  detailed  studies  to  assess  the  influ¬ 
ence  of  several  parameters  in  the  numerical  modeling  of  the 
solution.  The  F-S  wing  was  used  as  a  test  case;  it  has  a  panel 
aspect  ratio  of  I.S8,  a  leading-edge  sweep  angle  of  31.9  deg. 
and  a  taper  ratio  of  0.28.  The  calculations  are  compared  with 
the  experimental  pressure  data  from  Tijdenian  et  al."  Unsteady 
comparisons  are  shown  in  a  subsequent  section. 

Three-dimensional  steady  flow  computations  at  A/*  =  0.95 
and  o  =  0.0  deg  are  shown  in  Fig.  4.2.5.  Comparisons  between 
the  Euler  and  potential  flow  pressures  shown  indicate  excellent 
correlation  for  ail  three  span  stations.  Along  the  upper  surface 
of  the  wing,  there  is  a  mild  shock  wave  that  is  predicted  by 
both  the  Euler  and  potential  codes,  although  it  is  not  evident 
in  the  experimental  data.  Euler  computations  were  made  using 
three  grids  with  approximately  (1)  1.000.000  ;(2)  250,000;  and 
(3)  1^.000  grid  points.  The  F  est  grid  and  the  medium  grid 
resulted  in  essentiailv  identical  results. 


4J.5  References 

1  ANDERSON.  W.  K..  THOMAS,  J.  L.  and  WHITFIELD. 
D.  L  .  "Three-Dimensional  Multigrid  Algorithms  for  the  Flux- 
Split  Euler  Equations."  NASA  TP-2829,  Nov.  1988 

2.  SCHMITT.  V.,  and  CHARPIN.  F  .  "Pressure  Distnbu- 
lions  on  the  ONERA-M6-Wing  at  Transonic  Mach  Numbers," 
AGARD  AR-138.  May  1979.  pp.  Bl-l-Bl-44. 

3.  MAVRIPLIS.  D..  "Three-Dimensional  Unstructured  Multi - 
grid  for  the  Unstructured  Grid  Euler  Equations,"  AIAA 
91-1549-CP.  June  1991.  pp  2.39-247 

4.  CARR.  M.  P.,  "Accuracy  Study  of  Transonic  Flow  For 
Three-Dimensional  Wings,"  AGARD  CP  347,  Vol.  1.  Paper 
No.  18.  1988. 

5.  RADESPIEL,  R..  "Efficient  Solution  of  Three-Dimensional 
Euler  Equations  Using  Embedded  Grids."  Proc.  of  15th  ICAS 
Congress,  Paper  No.  86-1 .3.3..  London,  UlC.  September  1986. 

6.  LEICHER,  S..  ‘Transonic  Wing  Study  of  the  DLR-F4 
Wing."  AGARD  CP-412.  Paper  No.  14.  1986, 

7.  AGRAWAL.  S.,  LOWRIE.  R  B.  ana  CREASMAN.  S  F  . 
"An  Evaluation  of  Euler  Solvers  for  Transonic  Computations 
on  Wing-Fuselage  Configurations,"  AlA.A  90-3015.  August. 
1990. 

8.  ANDERSON.  W.  K.  and  BATINA,  J  L..  "Accurate  Solu¬ 
tions,  Parameter  Studies,  and  Comparisons  for  the  Euler  and 
Potential  Equations,"  Paper  No.  15.  AGARD  CP-437,  Vol.  I, 
May  1989. 

9.  TUDEMAN.  H..  VAN  NUNEN,  J.  W.  G..  KRAAN.  A.  N., 
PERSOON.  A.  S..  POESTKOKE.  R..  ROOS.  R..  SCHIPPERS. 
P.  and  SIEBERT  C.  M.,  “Transonic  Wind  Tunnel  Tests  on  an 
Oscillating  Wing  with  External  Stores,"  AFFDL-TR-78-194, 
Dec.  1978. 


Figure  4.2.2  Adaptive,  unstructured  grid  (left)  and  Mach  contours  (right)  on  surface  and 
in  plane  of  symmetry  for  ONERA  M6  wing;  =  0.84,  a  <■  3.06  d^. 
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Figure  4.2.3  Comparison  of  Euler  computations  for  DFVLR  F4  wing  planform. 


•  • 


Figure  4.2.5  Comparison  of  steady  pressure  distributions  for  the  F-5  wing;  =  0.9,  o  =  0.0 
deg. 
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43  VORTICAL  FLOWS 

Vntical  flows  play  an  important  role  In  the  high-angle-of- 
auack  aerodynamic  performance  of  aerodynamic  configura¬ 
tions,  especially  contemporary  military  aircraft.  The  growth, 
interaction,  and  decay  of  these  vortices  are  highly  nonlinear 
with  angle  of  attack  and  are  difhcult  to  predict  accurately  with 
numerical  methods.  Current  design  practices  rely  extensively 
on  experimental  test  programs. 

For  thin  lifting  surfaces,  the  Euler  equations  can  model  the 
principal  features  of  the  interactions,  in  that  primary  separa¬ 
tions  arising  from  sharp  leading  edges  can  be  predicted;  suf¬ 
ficient  artificial  viscosity  is  introduced  to  faithfully  model  the 
effects  of  the  true  viscosity.  Secondary  separation  arising  from 
boundary-layer  separations,  as  well  as  from  pnmary  separation 
arising  from  round  leading  edges,  is  common  in  practice  and 
must  be  modeled  by  incorporation  of  boundary-layer  effects 
in  the  Euler  model  or  by  considering  the  Reynolds-averaged 
Navier-Stokes  equations.  The  solutions  from  the  Euler  equa¬ 
tions  can  be  regarded  as  limit  solutions  of  the  viscous  equations 
at  high  Reynolds  numbers,  in  which  boundary-layer  interac¬ 
tions  are  small.  These  solutions,  accounting  for  the  principal 
interactions,  can  be  especially  u-seful  for  configuration  effects. 
For  bodies,  the  primary  vortices  are  shed  from  flow  separations 
on  smooth  surfaces;  thus,  some  form  of  viscous  modeling  (ei¬ 
ther  a  boundary-layer  or  prescribed-separation  model)  must  be 
incorporated  for  the  Euler  equations  to  be  of  use. 

4J.1  Delta  Wings 

The  flows  over  simple  delta  and  double-delta  wings  have 
been  studied  extensively,  both  experimentally  and  computa¬ 
tionally.  The  overall  physical  structure  of  the  subsonic  flow- 
field  over  a  low  aspect  ratio  delta  wing  at  angle  of  attack  is 
well  understood.'"'  The  characteristics  of  the  flow  field  are 
dominated  by  the  two  counterrotating  primary  vortices  which 
form  over  the  wing  because  of  .separation  along  the  leading 
edges.  The  flow  reattaches  close  to  the  leeward  symmetry 
plane  of  the  wing;  as  the  flow  proceeds  outboard,  it  expe¬ 
riences  an  adverse  pressure  gradient,  leading  to  a  secondary 
separation-induced  vortex.  The  secondary  vortex  can  in  turn 
lead  to  a  tertiary  vortex  underneath  and  inboard  of  the  sec¬ 
ondary  vortex.  The  influence  of  turbulence  is  to  delay  the 
secondary  separation  to  a  more  outboard  position  and  gener¬ 
ally  to  eliminate  any  tertiary  separation. 

At  supersonic  speeds,  the  now  classical  work  of  Stanbrook  and 
Squire'  revealed  that  the  boundary  between  attached  and  sepa¬ 
rated  flow  patterns  could  be  classified  readily  in  terms  of  Mach 
number  and  angle  of  attack,  both  measured  normal  to  the  lead¬ 
ing  edge.  Their  original  experimental  work  was  extended  fur¬ 
ther  in  a  number  of  experimental  studies'^*  to  identify  regions 
associated  with  shock-induced  separations,  separation  bubbles, 
and  crossflow  shocks.  McMillin  et  al.'*  performed  a  system¬ 
atic  computational  investigation  of  the  parametric  experiments 
of  Miller  and  Wood."  including  compulations  with  both  Eu¬ 
ler  and  Navier-Stokes  algorithms.  The  flow  classification  of 
Miller  and  Wood  was  refined  near  the  boundary  between  at¬ 
tached  and  separated  flows  based  on  a  reexamination  of  the 
experimental  data  in  the  light  of  the  additional  Insight  obtained 
with  the  computational  methodology;  the  resulting  classifica¬ 
tion  is  shown  in  Fig.  4.3.1.  For  Mach  numbers  normal  to  the 
leading  edge  less  than  I,  the  variation  of  the  separated  flow 


patterns  with  angle  of  attack  Is  similar  to  that  found  at  subsonic 
speeds.  For  supersonic  normal  Mach  numbers,  the  flow  tran¬ 
sitions  with  increasing  angle  of  attack  from  attached  flow  with 
an  inboard  crossflow  shock  to  separated  vonical  flow  with  an 
inboard  crossflow  shock  located  above  the  vortex. 

For  supersonic  flows,  the  reduction  in  computational  work  as¬ 
sociated  with  the  conical  equations  has  been  used  to  advan¬ 
tage  in  computations  for  vortical  flows  over  conical  bodies 
and  wings,  both  for  Euler  and  Navier-Stokes  equations  With 
an  adaptive  conical-flow  solver.  Powell  et  al.'"'"  has  studied 
extensively  the  total  pressure  losses  in  vortical  flows  simu¬ 
lated  by  the  Euler  equations  over  sharp  leading  edges  An 
example  is  shown  in  Fig.  4.3.2  for  the  flow  over  a  75-deg 
swept  delta  wing  at  a  Mach  number  of  1375  and  lU  deg  an¬ 
gle  of  attack.  The  pitot  pressures  computed  with  an  adaptive, 
central  difference  solver  for  the  conical  Euler  equations  are 
compared  to  the  experimental  results  of  .Monnerie  and  Werle’’ 
at  a  Reynolds  number  of  0  95  million.  ba,sed  on  rrxil  chord 
The  flow  field  induced  by  the  pnmary  vortex  is  very  similar 
between  the  Euler  calculation  and  experiment.  The  secondary 
separation  underneath  the  pnmary  vortex  leads  to  a  secondary 
vortex  which  is  nut  modeled  in  the  Euler  equations;  a  cross- 
flow  shock,  rather  than  a  secondary  separation,  is  predicted 
under  the  primary  vortex 

.McMillin  et  al.''  have  made  extensive  comparisons  with  both 
Euler,  laminar,  and  turbulent  flow  models  fur  paramcinc  vari¬ 
ations  in  wing  sweep,  angle  of  attack,  and  Mach  number.  A 
comparison  of  pressure  between  Euler,  laminar  Navier-Stokes. 
and  experiment  is  shown  in  Fig.  4.3.3  for  sweeps  of  75.  67.5. 
and  60  deg  over  a  range  of  angles  of  attack.  The  predominant 
features  of  the  experiment  are  captured  by  the  Euler  calcu¬ 
lations.  especially  as  the  angle  of  attack  is  increased.  Based 
on  these  and  other  parametric  computations.  McMillin  et  al.'' 
produced  the  envelope  of  conditions,  shown  in  Fig.  4.3.4, 
where  Navier-Stokes  and  Euler  solutions  give  similar  results 
for  the  primary  vortex  flow  structure.  The  envelope  corre¬ 
sponds  to  regions  where  the  flow  is  either  clearly  separated 
at  the  leading  edge  (through  a  subsonic  leading-edge  condi¬ 
tion  or  a  high  angle  of  attack)  or  regions  where  the  flow  is 
clearly  attached  (through  a  supersonic  leading-edge  condition 
at  low  angle  of  attack).  A)  intermediate  angles  of  attack  for 
supersonic  Mach  numbers,  both  measured  normal  to  the  lead¬ 
ing  edge,  the  vortical/separated  flow  structures  lie  close  to  the 
surface  and  shows  a  marked  sensitivity  to  the  viscous  mtxiel. 
In  fact,  as  the  Mach  number  was  increased,  the  laminar  flow 
computations  tended  to  agree  best  with  the  nominally  turbu¬ 
lent  experiments  of  Miller  and  Wotxl.  believed  to  be  associated 
with  an  incomplete  transition  to  turbulent  flow  at  the  model 
trailing  edge  for  the  higher  Mach  numbers  In  all  cases,  the 
Euler  computations  were  incapable  of  predicting  any  of  the 
secondary  flow  features  such  as  secondary  vortices  or  separa¬ 
tion  induced  by  a  shock. 

43.2  Delta  Wing  in  Yaw 

The  adaptive  method  of  Powell  el  al. "" '  has  been  applied  to  a 
series  of  delta  wings  tested  parametrically  by  Miller  and  Wood, 
including  effects  of  flap  deflection  and  yaw.  The  general  trends 
of  the  experimems  are  well  predicted.  An  example  is  shown 
in  Fig.  4.3.5  for  the  flow  over  a  75-deg  swept  delta  wing 
in  side.slip  (A/.*=l.7.  o=12  deg.  .3=8  deg).  The  refinement 
possible  with  the  adaptive  mesh  in  the  region  of  the  leading 
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edges  is  evident.  The  grid  corresponds  lo  an  equivalent  mesh 
of  236  \  128.  The  pressures  show  an  asymmetrical  flow 
patfem,  corresponding  to  a  stronger  shallower  vortex  on  the 
port  side  relative  to  a  weaker  more  circular  vortex  on  the 
starboard  side.  The  pressures  agree  well  with  experiment, 
although  both  vortices  are  predicted  too  far  outboard  and  the 
suction  levels  ate  overpredicted. 

4JJ  Double-Oeita  Wing 

Longo  and  Das'^  numerically  investigated  the  vortical  flow 
past  a  double-delta  wing  at  moderate  angles  of  attack.  For  this 
study,  the  DLR  multiblock  Euler  solver  CEVCATS  was  used. 
The  selected  configuration  is  a  thin  flat  plate  double-delta  wing 
with  sweep  angles  of  80  deg  and  60  deg  for  the  strtdte  and  the 
wing,  respectively.  A  body-fitted  mesh  with  an  0-0  topology 
is  used  to  discretize  the  physical  domain.  It  contains  S6  cells 
in  the  chordwise  direction.  1 12  cells  in  the  spanwise  direction, 
and  48  ceils  in  the  normal  direction.  Solutions  ate  evaluated 
for  the  subsonic  case  .\I,c  =  0.30  at  «  =  7  and  1 1  degs  by 
correlating  with  available  experimental  data.''* 

The  numerical  results  in  Fig.  4.3.6  indicate  that  at  o  =  7  deg 
(sequence  of  left  side  figures),  two  vortices  are  formed  on  each 
side  of  the  wing  which  originate  from  the  wing  apex  and  from 
the  wing  leading-edge  kink.  Downstream  of  the  leading-edge 
kink,  the  strength  of  the  inner  vortex  decreases  because  it  is 
no  longer  fed  with  vorticity.  On  the  other  hand,  the  whole 
vorlicity  shed  from  the  rear  part  of  the  leading  edge  is  fed 
into  the  outer  vortex.  Thus,  its  strength  increases  downstream. 
The  two  vortices  with  the  same  sense  of  rotation  tend  to  move 
around  each  other.  Since  the  outer  vortex  is  stronger,  the 
tendency  leads  to  an  outward  and  downward  movement  of  the 
inner  vortex.  At  ri  =  1 1  deg  (sequence  of  right  side  figures), 
the  two  vortices  merge  over  the  wing.  Due  to  the  influence 
of  the  outer  vortex,  the  weaker  inner  vortex  moves  outwards 
and  joins  to  the  outer  vortex.  At  the  wing  trailing  edge,  only 
a  single  vortex  can  be  identified.  The  Euler  solution  predicts 
the  general  changes  of  the  vortices  structure  in  good  agreement 
with  the  experimental  data.  Discrepancies  between  computed 
and  measured  location  of  the  merging  vortices  are  due  to  the 
neglect  of  secondary  vortices  on  the  numerical  .solution. 

4J.4  Vortex  Breakdown 

For  delta  wings,  the  maximum  lift  generally  occurs  at  an¬ 
gles  of  attack  above  that  corresponding  to  the  onset  of  vortex 
breakdown  at  the  trailing  edge  of  the  wing;  with  increasing 
sweep,  the  maximum  lift  becomes  coincident  with  the  occur¬ 
rence  of  vortex  breakdown  at  the  trailing  edge.  Vortex  break¬ 
down  computations  have  been  made  by  Agrawal  et  al.''  using 
Euler  and  both  laminar  and  turbulent  Navier-Stokes  equations 
for  a  70-deg  swept  delta  wing.  Streamwise  vorticity  contours 
in  the  pre-  and  post-breakdown  regions  of  the  wing  at  fi=30 
deg  are  shown  in  Fig.  4.3.7.  The  experimental  data  obtained 
using  Laser  Doppler  Velocimetry  (LDV)  is  compared  to  Euler 
and  laminar,  turbulent,  and  embedded  laminar  Navier-Stokes 
computations.  The  predicted  contour  levels  in  the  primary  vor¬ 
tex  are  similar,  although  peak  levels  are  much  higher  in  the 
experiment,  which  can  be  attributed  to  the  diffusion  associated 
with  the  numerical  truncation  of  the  scheme.  Secondary  vortex 
structures  are  evident  in  the  viscous  computations  and  experi¬ 
ment,  as  expected.  The  vorticity  levels  in  the  post-burst  posi¬ 
tion  are  much  smaller,  in  relation  to  pre-burst  levels,  for  both 


computation  and  expenment.  The  computations  are  asymmet¬ 
ric  with  respect  to  the  vortex  core,  attributed  to  the  inability 
of  any  of  the  computations  to  model  the  increased  levels  of 
turbulence  associated  with  the  burst  vortex  region,  as  shown 
by  LDV  dau.  The  progression  of  vortex  breakdown  position 
with  angle  of  attack  for  both  Euler  and  Navier-Stokes  compu¬ 
tations  was  shown  to  be  consistent  with  the  expenmental  data. 
The  turbulent  flow  calculations  showed  breakdown  upstream 
of  both  laminar  and  Euler  computations  and.  in  general,  at 
angles  of  attack  where  breakdown  approached  the  apex  of  the 
wing,  either  viscous  calculation  showed  significantly  improved 
agreement  with  expenmentally  observed  breakdown  locations. 
Hiizel"'"'*  presents  extensive  studies  of  the  vortex  breakdowns 
computed  with  the  Euler  equations  for  a  swept  delta  wing. 

43.5  lEPG  Vortex  Flow 
Computation/Experiment 

To  assess  the  capabilities  of  computational  methods  for  sim¬ 
ulating  the  flow  around  a  typical  military  aircraft  planform. 
a  collaborative  program  among  four  nations  (United  King¬ 
dom.  Germany,  Italy,  and  the  Netherlands)  was  started  in  1987 
under  the  auspices  of  the  Independent  European  Programme 
Group  (lEPG).'"*  The  isolated  sharp-edged  cropped  delta  wing 
planform  shown  in  Fig.  4.3.8  was  modeled  through  compu¬ 
tations  with  the  Euler  and  Navier-Stokes  equations  and  com¬ 
pared  to  results  of  an  experiment  conducted  by  Elsenaar  and 
Hoeijimakers.^’  The  section  of  thie  wing  is  an  NACA  64A()05 
section  which  is  blended  into  a  bi-convex  section  ahead  of  the 
maximum  thickness  location.  The  case  selected  was  a  tran¬ 
sonic  flow  case  (.\/-..=t).85.  <1=10  deg)  corresponding  to  a  full- 
span  leading-edge  vortex  flow  with  weak  shocks  only.  Vortex 
breakdown  over  the  wing  (x;curs  expenmentally  at  angles  of 
attack  greater  than  20-22  degs. 

The  lEPG  effort  is  actually  a  follow-on  lo  an  earlier  Iniema- 
liona)  Vortex  Flow  Experiment  on  Euler  Code  Validation,''  " 
which  was  conducted  from  1983-1987  with  the  express  intent 
of  obtaining  and  comparing  detailed  experimental  data,  espe¬ 
cially  at  transonic  speeds,  for  a  65-dcg  swept  cropped  delta 
wing  with  existing  computational  methods.  The  participating 
organizations  included  the  FAA.  NLR,  AFWAL,  DLR.  MBB. 
DORNIER.  and  the  technical  universities  at  Delft  and  Braun¬ 
schweig.  The  experimental  and  computational  data  base  form 
this  rather  successful  program  is  summarized  in  Ref.  2 1  and 
the  entire  program  is  reviewed  in  Ref.  22.  The  planform 
chosen  for  the  lEPG  effort  was  similar  to  that  in  the  earlier 
effort;  the  experimental  data  base  was  enlarged.  e.specially  in 
the  transonic  range,  and  computations  included  both  Navier- 
Stokes  and  Euler  solvers. 

Euler  solutions  were  obtained  using  a  single  body-filled  grid  of 
approximately  300.000  points  with  seven  different  Euler  codes. 
The  dissipation  coefficients  were  reduced  as  much  as  possible 
within  the  constraint  of  obtaining  a  converged  solution.  The 
results  indicated  that  the  pressure  distributions  were  predicted 
reasonable  closely  for  all  of  the  methods;  the  differences 
were  most  noticeable  in  the  apex,  leading-edge,  and  irailing- 
edge  areas.  There  were  significant  differences  between  the 
various  total  pressure  predictions  attributed  to  the  magnitude 
of  the  truncation  errors  on  a  single,  fixed  grid.  However, 
the  correlations  of  the  Euler  solutions  with  experimental  data 
show  much  larger  differences  because  of  the  neglect  of  the 
boundary-layer-induced  secondary  separation  effects  in  the 
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Euler  method.  The  lift  coefticienl  ditTerences  between  the 
predictiooii  was  5  percent;  the  average  Euler-prcdictcd  lift 
values  were  12  percent  larger  than  in  the  expenment. 

The  surface  pressure  contours  and  lateral  pressures  at  two  lon¬ 
gitudinal  stations  are  shown  in  Fig.  4.3.8  Only  two  of  the 
seven  Euler  solutions,  which  are  representative,  are  compared 
to  results  from  a  experiment  and  with  the  Reynolds-averaged 
(turbulent)  Navier-Stokes  computation  of  DLR-Gottingen  on  a 
grid  of  about  2  million  cells.  The  Euler  results  show  the  single 
suction  peak  corresponding  to  a  pnmary  separation  from  the 
leading  edge.  The  secondary  separation  at  of  0.6  and  0.8 

occurs  experimentally  at  81  and  83  percent  semispan,  respec¬ 
tively:  the  Navier-Stokes  calculations  predict  secondary  sep¬ 
aration  at  78  percent  at  the  same  longitudinal  locations.  The 
secondary  separation  induces  a  secondary  suction  peak  out¬ 
board  of  the  primary  and  is  noticeably  stronger  in  the  compu¬ 
tation  than  experiment.  The  results  of  the  Reynolds-averaged 
Navier-Stokes  method  demonstrate  an  improved  correlation  of 
theory  and  experiment. 

4.3.6  Wing  Canard 

The  Euler  equations,  in  accounting  for  the  primary  leading- 
edge  vortices,  can  be  used  to  determine  the  principal  inter¬ 
actions  between  components,  including  ihe  interaction  of  free 
vortices  with  lifting  surfaces. An  example  of  the  correla¬ 
tion  with  the  tinile-volume  Euler  TEAM  code  and  experiment 
for  a  wing  canard  at  transonic  conditions  (.l/^=0.9,  <i=4  deg) 
is  shown  in  Fig.  4.3.9.  The  wing  pressures  are  shown  with  and 
without  the  canard  surface.  The  influence  of  the  canard  is  to 
decrease  the  wing  leading  edge  pressures.  The  pressure  com¬ 
putations  agree  well  with  the  experimental  values,  except  in 
the  immediate  vicinity  of  the  wing  upper  surface  trailing  edge, 
attributed  to  a  local  shock/boundary-layer  interaction.  The  in¬ 
crement  in  pressures  from  canard  off  to  canard  on  is  predicted 
more  closely  than  the  wing  pressures,  as  is  generally  expected. 
Scherr  and  Das’'  draw  similar  conclusions  from  Euler  com¬ 
putations  of  a  slender  canard-delta  configuration  at  high  angle 
of  attack.  More  demonstrations  of  the  capabilities  of  Euler 
methods  in  free  vortex  simulations  can  be  found  in  Ref.  24. 

4J.7  Asymmetric  Cone  Flows 

The  flow  over  a  cone  at  high  angle  of  attack  is  dominated 
by  the  vortices  which  arise  over  the  leeward  side  of  the  body 
from  boundary-layer  crossflow  separations.  These  vortices  ex¬ 
ert  considerable  influence  on  the  local  pressure  distributions 
and  can  interact  with  other  components  downstream.  Exten¬ 
sive  experimental  investigations  have  revealed  that  for  sub¬ 
sonic  crossflow  conditions,  the  flow  field  remains  symmetrie 
until  the  value  of  angle  of  attack  exceeds  approximately  2-3 
times  that  of  the  nose  half-angle.’*’  The  flow  then  is  charac¬ 
terized  by  a  markedly  asymmetric  pattern  of  vortices,  giving 
rise  to  large  side  forces  and  lateral  instabilities.  Since  these 
vortices  arise  from  viscous  separations  over  a  smooth  surface, 
computational  studies  require  direct  account  of  viscosity  (i.e.. 
the  Euler  equations  need  to  be  augmented  with  a  boundary- 
layer  or  empirical  separation  model). 

Because  of  the  reduced  computational  cost  and  the  ability 
to  perform  parametric  studies  easily,  considerable  insight  has 
been  gained  through  the  use  of  inviscid  methods  with  pre¬ 
scribed  separations.  Fiddes’’  and  Fiddes  and  Smith’*  assumed 


incompressible,  small  disturbance  flow  and  imxlcled  the  vorti¬ 
cal  flow  over  a  circular  cone  as  either  a  concentrated  line  vor¬ 
tex  or  a  vortex  sheet  With  prescribed  symmetric  separation 
points,  (wo  laiiulies  of  solutions  were  found  at  angles  of  attack 
beyond  twice  the  cone  half-angle  a  symmetric  solution  and 
a  pair  of  mirror-image  asymmetric  solutions  The  side  torce 
vanations  from  the  asymmetnc  solutions  were  in  reasonable 
agreement  with  experimental  results,  thus  providing  evidence 
that  the  ongin  of  the  a.symmetry  is  inviscid  in  nature  Also, 
with  asymmetnc  separation  points  presenbed  from  expei  i  inenl. 
two  stable  families  of  asymmetnes  were  lound:  one  with  a 
small  side  force  and  a  slight  asymmetry  and  the  other  with 
a  large  side  force  and  a  pronounced  asymmetry  The  larger 
a.symmetry  family  produced  side  force  values  which  were  on 
the  order  of  the  side  force  values  measured  experiiiK'iiially 

Marconi"**  solved  the  Euler  equations  at  supersonic  sjieeds  us¬ 
ing  the  conical  equations  and  a  prcscnbed-separalion  model, 
thus  removing  the  small  disturbance  limitation  of  Fiddcs  The 
results  obtained  were  in  substantial  agreement  with  the  previ¬ 
ous  findings  of  Fiddes.  in  that  a  pair  of  mirror-image  asym¬ 
metric  solutions  were  found  at  angles  of  attack  greater  than 
twice  Ihe  cone  half-angle  The  results  for  a  7-deg  half-angle 
cone  at  .3/,.=  I.b  are  shown  in  Fig  4  3  10  The  streamlines 
and  surface  pressures  at  alpha=23  deg  indicate  the  asynimcl- 
ric  flow  pallem;  one  vortex  is  located  closer  to  the  body  and 
farther  from  the  plane  of  symmetry  ihan  the  oiticr  The  on¬ 
set  of  asymmetry  is  shown  versus  angle  of  attack  for  7-deg 
and  5-deg  cones.  The  5-deg  cone  compulations  were  made 
with  symmetrical  separations  presenbed  at  120  and  150  de¬ 
grees;  the  presenbed  separation  location  of  150  deg  shows 
better  agreement  with  the  experiments  Beyond  ihe  point  of 
asymmetry,  complete  agreement  would  not  be  expected  since 
viscous  effects  would  asymmetrically  change  ihe  separation 
ItK-ations  from  those  prescribed.  In  contrast  to  the  tindings  of 
Fiddes.  Marconi  found  that  in  the  range  where  asymmetries 
occurred,  the  symmetric  solutions  (obtained  with  symii;elry 
imposed)  were  unstable  and  always  evolved  to  asymmciric 
solutions.  Thus,  the  Euler  compulations  have  yielded  valuable 
insights  into  the  nature  of  the  asymmetric  flows:  further  stud- 
ie.s.  including  Navier-Stokes  computations,  are  summarized  in 
Ref.  30 
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Figure  4.3.1  Classification  of  experimental  data  for  supersonic  flow  over  sharp-leading-edge 
delta  wings. 


O  Conditions  where  the  Navier-Stokes 
and  Euler  codes  are  equivalent  in 
prediction  of  primary  flow  structure 


Figure  4.3.4  Envelope  of  conditions  at  which  the  Euler  codes  predict  correctly  the  primary  flow 
structure  in  supersonic  wing  design. 


Computation  grid 


Figure  4.3.5  Comparison  of  adaptive  conical-flow  Euler  with  experiment  for  yawed  75  deg  swept 
delta  wing;  =  1.7,  =  12  deg,  .f  =  8  deg. 
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Figure  4.3.8  Comparison  of  computational  methods  with  experiment  for  the  flow  about  a  sharp- 
edged  cropped  delta  wing;  =  0.85,  <>  =  10  deg. 
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4.4  AIR-VEHICLE  CONFIGURATIONS 

The  represenuiive  capabilities  of  Euler  solvers  to  predict  the 
inviscid  How  over  general  air-vehicle  conhgurations  ate  de¬ 
scribed  below.  The  configurations  able  to  be  treated  are  geo¬ 
metrically  complex,  including  representations  of  wings,  bod¬ 
ies,  pylons,  nacelles,  Rap-track  fairings.  Raps,  elevons.  em¬ 
pennage,  etc.  The  examples  shown  use  both  structured-  and 
unstructured-grid  methods,  which  are  tailored  to  the  appli¬ 
cation  areas  of  interest.  The  use  of  Euler  methods  to  treat 
engine-airframe  integration  studies  is  widespread,  as  shown 
for  the  subsonic  transport  examples.  The  capabilities  of  Eu¬ 
ler  solvers  for  fighter-type  configurations  are  demonstrated  In 
several  applications.  An  example  from  the  advanced  tacti¬ 
cal  tighter  (ATF)  development  illustrates  an  application  of  an 
Euler  solver  to  an  aircraft  design  which  proved  useful  in  com¬ 
plementing  wind-tunnel  experiments  and  uncovering  .some  de¬ 
ficiencies  early  in  the  design  cycle.  An  example  application  of 
the  sonic  boom  signature  for  a  supersonic  Itanspotl  aircraft  is 
shown;  the  Euler  equations  are  neces.sary  to  supplement  linear 
theory  methods  as  the  Mach  numbers  approach  3.  A  com¬ 
plete  cruise  missile  simulation  with  a  counterrotating  propfan 
propulsion  system  is  shown;  time-accurate  simulations  were 
used  to  determine  model  loads  before  construction  of  a  large- 
scale  powered  test  model.  Application  to  the  prediction  of 
store  carriage  flow  fields  are  shown  with  both  structured-  and 
unstructured-grid  methods.  Fur  reentry  configurations,  the  ap¬ 
plication  of  multiblock  structured-gnd  Euler  solvers  to  the 
prediction  of  Rap  loads  for  a  Hermes  reentry  configuration  is 
shown,  as  well  as  computations  for  the  U.S.  Space  Shuttle 
configuration. 

4.4.1  Subsonic  Transport  Aircraft 
Structured-Grid  Applications 

Several  examples  which  demonstrate  the  capabilities  of  Eu¬ 
ler  solvers  to  calculate  transonic  flows  over  jet  transport  air¬ 
craft  are  shown  below.  At  Deutsche  Airbus  GmbH  (DA),'  the 
multiblock  multigrid  Euler  integration  algorithm  MELINA,  to¬ 
gether  with  the  INteractive  GRID  generation  system  INGRID 
and  the  Practical  Interactive  Solution  Analysis  system  PISA  for 
post  processing,  forms  the  tool  package  for  three-dimensional 
inviscid  compressible  flow  analysis.  Problems  of  complex  ge¬ 
ometry  (body/wing/pylon/engine)  and  of  jet  or  nacelle  flow 
can  be  solved.  The  Euler  code  MELINA  is  a  Jameson-type, 
explicit,  multiblock,  multigrid,  cell-vertex  code  and  is  contin¬ 
uously  upgraded  and  adapted  for  the  applications  which  are  of 
interest  to  the  transport  aircraft  designers  at  DA. 

With  the  interactive  algebraic  grid  generator  INGRID,  several 
tasks  can  be  tackled.  It  serves  as  a  geometry  definition  and 
manipulating  system  to  create  the  configuration  to  be  evaluated 
from  given  input  data.  At  any  stage  of  the  construction,  user- 
defined  curves  describing  the  geometry  can  be  graphically  dis¬ 
played  for  error  checking  and  judgment  of  the  configuration. 
In  a  second  step,  the  surface  is  covered  with  a  surface  grid 
with  full  user  control  of  the  node  distribution.  Then  a  global 
multiblock  mesh  can  be  generated  for  a  wing-body  configura¬ 
tion.  In  order  to  add  further  components  like  pylon,  engine, 
tail  etc.,  local  blocks  are  then  cut  out  of  the  global  mesh  and 
reconfigured  corresponding  to  the  components. 

The  CFD  system  described  above  is  used  alongside  other  ap¬ 
plications  to  analyze  the  problems  arising  with  engineyairframe 


integration.  Two  different  calculations  are  compared  with  each 
other  and  with  wind  tunnel  measurements:  a  body/wing  con¬ 
figuration  and  a  body/wing/pylon/nacelle  configuration  of  a 
modem  transport  aircraft. 

Plate  4. 1  shows  the  general  arrangement  of  the  configuration 
with  pylon  and  nacelle.  The  distribution  of  the  pressure  coef¬ 
ficient  IS  projected  unto  the  surface.  The  spanwise  stations,  at 
which  experimental  pressure  data  near  the  pylon  were  avail¬ 
able.  are  depicted  in  Fig.  4.4. 1  together  with  the  surface  grid 
on  the  lower  wing  side.  Comparisons  of  the  computed  pres¬ 
sure  distributions  for  ihe  configuraiion  with  and  without  pylon 
and  nacelle  and  the  corresponding  experimental  data  show  a 
good  correspondence  in  all  cases,  considering  that  the  code  is 
inviscid.  The  Row  at  the  leading  edge  is  modelled  with  high 
accuracy,  which  is  a  consequence  of  the  correct  angle  of  at¬ 
tack  in  the  Euler  calculation.  The  wing  was  decambered  to 
account  for  boundary  layer  effects;  thus,  there  was  no  need  to 
modify  the  experimental  angle  of  attack  for  the  inviscid  flow 
calculation.  The  residual  discrepancies  between  experiment 
and  simulation  occur  in  the  region  behind  the  shock,  at  the 
lower  wing  side,  and  at  the  trailing  edge.  The  problems  at 
the  shock  (shock/boundaiy-layer  interaction)  and  the  trailing 
edge  are  a  consequence  of  lacking  boundary  layer  thickness 
modeling  in  the  code.  Some  differences  at  the  lower  wing 
side  mainly  result  from  flap  track  fairings  that  were  mounted 
on  the  wing  in  the  experiment  and  were  not  modelled  in  the 
simulation. 

In  order  to  find  out  whether  the  engine  installaiion  effects  are 
predicted  accurately  with  the  Euler  cixle  MELINA,  the  pres¬ 
sure  distribution  of  the  engine  mounted  configuration  and  the 
clean  wing  case  were  subtracted  from  each  other  (Fig.  4.4. 1 ). 
It  was  expected  that  due  to  the  subtraction  the  uncertainties, 
inherent  in  both  the  method  (simplified  viscous  effects)  and 
the  experiment  could  be  eliminated  and  that  the  effect  of  the 
flap  track  fairings  which  were  not  pre.sent  in  the  numerical 
simulation  could  be  filtered  out.  Positive  and  negative  Cp  val¬ 
ues  correspond  to  deceleration  and  acceleration  of  the  flow 
due  to  the  engine  installaiion,  respectively.  There  is  an  ex¬ 
cellent  correlation  between  the  interference  effects  of  theory 
and  experiment. 

In  view  of  the  development  of  ultra-high  bypass  (UHB)  en¬ 
gines.  the  aerodynamic  interference  between  airframe  and  en¬ 
gine  becomes  more  and  more  important.  Figure  4.4.2  shows 
the  capability  of  Euler  solvers  to  simulate  the  flow  held 
around  the  DLR-ALVAST  wing-body  combination"  with  dif¬ 
ferent  wing-mounted  engines.  The  CFM-56  engine  repre.sents 
the  conventional  engine  and  the  UHB  engine  corresponds  to 
the  DLR-CRUF  simulator.'  The  geometry  of  the  wing-body 
combination  represents  a  typical  modern  wide-hody  transport 
aircraft  of  Airbus  type.  The  flow  field  compulations  for  the 
different  configurations  have  been  performed  by  the  use  of  the 
DLR  Euler-code  CEVCATS.  This  code  is  written  in  a  block- 
structured  form  using  a  muliigrid  acceleration  technique  and 
allows  an  arbitrary  application  of  boundary  conditions  on  the 
block  faces.'' 

The  first  step  in  the  multiblock  approach  for  complex  con¬ 
figurations  is  to  decide  on  a  global  grid  topology.  In  case 
of  a  wing-body-enginc-pylon  (wbep)  configuration,  an  H-type 
structure  in  the  streamwise  direction  is  used;  an  O-type  struc¬ 
ture  is  used  in  the  spanwise  direction  for  the  wing-bixly  grid 
and  in  the  circumferential  direction  for  the  engine  (Fig.  4.4.2). 
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A  (hree-dimensional  view  of  the  held  grids  for  the  different 
engine  types  is  also  shown.  Both  held  grids  consist  of  1 1 
computational  blocks  with  a  total  of  approximately  6U0.000 
mesh  cells. 

Transonic  pressure  distributions  (M,;  =  0.75  and  a  =  0.84 
deg)  at  different  spanwise  sections  for  both  engine  types  are 
compared  to  those  of  the  wing-body  conhguration.  The  pres¬ 
ence  of  the  engine  results  in  a  forward  movement  of  the  shock 
and  influences  the  complete  upper  surface  of  the  wing.  On 
the  lower  side  of  the  wing,  the  influence  is  mure  local  and 
the  closer  position  and  the  larger  geometry  of  the  UHB  en¬ 
gine  causes  a  stronger  interference.  Due  to  the  movement  “f 
the  shock  caused  by  the  propulsion  system,  lift  is  considerably 
decreased,  as  shown  in  the  lift  versus  semispan  comparisons. 
In  case  of  the  UHB  engine,  an  additional  loss  of  lift  occurs  in 
the  region  around  the  engine  location. 

Computational  lime  for  a  single  flow  calculation  is  about  half 
an  hour  on  a  CRAY-YMP.  Comparisons  between  calculated 
and  measured  pressure  distributions  demonstrate  the  capabil¬ 
ity  of  the  CF.VCATS  code  to  predict  essential  interference  ef¬ 
fects  due  to  the  propulsion  system.'''  The  capabilities  shown 
above  are  typical  of  the  geometric  complexities  which  can  be 
analyzed  with  mulliblock  .structured-gnd  codes.’ 

Unstructured-Grid  Applications 

The  unstructured-grid  methods  have  also  been  applied  to 
complex  transport  conligurations.  as  shown  below  for  a 
generic  McCKinnell  Douglas  Corporation  (MDC)  Tn-Jet 
configuration."  Generally,  in  this  latter  approach,  considerably 
fewer  manpower  rc.sources  are  expended  to  generate  the  field 
grids.  The  surface  triangulation  and  the  pressure  contours  of 
the  under-wing  engine  at  transonic  conditions  of  =  0.825 
and  (1  =  1.0  deg  are  shown  in  Fig.  4.4.3.  The  conditions  corre¬ 
spond  to  unforced  flow  through  the  engine-cowl  components. 
The  grid  and  solutions  were  computed  with  the  AIRPLANE 
program  developed  by  Jameson  and  Baker.'*  The  surface  defi¬ 
nition  required  two  days;  the  flow  field  mesh  contains  384,914 
nixies  and  over  2  million  tetrahedra.  The  grid  is  determined  by 
tnangulating  a  series  of  graded-refinement  Cartesian  meshes; 
the  flow  solver  advances  in  time  using  Runge-Kutta  time  step¬ 
ping  in  combination  with  a  central-differenced  residual  with 
explicitly  added  dissipation  terms. 

The  pressure  distributions  on  the  wing  at  24  and  32  percent 
semispan  show  good  agreement  with  experimental  measure¬ 
ments.  The  pressure  peaks  and  general  behavior  are  predicted 
well  with  a  slight  discrepancy  near  the  shock  on  the  wing 
upper  surface.  The  capability  to  study  component  interfer¬ 
ence  is  also  shown  through  wing  pressures  with  and  without 
the  under-wing  engine.  On  the  lower  wing,  the  retardation 
effect  ahead  of  the  pylon  and  the  acceleration  over  the  aft 
end  closely  matches  the  experimental  trend.  In  addition,  the 
changes  in  pressures  due  to  the  nacelle  and  pylon  compare 
well.  In  this  case,  less  than  one  man-minute  of  editing  was 
required  to  remove  the  engine  assembly  from  the  configura¬ 
tion;  the  resulting  field-grid  generation  required  18  minutes  on 
a  single-proce.ssor  CRAY-YMP  supercomputer. 

The  transonic  flow  over  a  transport  configuration  computed 
with  an  unstructured-grid  Euler  method”  is  shown  in  Figs. 
4.4.4-4  4.5.  The  unstructured  surface-grid  modeling  is  de¬ 
tailed  and  includes  the  wing-body-pylon-nacelle  geometry  as 


well  as  the  coverings  of  the  flap-deployment  mechanisms  at 
four  semi-span  posiiiors  on  the  wing.  The  engine  is  mod¬ 
eled  as  an  actuator  disk:  inflow  and  outflow  conditions  arc 
specified  at  upstream  and  downstream  cross-sectional  stations 
The  pressure  contours  over  the  configuration  are  shown  at  a 
transonic  cruise  condition:  M  ^  =  0.801  and  o  =  2.738  deg; 
the  longitudinal  pressure  sanations  at  a  circumferential  posi¬ 
tion  located  22  deg  outboard  from  the  centerline  of  the  na¬ 
celle  shows  excellent  agreement  with  expenmental  data.  On 
the  wing,  the  Euler  computations  at  the  semispan  location  of 
0.293  indicate  an  upper  surface  shock  located  further  aft  than 
the  experimental  results,  as  expected  because  of  boundary- 
layer  interaction  effects  On  the  subcntical  lower  surface,  liit 
chordwise  sanations  due  to  the  presence  of  the  pylon-nacelle 
and  the  streamwise  flap-track  fairings  are  substantial  and  are 
well  predicted  by  the  inviscid  method. 

A  similar  capability  is  shown  in  Plate  4  2  fur  a  Dassault  Avi¬ 
ation  transport  configuration''’  ’  with  fuselage-mounted  na¬ 
celles  and  vertical  and  horizontal  control  surfaces.  The  Mach 
contours  are  shown  at  a  transonic  condition*'  (.)/„  =  0  85. 
<1  =  3.0  deg).  The  surface  inangulation  shown  is  the  result 
of  two  successive  refinements  and  has  40.000  nodes.  The 
numerical  formulation  uses  upwind  approximations  based  on 
Osher's  approximate  Riemann  solver  and  MUSCL  interpola¬ 
tion.  The  lime  advancement  is  implicit  and  is  combined  with 
adaptive  mesh  refinement  and  unnesied  multigrid  acceleration 
techniques.  The  solutions  were  obtained  after  a  three-order- 
of-magnitude  reduction  in  the  steady-state  residual  equations, 
corresponding  to  300  iterations  at  a  Courani  number  of  20. 

4.4.2  Supersonic  Transport  Aircraft 

Recently,  new  initiatives  towards  the  design  of  a  follow-on 
to  the  Concorde  supersonic  transport  have  begun.  Studies 
have  focused  in  the  area  of  configuration  design  for  sonic 
boom  minimization  in  order  to  mitigate  the  noise  asscxiated 
with  the  sonic  boom  and  delennine  the  fea.sibility  of  overland 
supersonic  flight.  The  sonic  boom  signature  for  two  supersonic 
transport  configurations  was  studied  by  Siclari  and  Darden."' 
A  central-difference  finite  volume  method  in  the  cross-flow 
planes  ana  an  implicit  upwind  finite  difference  technique  in 
the  marching  direction  was  used  to  solve  the  three-dimensional 
un.sleady  Euler  equations. 

Computer  codes  used  in  the  design  and  analysis  of  low  boom 
configurations  have  traditionally  been  based  on  Whitham's 
modified  linear  theory  analysis,  ”  which  was  extended  to  apply 
to  lifting  bodies  by  Walkden.'"  Studies  have  demonstrated 
that  the  traditional  modified  linear  theory  methtxJs  become 
inaccurate  as  the  free  stream  Mach  number  approaches  3.  Ai 
higher  Mach  numbers,  stronger  shocks  arc  generated  and  the 
assumption  of  isentropic  flow  becomes  invalid.  Thus,  Euler 
and  Navier-Stokes  methods  applicable  to  the  area  of  sonic 
boom  prediction  and  minimization  at  Mach  numbers  above  2.7 
are  needed.  These  near-field  prediction  methods  can  provide 
detailed  flow  field  information  for  guidance  in  component 
integration  or  provide  flow  field  input  for  nonlinear  or  modified 
linear  theory  extrapolation  methods. 

Two  low  boom  aircraft  concepts.'"  designed  for  low  sonic 
boom  at  Mach  2  and  Mach  3,  which  were  designed,  built,  and 
testeu  at  NASA,  are  schematically  shown  in  Fig.  4.4.6.  The 
Mach  2  configuration  has  a  flat  platypus  nose  and  the  Mach 
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3  concept  has  a  needle  nose.  Both  have  highly  vwepi  leading 
edges  inboard  with  cranked  lower  sweep  uutDoard  wings  lor 
improved  low-speed  performance.  Both  concepts  were  studied 
without  engine  nacelles;  the  corresponding  wind-tunnel  data 
were  also  available  for  companson. 

Approximately  850.000  points  were  used  to  compute  the  How 
n  the  vicinity  of  each  aircraft,  and  approximately  l  .l  million 
points  were  used  to  compute  the  How  to  IS  body  lengths 
downstream  of  the  aircraft.  The  computational  surface  model 
and  computed  aft  pressure  contours  at  =  3.0  and  o  = 
1.97  deg  for  the  Mach  3  low  boom  conliguration  are  shown 
in  Fig.  4.4.6.  The  cranked  wing  generates  a  strong  shock  as 
indicated  by  the  isobars.  The  computed  isobars  in  a  plane  at 
the  end  of  the  sting  show  a  strong  shock  in  the  leeward  region, 
attributed  to  the  coalescence  of  the  wing  trailing-edge  shuck 
and  sting  attachment  shock.  On  the  windward  side,  a  strong 
shock  cKcurs  due  to  the  wing  crank;  the  circular  isobars  just 
to  the  right  and  left  to  the  sting  are  vortices  generated  by  the 
wing  tips  expansions. 

The  computed  pressure  signatures  are  compared  to  recent 
wind  tunnel  model  data  for  both  the  Mach  2  and  Mach  3 
conligurations.  Both  models  were  1/.300  scale  or  about  12 
inches  in  length.  The  wind  tunnel  model  data  were  converted 
to  full  scale  in  feet  to  compare  to  the  computations  The 
wind  tunnel  data  were  taken  at  iwo  different  distances  below 
the  aircraft  for  each  conliguration.  For  both  conligurations. 
gixxl  correlation  with  the  data  is  shown  for  both  distances  for 
the  forward  half  of  the  signature.  At  h/f  =  1)  5.  the  Mach  2 
data  show  a  series  of  shucks  and  expansions  in  the  last  half 
of  the  signature.  The  computation  shows  a  single  shirck  and 
expansion.  At  h/f  =  1.0.  slightly  better  correlation  is  achieved. 
The  data  stills  show  a  series  of  shocks  and  expansions  with 
.1  very  targe,  final,  expansion  twice  that  of  the  computation. 
Virtually  the  same  type  of  coirelation  is  shown  for  the  Mach  3 
conliguration.  Further  studies'*'  indicate  that  it  is  necessary  to 
consider  three-dimensional  effects  in  the  design  of  low  boom 
concepts,  since  the  Mach  2  concept  showed  sonic  booms  along 
the  side  of  the  ground  footprint  with  magnitudes  as  much  as 
40  percent  greater  than  those  directly  along  the  flight  path  axis. 

4.4.3  Fighter  Aircraft  Configurations 

In  1986.  Eberle  and  Misegades^’  presented  some  of  the  first 
invisciJ  solutions  of  a  complete  fighter  aircraft  using  a  high- 
resolution  Hulcr  code.  The  underlying  numerical  method  u.ses 
a  Godunov-type  averaging  procedure  based  on  the  eigenvalue 
analysis  of  the  Euler  equations;  the  fluxes  are  evaluated  at 
the  finite  volume  faces,  thus  generating  separate  constant  sets 
of  flow  variables  on  either  side.  The  procedure  is  third-order 
accurate  on  equidistant  me.shes  (in  one  dimen.sion}  and  i<x:aily 
monoionicily  preserving,  which  seems  to  avoid  the  drawbacks 
of  global  TVD  schemes."’ 

The  grid  generation  for  complex  configurations  like  a  tighter 
aircraft  is  performed  from  solutions  of  linear  biharmonic  equa¬ 
tions  in  which  only  one  parameter  is  necessary  to  be  pre¬ 
scribed.  H-type  grids  are  used  in  a  monoblock  approach  where 
specific  coordinate  planes  arc  made  coincident  with  certain 
surface  elements  of  the  configuration  at  hand.  With  this  pro¬ 
cedure,  dummy  grid  points  are  genera*ed  inside  the  configu¬ 
rations  which  have  to  be  blanked  out.  The  resulting  code  can 
be  run  for  steady  state  solutions  by  using  either  an  explicit 


time  stepping  integration  sthenic  or  j  ptiint-impiicii  relaxation 
scheme,  the  latter  scheme  is  implemented  as  a  point  Jacobi 
exirapoiarion  procedure. 

The  aircraft  model  studied  was  based  on  design  studies  for  the 
early  MBB-ACA  fighter  conducted  m  1985  The  computations 
were  earned  tHii  on  a  CRAY-XMP/2  computer  using  a  mesh 
with  a  total  of  520.000  grid  (X)inis  tor  modelling  the  i  omplete 
configuration. 

Plate  4.3  shows  the  pressure  distribution  on  the  aircraft  lor 
the  following  flow  conditions:  =  0  85.  <i=  7  5  deg. 

i  =  5  deg  To  enable  a  realistic  simulation,  mass  flow 
through  engine  intakes  and  no/^lcs  was  allowed  ba.sed  on  the 
following  parameters;  p,^i/pinuju;=  1.  in,ct/m,nLiki:=  3.  M.nujiv  = 
0.75  The  windward  side  (due  to  yawi  is  the  left  side  t>f  the 
aircraft.  Shocks  can  be  detected  at  the  canard  and  the  wing 
trailing  edges.  Plate  4  4  shows  icm{)cralure  contours  over  the 
aircraft  and  in  the  region  downstream  of  the  engine  exhau.st  at 
transonic  conditions  A  good  estimate  of  the  accuracy  achieved 
with  the  Euler  solver  applied  to  a  complete  airplane  can  be 
obtained  by  checking  the  total  pressure  distrthuiion.  Although 
not  shown  here,  the  windward  surfaces  of  the  configuration 
do  not  exhibit  UHal  pressure  variations  except  at  pan  of  the 
fuselage  underside;  the  errors  m  this  region  were  traced  to  a 
triangular  interpolation  between  iiqnit  points  which  was  Uh> 
disparate. 

F-18  Aircraft 

A  demonslration  of  the  tomplcii:  vehicle  modeling  eapabiliiy 
available  with  unMruclurcd-gnd  incihtxiv"  is  shown  in  Fig 
4.4.7.  The  surface  geometry  of  a  eompicle  F  I  8  lighicr  eon- 
figuration  is  descrihed  by  37  surfate  components  and  87  line 
components.  The  surface  mesh  extends  into  the  engine  inlei 
and  exhaust  and  the  half-domain  disereii/alion  eonsisied  of 
nearly  5(X).()00  tetrahedral  elements  and  lOO.OtK)  nodal  points 
The  inlet  conditions  took  the  form  of  a  spetilied  Mach  num¬ 
ber  of  0.4  and  the  exit  conditions  spceilied  a  jel  pressure  ratio 
tif  3.  The  pressure  disiribuiion  a(  a  transonic  Mach  number 
of  0.9  and  3  deg  angle  of  attack  is  shown.  The  results  shown 
were  obtained  in  I990’'  and  were  initial  demonsiralions  of  ihe 
power  of  ihe  unstructured-grid  methods  for  aerodynamic  appli¬ 
cations;  the  entire  time  from  surface  geometry  demonstration 
to  flow  solution  was  less  than  iwo  weeks. 

Advanced  Fighter  Configuration 

Another  example  of  the  unstructured-grid  Euler  capahilily 
for  complex  configurations  is  ihe  application  to  an  advanced 
fighter  configuration  developed  by  Alenia  Acronaiifica.  shown 
in  Fig.  4.4.8.  The  results  arc  from  a  validation  study  to  assess 
the  capability  of  Euler  methods,  with  cmpha.sis  on  the  transonic 
regime,  for  a  new  generation  of  lighter  aircraft."'  The  grid  w.iv 
generated  using  ihc  advaneing-front  grid  generation  of  Peraire 
el  al."'’.  which  allows  highly  anisotropic  meshes  li  e.,  meshes 
where  the  elements  can  be  sirelehcd  along  arbitranly-oricnted 
directions)  and  is  tightly  coupled  to  an  existing  CAD  system. 
The  geometric  modeling  is  detailed,  includes  the  inlet,  exhaust, 
control  surfaces,  flaptrack  fairings,  store  pylons,  and  tip  pods. 
The  definition  of  the  surface  consists  of  1 54  CAD  surfaces  and 
Ihe  construction  of  the  surface  mesh  required  one  week.  The 
generation  of  the  volume  mesh  was  done  overnight  using  an 
engineering  workstation.  The  grid  consisted  of  141.339  nodes 
and  763,566  tetrahedrons. 
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The  pressure  contours  at  a  transonic  speed  m  slight  yaw 
(A/^  =  0.80,  a  =  4.0  deg.  i  =  2  deg)  were  computed  with 
the  IIESAD  code,  which  is  an  explicit  node-centered  (inite- 
volume-based  central-difference  spatial  discretieauon.  The 
flux  balance  is  done  by  a  summation  over  the  faces  of  the 
tetrahedrons  in  the  volume,  with  each  face  being  by  two  tetra¬ 
hedrons.  The  engine  simulation  imposed  a  given  mass-flow 
rate.  The  scheme  requires  4S  microseconds  per  gnd  point  per 
iteration  on  a  CRAY-YMP-2E  single-processor  computer  and 
70  words  of  storage  per  node.  Solutions  can  be  obtained  in 
an  hour  of  CPU  time.  A  modilication  of  the  geometry  and 
the  corresponding  flow  field  can  be  obtained  m  less  than  a 
day.  indicating  the  numerical  strategy  can  be  used  profitably 
in  the  industrial  environment  Although  not  shown  here,  com¬ 
parisons  of  the  computations  wiih  detailed  pressure  measure¬ 
ments  made  during  wind-tunnel  tests  have  been  reported  and 
have  shown  good  accordance.’’ 

Advanced  Tactical  Fighter  (ATF)  Aircraft 

Application  of  the  multiblock  structured-grid  TEAM  code  to 
the  complete  advanced  tactical  fighter  prototype  configuration 
(for  which  surface  pressure  contours  at  transonic  speeds  arc 
shown  in  Plate  4. .5)  began  in  earnest  in  1988. ’’  This  aircraft 
features  multiple  lifting  surfaces,  twin  tails,  and  an  integrated 
airframe/propulsion  system.  Based  on  the  capabilities  of  the 
cixle  at  the  time  and  the  schedule  constraints  of  the  project, 
only  an  inviscid  Euler  analysis  of  this  complex  configuration 
was  considered  feasible  in  ordc'  to  have  an  impact  on  the 
design.  Solutions  were  obtained  for  several  transonic  and  su- 
[X-rsonic  Mach  numbers  and  angles  of  attack  for  both  flow¬ 
through  and  powered  nacelles  under  symmetrical  and  asym- 
metncal  flight  conditions.  Powered  conditions  were  simulated 
by  prescrthing  mass-flow  ratio  values  at  the  nacelle  face.  The 
TEAM  cixlc''  was  u.sed  in  a  truly  predictive  mixle  for  a  new 
design.  The  computational  solutions  were  obtained  before  the 
wind-tunnel  pressure-model  data  were  available.  No  attempt 
could,  therefore,  be  made  to  adjust  the  grid  or  the  code  to  im¬ 
prove  correlations  with  data.  Many  valuable  lessons  learned 
from  this  exerci.se  arc  summarized  in  Refs.  26-27. 

Generating  a  grid  on  this  conliguration  was  a  tedious  and  very 
time-consuming  task  A  few  hundred  man-hours  and  several 
weeks  were  expended  to  construe  a  4.A-/.onc  H-H  type  grid 
with  about  I  ..S  million  grid  points  for  half  the  configuration. 
Such  slow  turnaround  was  a  major  impediment  in  evaluating 
the  impact  of  numerous  geometric  changes  on  aerodynamic 
performance.  TEAM’.c  inability  to  accurately  predict  absolute 
drag  levels  was  another  disappointing  aspect  for  the  project 
personnel.  On  the  other  hand,  detailed  surface  pressures  pre¬ 
dicted  by  the  code  proved  valuable  in  estimating  airloads  for 
the  structural  analysis  of  the  vehicle  as  well  as  for  the  ther¬ 
modynamic  analysis,  lintil  data  from  a  wind-tunnel  pressure- 
model  lest  became  available,  this  capability  was  particularly 
helpful  in  expediting  structural  analysis  using  more  realistic 
transonic  and  supersonic  flow  data  than  could  be  obtained  us¬ 
ing  potential  flow  methods  alone.  TEAM'S  application  to  the 
ATF  configuration  was  quite  helpful  to  its  developers  also  since 
it  uncovered  early  in  the  design  cycle  some  deficiencies  which 
have  since  been  rectified. 

In  Fig.  4.4.9,  TEAM  Euler  predictions  of  lift  coefficient  at  a 
transonic  Mach  number  and  three  angles  of  attack  arc  corre¬ 
lated  with  the  wind-tunnel  data.  (The  vertical  axis  is  deliber¬ 
ately  left  blank).  Good  agreement  is  clearly  seen.  Correlations 


of  computed  and  measured  surface  pressures  at  two  sialions 
on  the  wing  for  one  condition  lone  close  to  mid-span  and  ihe 
other  close  to  tlie  up)  are  also  shown  In  examining  these  cor¬ 
relations,  caution  must  be  exercised  because:  ( I )  the  computed 
solutions,  being  inviscid.  do  not  account  for  viscous  cffeclsm 
and  (2)  even  minor  geomeinc  differences  between  the  compu¬ 
tational  and  wind-tunnel  models  can  produce  relatively  large 
changes  at  transonic  Mach  numbers  For  the  present  case,  no 
special  effort  was  made  to  minimize  any  surface  profile  mis¬ 
match  between  the  computational  and  wind-tunnel  models  due 
to  time  and  resource  constraints.  The  data  were  not  collected 
for  TEAM  validation  but  to  meet  the  project  needs  The  pre¬ 
dicted  loads  were  more  consistent  with  high  Rey  nolds  number 
limit  solutions  (since  boundary-layer  effects  are  not  modeled), 
although  vortical  flows  from  sharp  leading  edges  are  predicted. 
The  Reynolds  number  for  the  wind-tunnel  lest  was  typically 
an  order  of  magnitude  less  than  its  value  in  flight:  thus,  dif¬ 
ferences  between  wind-tunnel  and  flight  pressures  would  be 
expected  in  regions  when  the  flow  exhibits  shock-induced  sep¬ 
aration.  The  Euler  analyses  proved  quite  useful  as  one  of  the 
tixjls  to  provide  information  regarding  configuration  modifi¬ 
cations  during  the  evolution  of  the  design  A  summary  of 
the  CFD  usage  m  the  F-22  development  program  has  been 
compiled  by  Bangeri  ei  al.;’’  the  complete  airloads  prediction, 
including  control  surface  variations  over  a  range  of  Mach  num¬ 
bers,  angles  of  attack,  and  sideslip  was  done  using  the  TEAM 
Euler  code  and  consumed  4.5  months  of  dedicated  supercom¬ 
puter  usage,  corresponding  to  IbtX)  CPU  hours. 

4.4.4  Missile  Configurations 
Cruise  Missile 

The  solution  depicted  in  Plates  4.6  and  4.7  is  a  single  lime 
frame  (snapshot)  of  the  unsteady  pressure  held  around  a  prop- 
fan  cruise  missile.  The  geometry  is  c,'’senlially  a  complete 
cruise  missile  (as  modeled  in  the  wind  tunnel)  with  a  coun- 
lerrolaling  propfan  propulsion  system  operating  at  cruise  con¬ 
ditions  of  =  0.7  and  four  degrees  anglc-of-ailack.  Re¬ 
searchers  at  Mississippi  State  I  nivcrsity  were  contracted  to 
simulate  the  unsteady  flow  held  of  several  potential  design 
concepts  prior  to  the  wind  tunnel  testing  to  help  estimate  Ihe 
material  strength  of  the  wind  tunnel  model  to  maintain  struc¬ 
tural  integrity.  The  project,  a  formal  ctxiperalive  effort  be¬ 
tween  the  U.S.  Department  of  Defence  (Navy  and  Air  Force) 
and  the  NASA  Ames  and  NASA  Lewis  Research  Centers,  is 
sponsored  by  the  Cruise  Missile  Project  in  Washington,  D.C. 
Its  purpose  is  to  help  determine  Ihe  applicability  of  propfan 
propulsion  for  stand-off  weapons  using  advanced  unsteady 
aerodynamic  codes’"  "  and  a  large-scale  power-model  wind 
tunnel  test. 

A  complete  animation  of  this  configuration  (with  the  blades 
moving)  can  be  formed  from  a  collection  of  flow-field  snap¬ 
shots  fa  total  of  ninety-six  for  this  particular  configuration).  All 
ninety-six  solutions  were  used  to  predict  the  unsteady  forces 
and  moments  on  all  the  appendages  (wings,  fins,  and  blades) 
prior  to  the  wind  tunnel  test.  There  was  concern  about  the 
placement  of  the  fins,  so  a  fins-forward  (of  the  propfan)  config¬ 
uration  and  a  fins-aft  configuration  were  analyzed  using  CFD 
prior  to  the  wind  tunnel  experiment.  CFD  simulations  were 
not  limited  to  .londcflected  fins,  as  in  this  case,  but  included 
cases  involving  fin  deflections  of  five  degrees.  The  analyses 
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gave  an  indication  of  the  material  strength  necessary  to  with¬ 
stand  the  unsteady  aerodynamic  loading  on  the  wind  tunnel 
model.  The  Row-Held  analysis  required  4  million  woids  of 
internal  memory  and  32  million  words  of  solid-state  storage 
device  (SSD)  on  a  CRAY-XMP,  consuming  nearly  eighteen 
hours  of  CPU  time  to  produce  the  solution  shown.  Presently, 
the  CFD  solutions  and  the  data  collected  from  the  wind  tunnel 
(NASA  Ames)  are  undergoing  comparative  scrutiny. 

ANS  Missile 

Applications  of  the  Euler  equations  to  an  air-hreathing  missile 
project  (ANS)  studied  by  Aerospatiale  and  MSB  is  shown  in 
Plate  4.8.**  The  configurauon  is  powered  by  a  ramjet  propul¬ 
sion  with  4  circular  air  intakes  and  is  a  follow-on  to  the  EXO- 
CET  family  of  missiles.  The  surface  grid  is  composed  of  about 
I6,(X)0  nodes  for  half  of  the  conHguration  and  uses  a  CAD 
surface  deHnition.  The  surface  pressure  coefHcients  shown 
correspond  to  a  supersonic  condition  (.\/^  =  2.0,  o=  4.0  deg. 
I  =  0  deg),  with  open  air  intakes  operating  in  the  .supercnl- 
ical  regime.  The  computations  were  made  with  the  FLU3C 
code,  and  are  representative  of  the  capability  at  Aerospatiale 
to  calculate  missile  aerodynamics  in  an  industrial  environment. 
The  methodology  tightly  couples  the  CAD  surface  genera¬ 
tion  and  the  mesh  generation  schemes  and  uses  two  numerical 
procedures:  a  space-marching  procedure  for  supersonic  flows 
and  a  mulli/.onal  approach  for  transonic  and  subsonic  flows. 
Applications  to  several  missiles,  an  Ariane  5  plus  Navelle 
Hermes  conHguration,  and  a  supersonic  transport  are  shown 
elsewhere.''’ 

4.4.5  Store  Configurations 

A  good  understanding  of  the  fluid  mechanics  associated  with 
carnage  and  relea.se  of  stores  from  an  aircraft  is  of  primary  im¬ 
portance  to  the  aircraft  designer.  The  flow  Held  encountered 
on  stores  in  the  presence  of  an  airframe  is  usually  complex  be¬ 
cause  of  the  many  aerodynamic  interactions  which  occur.  Tra¬ 
ditionally,  the  designers  have  relied  on  extensive  experimen- 
lal  wind-tunnel  tests  to  estimate  interference  effects.  Recent 
progress  in  unstructured-grid  methods  is  beginning  to  have  an 
impact  on  that  progress.  For  example,  an  extensive  wing- 
pylon-store  computauon  is  reported  in  Ref  37.  The  method¬ 
ology  consisted  of  an  advancing-front  grid  generation  scheme 
closely  coupled  to  an  upwind,  finite-volume  scheme.  System¬ 
atic  comparisons  of  the  interference  effects  were  made  with 
experimental  data”*  for  the  baseline  (instore)  position  and  two 
other  store  positions  at  Mach  numbers  of  0.95  and  1 .2.  The 
surface  geometry  is  shown  in  Fig.  4.4.10  and  the  longitudi¬ 
nal  variations  of  pressures  for  three  store  positions  at  = 
0.95  are  compared  with  experiment  in  Fig.  4.4.1 1.  There  is 
a  substantial  effect  of  the  store  position  on  the  pressures  and 
the  comparison  with  experiment  is  excellent  at  all  three  posi¬ 
tions.  The  comparisons  presented  in  Fig.  4.4. 1 1  are  typical 
of  the  others  presented  in  Ref  37.  The  demonstrated  accuracy 
and  the  fast  grid  generation  makes  the  approach  attractive  as 
a  preliminary  design/analysis  tool. 

At  MBB.  monoblock  structured-grid  codes  have  been  used 
since  the  early  beginnings  of  field  method  applications.  Now 
they  have  reached  a  high  level  of  maturity  and  universality. 
Configurations  of  very  high  complexity  can  be  efficiently  mod¬ 
elled;  CAD-tools  like  CATIA  and  DOGRiD-5.3'‘’  are  used  as 
preprocessors.  The  resulting  monoblock-sta'cturcs  are  used 


in  different  How  solvers,  but  especially  fur  Euler  (EUFLEX. 
INFLEX)  and  for  Navier-Stokes  (NSFLEX)  computations  A 
new  technique  based  on  smart-cell  structures  in  munoblocks 
recently  led  to  two  efficient  applications:*' 

•  multiple  overlapping  monoblucks  (MOM) 

•  dynamically  overlapping  gnd  (DOG) 

MOM  is  an  EUFLEX-lype  solver  and  is  applied  for  steady 
and  rigid  multiple  body  configurations.  DOG  is  a  combination 
between  a  I.NFLEX-iype  time  accurate  algonthm  with  the  SSP 
code'"  for  ihe  adequate  time  accurate  representation  of  flight 
mechanically  described  motions  and  simultaneously  cKCumng 
commanded  control  deflections 

In  the  present  stage,  both  codes  jic  able  to  handle  two  over¬ 
lapping  monoblock  srructures.  The  basic  approach  to  describe 
the  exchange  of  flow  informaiions  between  both  flow  regions 
have  been  derived  from  descnpiions  of  the  Chimera  method^’ 
whereby  the  synchronization  of  lime  between  the  blocks  is 
regulated  similarly  to  the  ESE  lechnique.^'  .MOM  and  D(Xj 
are  highly  suitable  for  store  integration  investigations  As  seen 
in  Fig  4.4  12,  two  typical  trajectory  positions  are  shown  for  a 
missile  separating  from  an  aircraft,  which  has  not  been  fully 
represented  geometrically  due  to  the  supersonic  flight  condi¬ 
tions. 

The  accuracy  of  such  predictions  has  already  been  success¬ 
fully  demonstrated  for  subsonic  and  supersonic  cases  tor  a 
variety  of  complicated  store  geometries  A  good  correlation 
between  flight  test  (FT),  wind  tunnel  (WT).  and  MOM  results 
for  a  store-wing  configuration  has  been  obtained;  isobars  are 
shown  in  Plate  4.9  for  A/^  =  0.9  The  correlated  rolling 
moments,  well-known  as  most  sensitive  to  misrepresentation, 
agree  closely,  as  shown  in  Fig.  4  4. 1 3.  These  results  have  been 
achieved  with  only  60.000  cells  in  both  monoblocks  together 

The  application  of  such  an  approach  is  very  universal  The 
present  code,  uniquely  designed  for  store  integration  studies 
can  be  easily  extended  to  other  completely  different  problems, 
even  such  as  to  the  flow  around  a  complete  helicopter  in 
forward  flight  inclusive  ground  effects,  tor  high  speed  vehicle 
flow  with  realistic  ground/wall  effects  and  other  nontrivial 
boundaries. 

4.4.6  Reentry  Configurations 
HERMES 

Computations  of  Rieger  et  al.**  are  shown  for  the  HERMES 
1.0  configuration  in  Plates  4.10  and  4.1 1  and  in  Fig.  4.4.14. 
Because  of  the  size  and  specific  position  of  controls  on  the  con¬ 
figuration.  the  performance  of  the  control  system  is  strongly 
influenced  by  flow  field  effects  through  large  gaps  and  slits  be¬ 
tween  body  flap,  elevens,  and  winglet  flaps.  This  is  important 
insofar  as  the  size  of  the  controls  are  by  far  not  small  com¬ 
pared  to  the  oveiall  size  of  the  vehicle.  For  purpose  of  i.iviscid 
flow  field  simulations,  a  mesh  system  was  constructed  by  use 
of  the  interacti-'-  mesh  generation  system  DCXjRlD  developed 
at  Domicr  which  consists  of  7  mesh  blocks  and  in  the  finest 
mesh  possesses  some  1.5  million  grid  points.  The  various 
mesh  blocks  are  interconnected  by  use  of  segmentation  tech¬ 
niques  which  allows  the  arbitrary  connection  of  block  faces 
or  parts  thereof.  Particle  traces  are  shown  in  Plate  4.10;  Plate 
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4, 1 1  displays  some  flow  teacures  in  form  of  Mach  number  dis¬ 
tributions  on  the  body  surface,  in  the  symmetry  plane,  anu  in  a 
specilic  cross-section.  The  interesting  point  is  the  behavior  of 
the  flow  jei  coming  up  on  the  leeside  wing  through  the  gap  be¬ 
tween  elevon  and  winglel  flap.  Because  of  high  velocities  and 
low  pressure  level  of  the  wing  leeside  flow,  ihe  gap  jei  with 
high  pressure  acts  approximately  like  a  ngid  body,  which  pro¬ 
duces  an  additional  shock  system  that  is  indicated  by  the  blue 
spot  (low  Mach  number)  in  the  fuselage  end  section.  In  ihe 
body  flap  end  section,  the  interaction  between  the  expansions 
around  the  trailing  edges  ot  the  windward  flow  and  the  cross- 
flow  phenomena,  including  the  gap  shock  system,  evolves  to 
a  highly  complicated  How  structure  The  compulations  were 
performed  with  the  block-structured  code  supporting  a  regular 
data  structure/’'' 

Reference  45  describes  the  application  of  the  DLR  code  CEV- 
CATS  with  central  discretuation  and  the  upwind  scheme  used 
by  ONERA’s  code  FLU3C  in  order  to  validate  inviscid  How 
calculations  for  reentry  vehicles  at  supersonic  conditions.  The 
coordinate  mesh  used  for  this  study  is  displayed  in  Fig  4  4  14 
Pressure  contours  in  Fig.  4.4. 1 4  show  that  the  flow  fields  pre¬ 
dicted  by  both  codes  are  almost  identical.  The  only  difference 
in  the  results  is  a  slightly  better  shock  resolution  by  the  up¬ 
wind  scheme.  Detailed  comparisons  of  computed  global  force: 
and  moments  with  wind-tunnel  measurements  indicate  that  lift, 
drag,  and  pitching  moment  are  in  very  good  agreement.  The 
differences  for  roll  and  yaw  moments  are  somewhat  larger/*''*'’ 
Nevertheless,  the  effect  of  Mach  number  and  angle  of  attack  on 
lateral  and  directional  stability  is  well  predicted.  Other  com- 
p'ltations  for  HERMES-like  configurations  have  been  made  by 
Pfit/ncr'*’  and  Mennc  and  Wieland:*"  a  general  survey  of  in¬ 
dustrial  applications  to  reentry  and  hypersonic  configurations 
is  given  by  Rieger.  SUK'k,  and  Wagner.'** 

Space  Shuttle 

The  numerical  computation  of  an  inviscid  flow  field  about  a 
very  complex  airplane  and  reentry  spacecraft  is  of  consider- 
.iblc  interest  to  the  research  and  designer  A  unified  approach 
to  efficiently  solve  the  Euler  equations  for  the  entire  Mach 
number  range  has  been  developed  (Euler  Marching  Technique 
for  Accurate  Computations  (EMTAC)  code!  by  Chakravarthy 
and  S/ema.*'*'"  Tbe  approach  is  based  on  the  unsteady  Euler 
equations;  an  infinitely  large  time  step  and  a  space-marching 
technique  is  used  in  the  supersonic  flow  region  The  large 
time  step  makes  the  transient  terms  of  the  discretired  unsteady 
equation  vani.sh.  In  the  subsonic  flow  region,  a  finite  time  step 
and  a  relaxation  method  are  used  and  the  steady  state  is  ap¬ 
proached  asymptotically.  A  finite  volume  implementation  of 
high  accuracy  (up  to  third  order  in  one  dimension)  TVD  dis- 
creti/.a'.ions  is  used,  and  thus  the  method  is  more  accurate  and 
reliable  than  other  Euler  space-  and  time-marching  techniques 
based  on  central  difference  approximations.  More  recently,  a 
multi-zone  version  of  the  code  has  been  developed  (EMTAC- 
MZ)  as  a  superset  to  the  single  zone  EMTAC.  In  the  following 
text,  the  name  EMTAC  is  used  to  denote  cither  code.  A  similar 
modified  space-marching  approach  is  used  by  Rieger.'* 

Single-zone  grid  generation  for  a  very  complex  geometry,  such 
as  the  mated  Shuttle  orbiter  with  external  tank  (ET)  and  solid 
rocket  booster  (SRB),  is  difficult  and  requires  some  conlicura- 
lion  approximations.  To  avoid  the.se  geometry  modifications, 
a  multizone  technique  is  applied  to  solve  the  flow  field  for 
this  type  of  geometry 


Fig  4.4.15  illustrates  the  multibody  interaction  problem  of 
the  Shuttle  orbiter  in  a  mated  configuration  with  the  ET  and 
SRBs.  'The  cross-section  grids  at  various  constant  x-locations 
are  also  given.  The  solutions  are  obtained  at  .4/  =  I  S  and 

<1=  0  0  deg  Fig.  4.4  15  shows  the  pressure  contours  t.i'om  x 
200  in  to  X  =  17S0  in  ;  five  zones  are  used  in  this  region 
The  SRB  and  Shuttle  Orbiter  are  treated  as  a  point,  and  the 
zero  tlux  boundary  condition  is  applied  lo  these  points  At  x 
=  220.  the  conical  solution  of  the  ET  is  obtained,  and  the  bow 
shuck  is  formed 

The  solutions  are  very  smooth  and  continuous  across  the  zonal 
boundaries  despite  a  very  unconventional  three-sioeu  computa¬ 
tional  gnd.  The  expansion  wave  from  the  surface  at  x  =  400  in. 
can  be  clearly  seen  in  this  figure  The  apex  ol  the  SRB  starts  at 
X  =  425  in.  and  produces  an  attached  bow  shuck.  This  shock 
expands  and  finally  hits  the  ET  surface,  as  can  be  seen  at  x  = 
610  in.  Notice  that  a  very  symmetric  solution  is  generated  by 
using  this  unsymmetric  grid  The  orbiter  nose  is  at  x  =  640  in. 
The  detached  shock  and  subsonic  flow  field  behind  the  shivk 
are  calculated  by  using  the  relaxation  method.  The  reflected 
orbiter  bow  shock  on  the  external  surface  is  clearly  evident 
at  X  =  HIO  in.  At  x  =  1670  in.,  the  embedded  wing  shivl  is 
indicated  which  wr  ps  around  ihe  leading  edge  of  ihc  wing. 
Another  detached  shock  is  formed  furthc'  downstream  by  the 
orbital  maneuvering  system  (OMS)  pod  Since  the  subsonic 
pocket  is  big  and  the  Mach  number  is  almost  zero  near  the  root 
of  the  OMS  fHxl.  a  total  of  20  relaxation  marching  sweeps  are 
required  lo  give  a  grxid  converged  result.  The  OMS  pod  and 
vertical  tail  shocks  arc  clearly  shown  in  this  figure  at  x  =  1780 
in.  The  relaxation  method  is  used  lo  ca'.  ulate  the  subsonic 
flow  field  and  detached  bow  shix'k,  'fhe  chordwisc  (iressurc 
distributions  on  the  upper  surface  of  Ihe  wing  at  several  span 
stations  compare  well  with  experimental  data,  including  in  ihe 
region  where  OMS  ptxi  shock  interacts  with  the  wing  surface. 
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Figure  4.4.1  Euler  simulation  of  transonic  flow  over  a  twin-jet  transport  aircraft. 


Comparison  of  computed  pressures  with  test  data 

.2r 


Comparison  of  pressures  with  and 
without  engine  assembly 


Figure  4.4.3  Unstructured-grid  applications  to  a  McDonnell-Douglas  Tri-Jet  configuration  at 
transonic  speeds;  =  0.825,  <>  =  1.0  deg. 
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Figure  4.4.6  Euier  computations  and  comparisons  with  experiment  for  two  supersonic  transport 
configurations. 


Figure  4.4.7  Unstructured  surface  grid  and  pressure  contours  for  an  F-1 8  aircraft  configuration; 


Presure  comparisons  at  a  >  8°  tor  two  stolons  on  the 
winp-ona  noar  midspan  and  tha  other  near  the  tip. 
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4^  PROPULSION  SIMULATIONS 

Applications  of  the  Euler  equations  to  simulate  propulsion  How 
Helds  are  shown  below.  The  Euler  equations  have  been  used 
extensively  in  propulsion  simulations  and  propulsion-airframe 
integration  studies.  These  equations  admit  vorticiiy  and.  thus, 
can  be  used  to  simulate  the  aerodynamic  performance  (ne¬ 
glecting  boundary-layer  effects)  of  rotating  machinery  such  as 
propellers,  rotors,  or  turbines.  Simulations  of  propeller,  rotor, 
cascade,  and  fan  blade  passage  calculations  are  shown  below, 
including  simulations  in  which  an  approximate  model  is  used 
to  determine  the  inHow  conditions  to  a  local  Euler  solution 
and  several  more  detailed  compulations  in  which  the  entire 
flow  is  modeled  Because  of  the  geometrical  complexity  of 
the  three-dimensional,  generally  unsteady  flow  Helds,  and  the 
difficulties  in  resolving  free  wakes  in  the  flow  field,  the  com¬ 
putational  demands  associated  with  the  latter  classes  are  high, 
such  calculations  are  yet  in  their  infancy.  The  modeling  of 
the  propulsion  system  is  often  done  using  an  actuator  disk 
model,  admitting  specified  changes  in  total  pressure,  enthalpy, 
and  rotation,  and  an  example  for  a  twin  tractor  configuration 
is  shown;  several  other  airframe-integration  examples  shown 
previously  also  used  actuator  disk  modeling.  Euler  computa¬ 
tions  for  nonrotating  machinery,  such  as  inlets,  nor/les.  and 
nacelles  are  comparatively  much  more  evolved;  several  de¬ 
tailed  computations  are  shown,  including  a  nacelle  analysis 
system  which  has  been  extended  into  the  design  stage  (Sec¬ 
tion  4.8)  and  several  higher  Mach  number  applications.  At 
high  Mach  numbers,  simulations  of  inlets  and  nozzles  associ¬ 
ated  with  high-speed  aircraft  must  consider  the  Euler  equations 
at  a  minimum  since  the  potential  equations  arc  inadequate. 

4.5.1  NACA  Propeller 

Figure  4,5.1  shows  results''^  of  a  calculation  for  a  NACA 
propeller  with  =  0.56,  an  advance  ratio  of  .\  =  0.73,  and 
a  blade  tip  Mach  number  of  Mt,p  =  0,96.  Lines  of  constant 
pres.sure  are  plotted  in  four  crossplanes  perpendicular  to  the 
blade  in  the  upper  part  of  the  figure.  A  shock  can  be  seen  in 
the  outward  planes  for  z/Z.  >  0.7,  where  Z,  denotes  the  radial 
position  of  the  blade  tip.  This  shock  is  getting  stronger  and  its 
position  is  getting  closer  to  the  trailing  edge  with  increasing 
radius  z.  This  effect  is  clearly  represented  in  the  lower  part  of 
Fig,  4.5.1,  which  shows  the  lines  of  constant  pres,surc  on  the 
blade's  upper  surface.  The  comparison  between  calculated  and 
measured  pres,sure  distributions  along  the  chord  for  the  same 
case  at  four  selected  cross  sections  shows  gtwd  agreement.  The 
calculation  produces  a  sh<x;k  that  is  stronger  and  its  position 
is  more  downstream  than  the  experiment,  which  is  attributed 
to  viscous  effects, 

4.5.2  Hovering  Rotor 
Approximate  Wake  Model 

Figure  4.5.2  shows  a  comparison  between  computation'  ’  and 
experiment’  for  a  two-bladed  rotor  with  untwisted  rectangular 
NACA  0012  blades  in  hover.  The  blade  tip  Mach  number  Mi,p 
is  0,794  and  the  collective  angle  of  attack  6  is  8  deg.  The  pres¬ 
sure  distributions  along  the  chord  at  four  different  cross  sec¬ 
tions  are  presented.  These  flow  conditions  produce  a  transonic 
flow  in  the  region  of  the  blade  tip.  The  agreement  between 
computation  and  experiment  is  good  in  all  four  sections.  The 


position  and  strength  of  the  shock  are  well  reproduced  by  the 
numerwal  algorithm.  Other  computations  are  given  by  Stahl.'* 

Complete  Wake  Model 

In  the  model  described  above,  only  a  small  region  around  ihe 
blade  has  to  be  discretized  since  a  wake  model  is  used  to  set 
Ihe  inflow  conditions  for  the  blade.  Consequently,  the  flow 
induced  by  the  advancing  blade  is  not  the  flow  that  impacts 
the  following  blade.  This  leads  to  large  savi  igs  in  computer 
lime  but  the  solution  is  dependent  on  the  wake  model  used.  To 
remedy  this  deficiency,  the  physical  domain  can  be  extended 
so  that  the  complete  rotor  disk  is  enclosed.  This  ensures  that 
Ihe  following  blades  are  exclusively  exposed  to  an  induced 
flow  that  is  calculated  by  the  pure  Euler  prwedurc  itself. 
The  problem  a.ssocialed  with  this  is  a  further  increase  in  the 
number  of  grid  cells  and.  consequently,  in  the  computational 
expense.  On  the  other  hand,  the  main  function  of  the  cells 
inside  the  expanded  regions  is  only  to  provide  the  esseniial 
distance  between  the  blade  and  the  far  field  boundary.  Since 
the  flow  gradients  that  are  expected  in  these  regions  are  less 
substantial  than  in  the  blade's  vicinity  and  their  influence  on 
the  blade  is  small,  the  discretization  can  be  much  coarser  than 
in  the  interior. 

Using  this  approach.  Kramer  ci  al.'  found  that  if  the  grid  is 
loo  small,  especially  in  Ihe  radial  and  downward  directions. 
Ihe  development  of  the  rotor  wake  is  obstructed  significantly. 
To  overcome  this  deficiency,  the  dimensions  of  the  original 
grid  (twelve  blade  chords,  which  is  twice  Ihe  blade  length,  in 
the  radial  direction,  and  eight  blade  chords  above  and  below 
the  rotor  disk)  were  enlarged  by  a  factor  of  2-3  in  the  radial 
and  ,3-4  in  the  normal  direction.  The  original  grid  is  actually 
used  as  an  inner  component  of  Ihe  extended  grid,  generated 
separately  by  a  simple  analytical  algorithm.  An  example  for 
an  0-0  grid  generated  in  this  manner  is  given  in  Fig,  4.5.3. 

An  Euler  calculation  based  on  a  free  stream  initial  condition 
corresponds  to  the  physical  situation  of  a  helicopter  rotor  start¬ 
ing  instantaneously  from  rest.  The  flow  behavior  asscxiiated 
with  the  beginning  of  rotation  is  very  complex  and  character¬ 
ized  by  a  long  transient  period  before  a  steady  state  is  reached. 
As  lift  develops,  the  starting  vortex  created  by  the  rotor  blades 
plays  a  dominant  role.  The  formation  and  Ihe  further  temporal 
evolution  of  the  rotor  wake  within  the  starting  phase  is  known 
from  .several  experimental  investigations. 

Figure  4.5.3  shows  the  results  obtained  in  terms  of  the  circula¬ 
tion  per  unit  area  using  an  expanded  0-0  grid.  The  temporal 
evolution  of  the  wake  within  the  starting  phase  is  plotted  at 
different  iteration  levels.  The  figures  clearly  show  the  move¬ 
ment  of  the  tip  vortex,  as  well  as  that  of  the  vortex  arising 
al  the  inner  blade  root.  The  reproduction  of  the  inner  vortex 
and  the  highly  three-dimensional  interference  between  the  in¬ 
ner  and  Ihe  outer  vortex  is  not  possible  unless  the  physical 
domain  completely  extends  to  the  rotor  axis.  If  the  region  of 
small  radii  was  not  considered,  as  is  oft-n  done  in  practice, 
these  effects  would  be  ignored. 

The  results  of  the  Euler  procedure  show  the  typical  phenomena 
of  the  starting  process  as  in  the  experiments;  initially,  the 
vortex  ring  remains  located  near  the  tip,  being  continuously  fed 
with  circulation.  Likewise,  its  geometric  extension  continues 
to  grow.  After  .some  time,  the  vortex  begins  to  descend 
and  new  vortices  arise.  This  is  indicated  by  the  isolines 
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becoming  more  and  more  elongated.  With  the  extended  gnd, 
however,  there  i.s  no  impeding  boundary  and  the  movement 
proceeds  undisturbed.  Some  time  later,  one  can  see  that  the 
isolines  are  directed  inwards,  which  is  a  typical  sign  of  the 
beginning  contraction  of  the  newly  arising  vortices.  This 
process  intensities  as  the  starting  vortex  ring  retains  its  radial 
position.  In  the  last  frame,  the  starting  vortex  is  approximately 
1 5  blade  chords  beneath  the  rotor  disk.  At  this  distance,  any 
influence  on  the  blade  has  been  lost. 

A  quantitative  proof  of  the  agreement  between  calculation  and 
experiment  can  only  be  performed  for  the  time-asymptotic 
state  because  a  steady  code  was  used  to  calculate  the  transition 
phase  and.  merefore.  time  consistency  does  not  exist.  The 
geometric  locations  of  the  outer  tip  vortices  for  the  steady  case 
corresponding  to  a  collective  pitch  of  .5  deg  and  a  tip  Mach 
number  of  0.815  is  plotted  into  the  isoline  diagram  of  the  tinal 
iteration  state.  These  results  are  in  a  very  good  qualitative 
agreement  with  the  experiments.  The  agreement  between  the 
numerical  and  the  experimental  data  is  very  good,  except  at 
the  very  tip,  where  the  tip  release  is  overestimated.  The 
reason  for  this  is  not  yet  clear,  since  the  discrepancy  could 
not  he  improved  by  using  the  expanded  grid  and  was  also 
unaffected  by  any  grid  refinement,  geometric  tip  modeling,  or 
other  measures  of  that  kind. 

Figure  4.5. .5  also  shows  the  results  obtained  in  terms  of 
the  pressure  distribution  for  the  two-bladed  model  rotor  of 
Caradonna  and  Tung’  for  a  tip  Mach  number  of  M,.f.  =  0.815 
and  a  collective  pitch  angle  of  =  5  deg.  The  measured 
pressures  agree  closely  with  the  predictions. 


4,5.3  Tiirbine  and  Compressor  Cascades 

The  reliability  of  modern  axial-flow  turbomachines  is  partic¬ 
ularly  influenced  by  flow-induced  vibrations.  They  may  be 
caused  through  blade  row  interactions,  turbulence,  stall,  inlet 
distortion,  and  self-exited  blade  vibrations. 

Based  on  the  explicit  predictor/corrector  MacCormack 
scheme,'’  a  numerical  method  has  been  established  for  two- 
dimensional  computation  of  unsteady  inviscid  subsonic  flow 
through  oscillating  compressor  and  turbine  cascades  by  the  Eu¬ 
ler  equations,’  "  As  a  typical  result  for  an  unsteady  oscillating 
blade  application  of  the  numerical  method,  the  travelling  wave 
mode  (TWM)  of  a  compressor  cascade  in  bending  motion  is 
investigated  and  compared  to  corresponding  measurements.  In 
TWM.  all  blades  vibrate  at  the  same  frequency  and  amplitude, 
hut  a  circumferential  constant  phase  lag  exists  between  each 
blade  and  its  neighbors. 

A  computational  mesh  (51x17  points)  typical  for  such  an 
application  is  shown  in  Fig.  4.5.4.  The  geometry  presented 
corresponds  to  the  standard  configuration  no.  4  as  defined 
for  the  1986  workshop**  on  "Aeroelasticity  in  Turbomachines" 
organized  by  the  EPFL-Lau.sanne.  In  the  numerical  procedure, 
the  H-type  mesh  is  smoothed  at  each  time  step  by  an  elliptic 
operator  in  order  to  improve  convergence  characteristics. 

The  location  of  the  various  numerical  boundanes  with  special 
algorithmic  treatments  are  depicted  in  Fig.  4.5.4.  As  indi¬ 
cated.  the  following  boundary  types  have  to  be  distinguished: 
inflow  (Bl)  and  outflow  (B2),  wall  (B3,  B4),  slip  (B5.  B6). 
and  periodical  boundary  in  circumferential  direction  (B7.  B8). 
Downstream  of  the  blade,  a  slip-line  leaves  the  trailing  edge 


which  allows  the  representation  of  a  discontinuity  in  the  tan¬ 
gential  velocity  field  for  simulation  of  vorticiiy  effects. 

The  numerical  re.su)ts  are  compared  with  experimental  data 
in  Fig.  4.5.4  The  profiles  of  the  compressor  cascade  were 
equipped  with  five  pressure  transducers  on  the  pressure  side 
(DI-D5)  and  six  pressure  transducers  on  the  suction  side  (Sl- 
S6).  For  these  locations,  experimental  and  numencal  data  in 
the  form  of  the  dynamic  pressure  distributions  are  plotted  as  a 
function  of  lime.  The  comparison  with  computed  results  shows 
very  good  agreement  in  amplitude  and  phase  except  for  Dl. 
Unfortunately,  the  pressure  transducer  S I  was  out  of  order. 
The  acceleration  measured  in  the  experiment  shows  a  second, 
higher  frequency  corresponding  to  the  first  torsional  mode. 
Therefore,  all  measured  data  exhibit  a  high  oscillation.  The 
difference  at  point  Dl  is  caused  by  the  relatively  coarse  grid. 
The  good  calibration  between  measurement  and  numerical 
simulation  with  respect  to  phase  shifts  can  be  examined  by 
the  correspondence  of  acceleration  data. 

Other  Euler  compulations  of  the  internal  flow  in  cascades, 
turbines,  and  ducts  are  reported  by  Saxer  cl  al..'"  HappcI  cl 
al.,"  ”  Lecheler  el  al  ."  and  Leichcr  ''' 


4,5.4  Fan  Stage  Passage 

A  cooperative  program  between  Mississippi  Slate  Univer¬ 
sity  and  the  National  Aeronautics  and  Space  Administration 
(NASA)  has  been  in  place  for  6  years  to  develop  software 
capable  of  the  limc-aceurale  analysis  of  complex  rotating 
machinery.'"  Recently,  NASA’s  interest  has  shifted  toward 
ducted  rather  than  unducled  advanced  turboprop  designs;  con¬ 
sequently  the  computational  fluid  dynamic  (CFD)  effort  was 
steered  to  extend  the  flow  analysis  software  developed  for 
the  lime-accurate  simulation  of  unducled  geometries  (prop 
fans)  by  incorporating  additional  domain  decomposition  mech¬ 
anisms  to  enable  the  simulation  of  unsteady  ducted  prop-fan 
flows  (i.e..  combined  external  and  internal  flow).''*  This  ef¬ 
fort  uses  computational  techniques  and  experience  gained  in 
computing  unsteady  flows  about  complex  geometries  using 
dynamic  multiblock  grids  (i.e..  relative-motion  subdomains). 
Although  initially  intended  for  the  numerical  solution  of  ro¬ 
tating  machinery  problems,  the  computational  tools  that  were 
developed  al  Mississippi  Stale  es.sentialiy  comprise  a  struc¬ 
tured  mulliblock  flow  solver  and  have  been  used  for  the  flow- 
field  simulation  of  a  complete  aircraft  configuration,  such  as 
the  prop-fan  powered  cruise  missile  shown  in  a  previous  sec¬ 
tion.  The  references  cited  present  a  detailed  discussion  of 
the  numerics  of  the  flow  solver  which  includes  the  equation 
formulation  (finite  volume),  the  numerical  flux  at  cell  faces 
for  this  cell  centered  scheme  (flux-difference  split  with  Roe 
averaging),  and  the  implicit  solution  algorithm  (block  LU  ap¬ 
proximate  factorization  with  iterative  refinement),  along  with 
a  discussion  of  the  dynamic  multihlock  grid  approach,  includ¬ 
ing  techniques  that  have  been  developed  for  this  particular 
type  of  problem  involving  rotating  blocks.  One  configura¬ 
tion  presently  undergoing  investigation  is  a  1.15  pressure  ratio 
fan  stage  extensively  tested  by  NASA.’"  The  225x52x15  H 
grid  was  used  to  model  one-twelth  of  the  geometry,  one  rotor 
passage,  and  three  stator  passages  (benefitting  from  solution 
symmetry).  The  configuration  operates  at  an  advance  ratio  of 
2.86  with  a  free  stream  Mach  number  of  0.75.  The  predicted 
surface  pressure  contours  of  the  present  Euler  flow  solver  are 


% 


•  • 


y 


•  • 


shown  in  Plate  4. 1 .  Other  three-tjimensional  Euler  computa¬ 
tions  for  a  propeller  are  given  by  Bocci  et  al.'' 


4^.5  Propeller  Slipstream 

An  example"  indicating  the  use  of  Euler  equations  to  model 
propeller-slipstream  effects  is  shown  in  Fig.  4,5,5.  The  surface 
grid  for  a  high-wing  transport  aircraft  configuration  intended 
for  subsonic  flight  is  shown;  two  wing-mounted  propellers 
mounted  in  the  tractor  position  provide  thrust.  The  propeller  is 
modeled  as  an  actuator  disk  in  the  compuuti'^ns  and  generates 
a  slipstream  having  swirl  and  increased  total  pressure.  The 
calculations  were  done  using  a  multiblock  grid  consisting  of 
1.2  million  cells  and  solved  with  an  explicit  central-difference 
discretization.  A  top  view  of  the  surface  pressure  contours 
from  two  computations,  with  propellers  off  and  propellers  on. 
is  shown  at  a  Mach  number  of  0.3  and  an  incidence  of  two 
degrees;  the  block  boundaries  of  the  surface  blocks  appear 
as  lines  in  the  figure.  The  pressure  di.stribution  on  Ihe  wing 
and  also  on  the  horizontal  tail  surface  is  modified  due  to  the 
presence  of  the  propeller.  The  total  pressure  contours  in  the 
vertical  plane  of  symmetry  of  the  nacelle  indicate  the  total 
pressure  is  practically  constant  in  the  entire  flow  field  except  in 
the  region  downstream  of  the  actuator  disk.  The  actuator  disk 
model  allows  the  assessment  of  slipstream-induced  effects  on 
the  aerodynamic  performance,  stability,  and  control  for  general 
aerodynamic  configurations,  without  the  expense  of  computing 
the  details  of  the  rotating  propeller  flow. 

4.5.6  T\irbofan  Nacelle  Analysis  System 

A  three-dimensional  turbofan  nacelle  design  system  based  on 
CFD  has  been  in  use  at  General  Electric  Aircraft  Engines  for 
several  years.’'  The  system  was  created  to  assist  nacelle  de- 
stgners  in  the  efficient  assessment,  modification,  and  improve¬ 
ment  of  design  concepts.  The  grid  generation,  flow  solution, 
and  post  proce.ssing  arc  highly  integrated  in  the  system  and 
tailored  to  the  design  applications  of  interest;  the  improved 
capabilities  have  reduced  the  design  cycle  time  for  the  nacelle 
de.sign  process.  While  the  code  has  the  capability  to  model 
viscous  effects  by  including  the  Reynolds-averaged  Navier- 
Stokes  terms,  the  Euler  equations  are  generally  solved  in  or¬ 
der  to  reduce  the  computational  time.  The  engine  is  modeled 
as  an  actuator  disk  and  the  specification  of  the  mass  flow  is 
equivalent  to  setting  Ihe  lift  coefficient  for  an  external  flow 
application,  so  that  Euler  computations  would  be  expected  to 
be  very  accurate  outside  the  areas  where  significant  viscous 
separation  occur.  An  example  of  the  validation  studies  which 
have  been  conducted  for  extensive  applications  al  design  and 
off-design  conditions  is  shown  in  Fig.  4.5.6;  the  schematic  of 
the  nacelle  geometry  and  the  computational  grid  illustrate  the 
muliiblock  stmetured-grid  approach.  The  operating  conditions 
for  the  computation  corresponds  to  a  typical  cruise  condition 
(  .f/x  =  0.82,  MFR  =  0.65.  0=0  deg).  The  parameter  MFR 
is  the  ratio  of  the  captured  free  stream  tube  area  to  the  in¬ 
let  area  and  is  repre.sentative  of  the  engine  mass  flow  ratio. 
The  ideal  Mach  number  is  a  commonly  used  design  parame¬ 
ter  and  is  computed  using  the  local  surface  pressure  and  the 
free  stream  total  pressure  value.  The  longitudinal  variation  of 
the  ideal  Mach  number  indicates  excellent  agreement  with  the 
experiment.  The  entire  computational  time  for  a  case  is  30 
minutes:  5  minutes  for  grid  generation,  15  minutes  for  flow 
solution,  and  10  minutes  for  post  processing  and  initial  design 


evaluation.  Extensive  computations  are  summarized  in  Ref. 
23  for  more  than  fifty  cases,  representing  cruise,  off-design, 
and  take-off  conditions,  which  have  produced  similar  levels  of 
agreement  with  experimental  data. 

4.5.7  Inlets 

From  the  designer’s  point  of  view,  an  intake  design  delivers  a 
specified  mass  flow  with  specified  flow  conditions  at  the  engine 
face.  An  optimal  design  would  provide  these  flow  conditions 
with  losses  as  low  as  possible.  In  particular,  for  hypersonic  air- 
breathing  vehicles.  Ihe  specific  intake  design  can  be  governed 
by  the  overall  perfomiance  of  Ihe  vehicle  (i.e,,  it  may  no  longer 
be  possible  to  select  an  intake  that  is  optimized  by  itself). 

Therefore,  flow  simulation  is  an  attractive  tool  to  supptrn 
intake  design  by  providing  detailed  information  on  the  flow 
stmeture  which  is  necessary  for  the  shape  optimization  process 
of  all  configurational  elements  and  which  is  normally  not 
provided  by  wind  tunnel  testing.  Also.  Ihe  scaling  of  wind 
tunnel  data  to  realistic  Mach  and  Reynolds  numbers  can  be 
carried  out  by  the  help  of  flow  simulation  information,  thereby 
lowering  considerably  uncertainly  margins. 

The  application  of  Euler  methods  for  intake  design  may  be 
of  high  interest  for  all  those  cases  where  viscous  effects  are 
expected  to  be  small.  Another  aspect’'*"'  is  the  question  as 
to  whether  the  underlying  inviscid  approximation  scheme  of  a 
Navier-Stokes  method  is  able  to  provide  Euler  solutions  with 
a  minimum  of  numerical  dissipation. 

Although  the  calculations  of  .scramjcl  flows  presented  in  Ref. 
25  demonstrated  quite  clearly  the  capability  of  the  EUFLEX 
code  to  cope  with  flow  phenomena  in  hypersonic  intakes,  these 
calculations  also  showed  room  for  enhancements.  This  experi¬ 
ence  and  insight  led  to  further  improvements  of  corresponding 
flux  and  limiter  formulations.  The  benefits  of  these  efforts 
arc  demonstrated  by  calculations  for  realistic  two-dimensional 
airbreathing  engine  (lutfx)  or  RAM)  intakes.  The  type  of  grid 
system  used  for  corresponding  compulations  is  shown  in  Fig. 
4.5.7.  The  grid  depicted  is  called  the  line  mesh  and  consists 
of  301  grid  points  in  x-dircetion  and  107  grid  points  in  z- 
direction.  There  are  52  cells  spanning  the  height  of  Ihe  intake 
duct.  The  length  of  the  intake  duct  behind  Ihe  throat  is  .some¬ 
what  shorter  for  the  tine  grid  than  for  the  medium  grid  ( 161x65 
points)  which  was  also  considered.  Some  crude  shock  fitting 
has  been  attempted  by  arranging  the  surface  grid  points  such 
that  the  point  of  the  leading  edge  of  the  third  ramp  corresponds 
to  Ihe  point  on  the  tip  of  the  intake  lip. 

The  Mach  number  distribution  for  the  Euler  calculations  on 
the  fine  grid  is  shown  in  Fig.  4.5.7.  This  finer  grid  produces 
sharper  shocks  in  comparison  to  the  coarser  mesh;  the  third 
ramp  shock  for  which  the  grid  is  adapted  best  is  extremely  thin 
in  the  fine  grid  solution.  However,  as  a  result  of  this  "shock 
fitting"  approach,  the  shock  originating  at  the  intake  lip  appears 
to  be  thicker  than  expected.  The  di.stribution  of  the  mass  flow 
deficit  has  been  improved  by  the  increase  in  grid  points.  From 
Ihe  compulation,  it  is  evident  that  the  external  ramp  shocks 
merge  outside  the  intake  just  below  and  behind  the  tip  of  the 
intake  lip.  On  the  outside  of  the  intake  lip.  an  expansion  wave 
is  generated  which  interacts  with  the  slip  stream  behind  the 
intersection  point  of  the  external  ramp  shocks  and  the  shock 
formed  by  coalescence  of  all  these  shocks.  Additional  air- 


intake  computations  for  aircraft  at  transonic  and  supersonic 
speeds  have  been  made  by  Bucrs  ei  al,'*'  and  Grashoff/' 

4JS.8  Scramjets 

In  1990,  Eberle  el  al.''  made  improvements  to  an  earlier  Eu¬ 
ler  scheme  with  the  intent  to  enable  the  accurate  and  robust 
treatment  of  hypersonic  flows.  Emphasis  was  on  improved  ca¬ 
pabilities  of  the  characteristic-ba,sed  method  to  capture  shocks 
of  any  strength,  to  repiescnt  lee-side  flows,  and  to  represent 
base  flows  past  vehicles  cruising  at  any  .speed,  particularly  for 
hypersonic  flow  applications.  An  application  of  this  general¬ 
ized  method  is  presented  in  Fig.  4.5.8,  where  high  resolution 
results  ate  shown  for  a  Mach  .1  scramjet  problem  quite  often 
used  to  demonstrate  inviscid  code  performance.  The  complex 
flow  pattern  exhibiting  shocks,  expansion  fans,  and  slip  lines 
is  well  resolved  as  can  be  deduced  from  the  Mach  contour 
and  density  contour  plots.  The  numerical  approach,  which 
is  based  on  a  sophistic.ited  flux  formulation,  may  be  viewed 
as  an  altemaiivc  to  heuristic  tools  such  as  local  grid  enrich¬ 
ment  or  similar  approaches.  Although  the  shocks  are  far  away 
from  being  aligned  with  grid  lines,  the  capturing  property  of 
the  characteristic-based  method  is  good.  It  should  be  pointed 
out  that  the  axial  massHux  error  monitored  is  very  small,  and 
for  most  portions  is  well  below  one  permille.  Other  calcula¬ 
tions  for  nozzle  flow  fields  are  reported  by  Reidelbauch  and 
Weiland.’" 


4.5.9  Nozzles 

Euler  codes  intended  fur  nozzle  simulations  at  high  Mach  num¬ 
bers  require  a  high  degree  of  numerical  robustness.  The  EU- 
t  n  EX  ..ijorithm  incli:'U'<'  accurate  Riemann  solver,  to¬ 
tal  temperature-preserving  split  flux  vectors,  as  well  as  dif¬ 
ferentiable  switches  and  interpolations.  For  preserving  pres¬ 
sure/density  positiveness  at  hypersonic  speeds,  an  efficient  im¬ 
plicit  update  procedure  is  proposed.  Specific  matrix  precon¬ 
ditioning  techniques  are  introduced  to  circumvent  singularity 
effects  of  the  associate  Jacobian  matrices.  An  application” 
in  which  all  these  items  have  proved  beneficial  is  the  invis¬ 
cid  flow  simulation  past  a  two-dimensional  twin  jet  nozzle 
(Fig.  4.5.9).  This  configuration  is  a  candidate  design  for  a 
hypersonic  aircraft.  Computations  are  shown  for  the  nozzle 
operating  over  a  range  of  Mach  numbers.  The  lower  nozzle  is 
that  of  a  turbine,  whereas  the  upper  nozzle  corresponds  to  a 
ramjet  exhaust.  At  high  Mach  numbers  {Afr^  =  6.8).  only  the 
ramjet  is  running.  At  medium  supersonic  Mach  numbers  (Af-^ 
=  3,5).  both  engines  are  in  operation;  at  transonic  speeds  {Af  ^^ 
=  1 .2).  the  ramjet  is  off  and  acts  as  a  boundary  layer  ejector. 
In  each  case,  the  Mach  number  isoplots  reveal  extraordinarily 
sharp  resolution  of  the  flow  structure. 
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Figure  4.5.3  Euler  calculations  for  hovering  rotor  with  complete  wake  model  showing  grid, 
pressure  distributions,  and  temporal  evolution  of  starting  process  in  terms  of  circulation  per  unit 
area  contours. 
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Figure  4.5.5  Actuator  disk  modeling  of  propeller  slipstream  effects  for  a  high-wing  subsonic 
transport  aircraft. 
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Figure  4.5.9  Grid  and  Mach  contours  of  a  twin  nozzle  computation  for  a  hypersonic  aircraft 
at  different  operating  conditions. 
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4.6  HYPERSONIC  FLOWS 

Because  of  recent  renewed  interest  in  the  development  of 
hypersonic  air-bieathing  aircraft,  such  as  the  National  Aero- 
Space  Plane  in  the  U.S..  there  has  been  active  research  and  de¬ 
velopment  of  Euler  solvers  for  hypersonic  flows.  The  emphasis 
has  been  principally  in  two  areas:  the  design  of  oscillation-free 
schemes  capable  of  capturing  strong  shocks  and  the  incorpora¬ 
tion  of  gas  models  more  sophisticated  than  a  perfect  gas.  Both 
are  central  ingredients  of  an  algorithm  able  to  operate  at  high 
Mach  numbers  reliably  that  could  form  the  framework  for  a 
hypersonic,  viscous  algorithm.  Several  examples  of  the  im¬ 
proved  shock  resolution  available  through  either  adaptation  or 
improved  dissipation  models  are  shown  below  for  the  case  of 
a  plane  shock  intersecting  a  blunt  body  at  hypersonic  speeds, 
corresponding  to  a  shock-shock  interaction  problem.  The  hy¬ 
personic  flow  over  a  double  ellipsoid  body  was  computed  ex¬ 
tensively  with  different  Euler  solvers  at  the  INRIA  Workshop 
on  Hypersonic  Flows  for  Reentry  Problems;'  two  examples  are 
shown;  a  perfect  gas  and  a  real  gas  compulation.  The  proceed¬ 
ings  of  the  workshop  provide  a  summary  of  the  methodology 
which  currently  exists  for  applications  to  hypersonic  flows.  An 
application  of  Euler  solvers  to  the  equilibrium  and  nonequilib¬ 
rium  flow  over  a  Hermes  configuration  is  also  shown. 

4.6.1  Blunt  Cylinders 

Algorithmic  details  and  general  capabilities  for  the  simulation 
of  inviscid  hypersonic  flows  in  chemical  non-equilibrium  con¬ 
ditions  are  given  by  Pfitzner.’-’  The  flow  solver  is  based  on 
a  quasi-conservative  split  matrix  method  with  upwind-biased 
space  discretization  coupled  to  a  Runge-Kutta  time-stepping 
scheme.  The  chemistry  source  terms  are  treated  either  explic¬ 
itly  or  (point)  implicitly.  The  chemical  kinetics  are  based  on 
the  5-species  17-reaclion  model  according  to  Park.^  For  simu¬ 
lation  of  nonequilibrium  reentry  air  flows  at  heights  above  50 
km.  explicit  treatment  of  source  terms  was  sufficient. 

Figure  4.6. 1  shows  a  comparison  of  fringe  patterns  for  inflow 
of  partially  dissociated  nitrogen  about  a  2-inch  diameter  cylin¬ 
der  at  the  following  flow  conditions;  =  0.14.  = 

2910  Pa.  =  18.'?3ft.  -  ■5.590m/.s.  =  0.07.3. 

Corresponding  experiments  were  conducted  by  Homung.' 
Whereas  the  shock  position  is  reproduced  well,  the  fringe  pat¬ 
terns  differ  somewhat  due  to  the  one-temperature  model  used 
which  does  not  allow  for  an  appropriate  delay  of  chemical  re¬ 
actions  by  thermal  nonequilibrium  in  the  vibrational  degrees 
of  freedom. 

Figure  4.6.1  displays  a  comparison  of  temperature  contours  of 
a  flow  about  a  1/4  inch  sphere  in  air  at  free  stream  conditions 
of;  -I/tc  =  15. .3.  =  664  Pa,  —  293  dog  A',  = 

5280m /.s.  The  results  illustrate  the  effects  of  ideal,  equilib¬ 
rium  and  chemical  nonequilibrium  real  gas  as.sumptions.  Also 
shown  (top  right  of  Fig.  4.6. 1 )  is  a  comparison  of  the  resulting 
shock  contours  with  the  experiment  of  Lobb.''  The  experimen¬ 
tal  shuck  standoff  distance  is  slightly  larger  than  the  calculated 
one  due  to  thermal  non-equilibrium  effects. 

4.6.2  Shock-Shock  Interactions 
Adaption  Effects 

The  adaptive-grid  method  can  be  used  to  resolve  multiple- 
shock  interactions  computed  with  shock-capturing  methods. 


An  example  (shown  in  Fig.  4.6.2)  uses  an  unstructured  data 
management  scheme  allowing  flexible  grid  adaptation  with  lo¬ 
cal  refinement  in  one  or  two  coordinate  directions.  Special¬ 
ized  adaption  criteria  account  for  the  expected  phenomena  in 
super-  and  hypersonic  flows,  for  example,  strong  shocks  and 
slip  lines.  The  Euler  equations  are  solved  using  a  second 
order  upwind  discretization’*  according  to  Harten  and  Yee'*. 
The  scheme  is  a  finite  volume  method  based  on  quadrilateral 
meshes. 

Fig.  4.6.2  presents  a  complex  example  which  permits  an 
evaluation  of  the  effectiveness  of  unidirectional  cell  division.* 
This  study  uses  a  Mach  8.03  shock-shock  interaction’  as  a 
test  case.  This  example  is  well  suited  for  comparisons  of 
methods  since  the  flow  field  complexity  stems  from  the  gas 
dynamic  interaction  and  not  from  some  arbitrarily  chosen 
boundary.  Additionally,  the  solution  demands  resolution  of 
many  different  and  disparate  convective  length  scales  and 
contains  both  sub-  and  supersonic  regions. 

Taking  the  origin  at  the  center  of  the  cylinder,  the  problem 
is  completely  specified  by  a  Mach  8  03  free  stream  containing 
an  impinging  shock  which  follows  a  prescribed  line  (y=0.3271 
X  +  0.41471).  Figure  4.6  2  contains  two  discrete  adapted- 
grid  solutions  to  this  problem  (each  was  converged  with  a 
constant  global  time  step  for  25.0  characteristic  times).  The 
top  solution  did  not  make  use  of  unidirectional  cell  division, 
and  the  mesh  shown  contains  1 2869  nodes.  The  Mach  contours 
displayed  maintain  an  increment  of  0.25  and  the  Mach  I  line 
is  marked.  The  bottom  solution  used  directional  adaptation 
at  the  finest  level,  and  resulted  in  8510  nodes,  inspection  of 
this  case  reveals  that  the  bow  shock,  the  slip  lines  that  bound 
the  supersonic  jet.  and  the  supersonic  region  near  the  upper 
portion  of  the  cylinder  are  adapted  unidirectionally.  Prior  to 
the  final  division  sequence,  both  meshes  were  identical  and 
contained  5500  nodes. 

Upwind  Discretization  Effects 

The  effect  of  upwind  discretization  is  shown  for  this  same  test 
case  in  Fig.  4.6.3;  a  sketch  of  the  flow  field  is  also  shown.  The 
CEVCAT  code  was  modified  and  extended  for  the  calculation 
of  super-  and  hypersonic  flows,  which  arc  characterized  by 
strong  nonlinearities,  like  shocks,  slip  lines,  and  shock-shock 
interactions.  The  central  spatial  discretization  of  the  convec¬ 
tive  fluxes  has  been  better  adapted  to  the  artificial  dissipative 
operator.'"  In  connection  with  a  special  boundary  treatment 
of  the  discretization  at  the  walls,  the  robustness  of  the  central 
method  was  significantly  improved  and  solutions  with  strong 
shocks  at  high  Mach  numbers  and  high  angles  of  attack  were 
computed.  For  a  better  resolution  of  discontinuities,  the  up¬ 
wind  TVD  discretization  according  to  Harten  and  Yce'*  was 
implemented."  Figure  4.6.3  shows  the  comparison  between  a 
central  and  an  upwind  weighted  discretization.'’  In  contrast  to 
the  central  scheme,  the  upwind  scheme  resolves  shocks  within 
2  grid  cells  and  gives  a  good  prediction  of  the  complex  flow 
with  shock-shock  interaction.  Further  compari,sons  between 
schemes  are  compared  systematically  by  Kroll  et  al.'‘  for  this 
shock-shock  interaction. 
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4.6.3  Double  Ellipsoid 
Perfect  Gas 

The  flow  over  a  double  ellipsoid  shape  (representative  of  the 


forward  seciion  of  a  hypersonic  vehicle),  computed  with  an 
adaptive  unstructured-grid  method.''  '*  is  shown  in  Fig.  4.6.4. 
The  conditions  correspond  to  =  8.15  and  t\  =  30  deg; 
the  case  is  one  of  the  test  conditions  defined  for  the  Workshop 
on  Hypersonic  Rows  for  Re-Entry  Problems'  and  has  been 
extensively  computed  by  a  number  of  different  contributors. 
The  mesh  and  pressure  contours  are  shown  for  the  surface, 
the  longitudinal  plane  of  symmetry,  and  a  lateral  plane  at  the 
end  of  the  body  for  an  initial  solution  and  an  adapted  mesh 
solution.  The  bow  shock  is  positioned  very  close  to  the  body 
at  this  Mach  number  and  is  resolved  much  more  sharply  with 
the  adapted  mesh,  owing  to  the  clustering  of  points  near  the 
body  and  a  thinning  of  points  outside  the  bow  shock.  The 
cross  flow  shock  is  similarly  much  better  resolved. 

Real  Gas 

At  higher  Mach  numbers,  the  density  distributions  in  the  cross- 
flow  and  in  the  symmetry  plane  are  qualitatively  very  simi¬ 
lar  between  real  gas  and  perfect  gas  computations.  However, 
there  are  some  major  differences  within  the  Mach  number  dis¬ 
tribution.  as  shown  in  the  computations  by  Dortmann''  (Fig. 
4.6.5).  where  the  temperature  distribution  and  the  mole  frac¬ 
tion  distribution  of  molecular  oxygen  is  given.  The  conditions 
correspond  to  =  25  and  o  =  .30  deg.  corresponding  to 
another  of  the  conditions  prescribed  for  the  INRIA  Workshop 
on  Hypersonic  Rows  for  Re-Entry  Problems.'  On  the  wind¬ 
ward  side,  the  complete  oxygen  dissociation  takes  place  within 
or  shortly  behind  the  bow  shock.  On  the  leeward  side,  the 
temperature  jump  across  the  bow  shock  is  not  as  strong  and 
the  dissociation  occurs  within  a  small  layer  which  emanates 
from  the  bow  shock  near  the  nose  and  follows  a  plane  of  con¬ 
stant  temperature.  T=25()0  deg  K.  This  relatively  rapid  change 
within  the  gas  mixture  leads  to  a  sudden  change  in  the  speed 
of  sound,  which  influences  the  Mach  number.  The  same  effect 
due  to  nitrogen  di.s.sociation  can  be  observed  on  the  windward 
side  following  a  plane  of  constant  temperature  with  T=.5000 
deg  K.  However,  the  dissociation  is  not  complete  since  the 
temperature  level  is  not  high  enough. 

4.6.4  Hermes 

National  and  European  projects  supporting  manned  space  ac¬ 
tivities  have  initiated  over  the  last  years  considerable  efforts 
aiming  on  the  improvement  of  simulation  tools  as  essential  ele¬ 
ments  for  a  cost-effective  design  procedure  for  manned  reentry 
vehicles.  The  pacing  item  of  that  development  is  the  need  to 
reduce  uncertainty  margins  from  the  aerothermodynamic  data 
set.  Uncertainties  can  be  reduced  considerably  if  certain  ex¬ 
trapolation  rules  relating  experimental  to  free  flight  data  arc 
verified,  as  could  be  done  with  the  use  of  validated  flow  sim¬ 
ulation  methods.  Increa.sed  uncertainty  results  especially  from 
the  fact  that  for  the  most  critical  parts  of  a  typical  reentry  tra¬ 
jectory.  an  application  of  simple  similarity  laws  does  not  allow 
one  to  relate  ground-based  measurements  to  free-flight  data. 

Those  numerical  methods  which  could  contribute  to  the  simu¬ 
lation  of  relevant  fluid  mechanical  phenomena  during  reentry 
have  been  systematically  developed  the  last  years.  One  of 
the  Euler  codes  enabling  three-dimensional  inviscid  flow  sim¬ 
ulation  under  equilibrium  and  nonequilibrium  conditions  was 
developed  by  Weiland  and  Pfitzner’ '''  and  applied  by  Hart¬ 
mann  and  Weiland''  to  a  configuration  of  the  Hermes  reentry 
verhicle.  The  code  is  built  around  a  quasi-con.servative  split- 
matrix  formulation  relying  on  a  shock-fitting  technique  for  the 


outermost  bow  shuck  and  a  captunng  approach  lor  all  other 
embedded  shock  waves. 

The  configuration  with  deflected  elevon  flaps  in  different  per¬ 
spective  views  is  shown  in  Fig.  4.6.6.  The  surface  mesh 
reveals  a  different  mesh  structure  for  the  forebody  and  aft 
fuselage  region  indicating  a  mesh  refinement  in  the  circumfer¬ 
ential  direction  to  improve  the  flow  resolution  past  the  fuselage 
in  the  region  of  the  main  wing  and  winglel  sections.  Because 
the  shock-fitting  approach  used  mesh  adaptation  capabilities, 
the  volume  mesh  is  divided  into  two  blocks  (as  displayed  for 
the  last  mesh  cross-section).  The  inner  mesh  block  is  fixed  in 
time  whereas  the  outer  boundary  of  the  second  mesh  block  can 
be  adjusted  to  the  bow  shuck  shape  according  to  the  Rankine- 
Hugoniot  conditions. 

Euler  solutions  are  presented  for  equilibrium  and  chemical 
nonequilibrium  real  gas  conditions  for  the  following  flow  con¬ 
ditions:  .M..  =  25.  o  =  30  deg.  I  =  0  deg.  Fig.  4.6.6 
shows  corresponding  Mach  number  distributions  on  the  vehi¬ 
cle  surface.  Contour  lines  are  clustered  on  the  Iceside  wing 
and  the  upper  fuselage,  as  well  as  in  front  of  the  canopy  sec¬ 
tion.  Whereas  the  canopy  region  is  exposed  to  a  recompression 
shock  due  to  the  ramp  effect  of  the  forebody  geometry,  on  the 
leeside  of  the  wing  a  strong  expansion  around  the  round  wing 
leading  edge  takes  place.  This  expansion  leads  to  a  cross  flow 
recompression  shock  near  the  wing/fuselage  intersection.  The 
same  effect  is  responsible  for  ihe  Mach  contour  clustering  on 
the  upper  fuselage  near  the  symmetry  plane.  Although  the 
same  free-flight  conditions  are  used  in  both  computations,  it  is 
interesting  to  note  that  under  the  assumption  of  chemical  non- 
equilibrium.  the  footprint  of  the  leeside  wing  cross  flow  shiKk 
is  changed  dramatically  and  also  affects  the  winglel  sections. 

Whereas  inviscid  flow  solutions  show  interesting  gas  dynamic 
effects  one.  viscous  interaction  effects  can  alter  any  conclu¬ 
sions  drawn  from  inviscid  flow  results.  However,  for  deter¬ 
mining  the  bandwidth  of  results  for  global  forces  and  moments 
and  the  identification  of  effects  due  to  basic  physical  assump- 
tion.s.  Euler  simulations  are  quite  valuable  for  direct  design 
support. 
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Figure  4.6.2  Mach  contours  for  shock-shock  interaction  computed  with  (lower;  851 0  nodes)  and 
without  (upper;  12,860  nodes)  unidirectional  adaptation  applied  at  the  finest  adaptive  level. 
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Upwind  discretization 


Figure  4.6.3  Comparison  of  Mach  numbers  for  shock-shock  interactions  with  central  and 
upwind  discretizations. 
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Isotherms  (left,  205.3K)  and  Iso-Mole  Fraction  of  Oj  (right)  Symmetry  plane 
Euler  solutions,  M„  -  25,  a  «  30°,  double  ellipsoid,  reactive  equilibrium  flow 
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P  =  0”.  H  =  75  km 
Nonequilibrium  Real  Gas 


Figure  4.6.6  Euler  computations  for  HERMES  1 .0  configuration. 
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4.7  UNSTEADY  FLOWS 

A  genera]  review  of  liie  cunent  status  of  computational  meth¬ 
ods  for  unsteady  aerodynamics  and  aeroelasticity  is  given  by 
Edwards  and  Malone  in  Ref.  I .  The  demands  imposed  on  the 
computation  of  aeroelastic  applications  such  as  duttcr  bound¬ 
ary  predictions  are  intensive,  so  much  so  that  linear  and  po¬ 
tential  methods  are  used  almost  exclusively  in  the  current  air¬ 
craft  design  cycle.  For  example.  Edwards  and  Malone'  show 
for  transonic.  low-i;>  dynamic  computations  for  a  wing  that  a 
nearly  iwo-orders-of-magnitude  computer  time  penalty  is  ex¬ 
pected  when  advancing  from  the  transonic  small-disturbance 
(TSD)  potential  equations  to  the  Euler  equations;  Navier- 
Stokes  solutions  require  yet  another  order-of-magnitude  in¬ 
crease.  Euler  and  Navier-Stokes  methods  are  being  steadily 
improved  into  tools  usable  to  the  aeroelastic  designer,  through 
the  incorporation  of  more  efficient  and  stable  time-integration 
algorithms  and  the  advent  of  faster  computers.  Validation  com¬ 
putations  to  assess  the  viability  of  using  the  Euler  equations 
as  opposed  to  the  potential  equations  have  been  made;  ex¬ 
amples  of  forced  oscillation  computations  for  the  F-5  wing 
made  with  two  different  Euler  solvers  are  shown  below  in  Figs. 
4.7. 1 -4.7. 2.  A  recent  three-dimensional  flutter  calculation  us¬ 
ing  an  unstmctured-grid  Euler  method  is  also  shown.  Tlie  use 
of  spatial  and  temporal  adaptive-grid  schemes  are  expected 
to  have  a  signifleant  payoff  in  this  area,  and  one  example  is 
shown  below  for  two-dimensional  Row. 

4.7.1  Forced  Oscillations 
F-5  Wing 

Unsteady  calculations  have  been  performed  for  forced  sinu¬ 
soidal  pitching  motion  for  the  F-5  wing  (sketched  in  Fig.  4.7.2) 
pitching  harmonically  about  a  line  perpendicular  to  the  root 
midchord.  The  pitching  motion  is  described  by  a  =  rui  -v 
oicos  (wt),  whereas  ou  represents  the  mean  value  of  angle 
of  attack  and  n  i  corresponds  to  the  amplitude.  The  reduced 
frequency  k  is  defined  as  k  =  ^c/iZV^ ).  where  c  is  based  on 
the  mean  aerodynamic  chord  length.  The  Euler  computations 
of  Ref.  IV.2.8  correspond  to  ou  =  0.  deg.  oi  =  0. 109  deg  and 
k  =  0.274.  Fig.  4.7.1  shows  the  real  and  imaginary  compo¬ 
nents  of  the  unsteady  pressure  distributions  at  the  same  three 
span  stations  as  the  steady  results  shown  previously  for  Euler 
and  modified  TSD  solvers.  On  the  upper  surface,  there  is  a 
shock  pulse  in  the  calculated  pressure  distributions  near  50-60 
percent  chord,  which  is  produced  by  the  motion  of  the  shock 
wave.  The  experimental  data  (Ref.  IV.2.9)  does  not  show  a 
shock  pulse  in  the  pressures  at  the  two  inboard  stations,  com¬ 
mensurate  with  the  absence  of  the  shock  at  these  stations  in 
the  steady  computations.  On  the  lower  surface,  there  are  pos¬ 
itive  and  negative  spikes  in  the  real  and  imaginary  pressure 
distributions,  respectively,  which  are  much  more  pronounced 
in  the  outboard  region  of  the  wing.  These  spikes  are  produced 
by  an  embedded  region  of  supersonic  flow.  In  general,  the 
two  sets  of  calculated  pressures  agree  well,  except  near  the 
upper  surface  shock  pulse  and  in  the  midchord  region  along 
the  lower  surface.  These  differences  may  be  attributed  to  the 
sharper  shock-capturing  ability  of  the  Euler  code.  Also,  com¬ 
parisons  with  the  experimental  data  are  qualitatively  good  for 
both  the  Euler  and  potential  results. 

Generally  favorable  agreement  between  the  Euler  and  TSD 
calculations  incorporating  both  entropy  and  vorticity  correc¬ 


tions  have  been  found  For  TSD  cjivutjiions,  the  gnd  re¬ 
mains  fixed  for  calculating  both  steady  and  unsteady  flows  so 
that  eompulalions  over  complex  configurations  are  relatively 
straightforward.  Similar  calculations  with  the  Euler  equations 
are  complicated  by  the  need  lor  new  gnds  at  each  time  step 
Alsu,  since  the  solution  of  the  three  dimensional  Euler  equa¬ 
tions  involves  live  unknowns  at  each  gnd  point,  the  computer 
time  required  for  the  Euler  calculations  is  much  higher  than 
that  required  by  the  solution  of  the  TSD  equation  Fur  the 
Euler  code  used  in  the  present  study,  the  computational  rate 
for  three-dimensional  calculations  was  approximately  60  mi¬ 
croseconds/grid  point/iteralion;  the  TSD  code  required  only 
5  microseconds/grid  point/iteration.  Both  the  Euler  and  TSD 
calculations  were  done  on  a  CRAY-2  supercomputer  at  the  Na¬ 
tional  Aerodynamic  Simulator  facility  located  at  NASA  Ames 
Research  Center. 

The  INFLEX  code"  ’  was  also  applied  to  the  problem  of  the 
harmonically  oscillating  F-5  wing  in  pitching  motion  and  com¬ 
pared  to  corresponding  measurements.  The  EL'FLEX  method 
was  extended  as  a  time-accurate  inviscid  simulation  method, 
called  INFLEX,  by  Bienneis  and  Eberic.’  The  methtid  is  char¬ 
acterized  by  corresponding  Godunov-type  flux  formulations 
known  from  the  basic  Eberle  Euler  methixl  and  a  first-order 
accurate  backward  Euler-type  time  discretization,  lime  inte¬ 
gration  is  performed  by  solving  the  unfactored  implicit  op¬ 
erator  by  a  point  Gauss-Seidel  relaxation  method  using  con¬ 
sistent  Jacobi  flux  matrices.  The  baseline  implicit  formula¬ 
tion  is  secured  against  singulanty  effects  during  inversion  of 
the  corresponding  block-diagonal  matrix  by  a  suitable  matrix- 
conditioning  procedure  combined  with  local  transformation  of 
conservative  to  nonconservative  variables. 

The  F-5  wing  planform.  the  surface  mesh  and  the  airfoil  geom¬ 
etry  (modified  NACA  65-A-004.8  section)  is  outlined  in  Fig. 
4.7.2.  Because  the  experimental  data  revealed  large  acrtxtlas- 
tic  deformations  during  the  pitching  cycle,  the  assumption  of 
a  rigid  body  motion  was  dropped,  and  the  measured  aeroelas¬ 
tic  mode  shape  (Ref.  IV.2.9)  was  used  to  simulate  the  real 
body  motion. 

The  calculation  of  the  transonic  test  case  (M  =  0.95.  k  = 
0.132.  011  =  0.0  deg,  oi  =  0.523  deg)  was  performed  on  a 
grid  with  106x54x58  points  and  a  CFL  number  equivalent 
to  too  .Xl/cycle.  The  comparison  between  the  computed 
mean  surface  pressure  distnbulion  and  the  experimental  one 
is  favorable  at  all  span  stations  (Fig,  4.7.2).  The  suction 
peak  at  the  leading  edge  on  the  lower  surface  due  to  the 
droop  nose  is  reproduced  exactly.  Both  shocks  on  lower 
and  upper  surfaces  are  overpredicted  and  shifted  aft  of  the 
experimental  positions,  as  expected  from  invi.scid  simulations. 
Consequently,  the  peaks  in  the  real  and  imaginary  parts  of  the 
pressures  are  overpredicted  and  too  far  downstream.  Except 
for  these  small  deviations,  the  results  from  compulation  and 
measurement  correlate  very  well. 

LAm  Wing 

An  application  of  the  INFLEX  code  to  a  typical  transport- 
aircraft  type  supercritical  wing  with  an  aspect  ratio  of  7.92 
(known  as  the  LANN  wing*')  is  found  in  Ref.  6.  The 
wing  was  experimentally  investigated  at  the  NLR  facilities 
and  performs  harmonic  rigid  solid  body  pitching  oscillations 
about  the  axis  normal  to  the  wing  root  section.  The  oscillation 
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i$  charactenzed  by  ihe  mean  angle  of  attack  on  =  0  6  deg.  the 
amplilude  0|  =  U.2S  deg.  and  a  reduced  frequency  k  =  0  132. 

Details  of  the  planform  with  the  location  of  the  six  spanwise 
sections  for  the  pres.sure  evaluations  and  details  of  the  wing  tip 
surface  iOesh  are  shown  in  Fig.  4.7  3.  The  supercritical  root 
profile  section  and  the  wing  tip  section  are  also  displayed.  The 
pitching  axis  is  located  at  62. 1  percent  of  the  root  cho'd  from 
the  wing  apex.  The  position  of  the  wing  inside  the  compu¬ 
tational  domain  is  sketched;  the  calculations  were  perfoi-med 
on  a  H-lype  me.sh  with  80x38x46  grid  points,  where  on  the 
wing  18  grid  lines  are  piace  in  the  spanwise  direction  and  50 
grid  points  are  used  to  discretize  the  lower  and  upper  side  of 
the  profile  section. 

The  mean  pressure  distributions  of  individual  wing  sections 
indicate  that  except  for  a  slight  overprediction  on  the  upper 
surface  behind  the  shock,  the  overall  agreement  of  numencal 
results  to  experimental  data  is  quite  good.  The  computation  of 
further  tests  cases  confirm  this  statement.  However,  at  higher 
Mach  numbers.  shtKk  houndary-layer  interaction  effects  are 
responsible  for  systematic  deviation  of  the  shock  positions 
from  experimental  findings. 

Spatial  and  Temporal  Adaption 

Ir  order  to  reduce  the  computational  time  associated  with 
acroclastic  solutions,  adaptive  gnd  methods  that  are  adaptive 
in  both  space  and  time  can  he  used.^  "  Two-dimensional  calcu¬ 
lations  are  shown  in  Fig.  4.7.4  for  one  such  adaptive  method 
applied  to  a  pitching  NACA  0012  airfoil.  The  baseline  Eu¬ 
ler  method  is  an  upwind,  explicit  finite-volume  scheme.  The 
'computational  gnd  and  the  density  contours  at  several  points  in 
the  cycle  of  oscillation  are  shown.  The  mesh  adapts  spatially 
and  tempivally  to  the  aerodynamic  response  to  the  oscilla¬ 
tion;  the  comparison  with  expenments  and  o.'  er  established 
schemes  for  this  case  indicates  that  highly  accurate  solutions 
can  he  obtained  with  a  significant  savings  in  computer  time 
over  standard  global  time-stepping  schemes. 

4.7.2  Flutter  Predictions 

The  flutter  predictions  from  a  time-marching  aeroclastic 
procedure.'*  which  couples  an  implicit,  three-dimensional,  up¬ 
wind.  unstructured-grid  Euler  code  to  the  struc'ural  equations 
of  motion,  is  shown  in  Fig.  4.7.5.  The  unstructured-grid  for 
the  45-dcg  sweptback  wing  was  developed  using  an  advancing- 
front  method.  The  mesh  deforms  during  the  calculation  due 
to  aerodynamic  loading  and  is  modeled  as  a  spring  network 
where  each  edge  of  the  tetrahedra  represents  a  spring  with  a 
stiffness  proportional  to  the  edge  length.  As  the  surface  mesh 
moves,  static  equilibrium  equations  are  solved  to  determine 
the  interior  grid  points.  The  implicit  scheme  is  a  Gauss-Seidel 
scheme  in  which  the  relaxation  is  implemented  by  ordering 
the  elements  in  a  downstrcain-to-upstrcam  pattern.  Large  time 
steps  selected  on  the  basis  of  temporal  accuracy  of  ihc  simu¬ 
lation  are  possible 

The  wing  is  an  AGARD  standard  acroclastic  configuration 
which  was  tested  in  the  Transonic  Dynamic  Tunnel'"  at  NASA 
Langley  Research  Center,  ine  wing  is  modeled  structurally 
using  the  first  four  natural  vibration  modes.  The  experimental 
flutter  speed  index  and  the  nondimensional  flutter  frequency 
as  a  function  of  free-stream  Mach  number  define  a  typical 


transonic  flutter  dip  with  the  bottom  of  the  dip  near  sonic  con¬ 
ditions  The  computed  results  agree  well  with  the  expeniiien- 
tal  data  at  M  ^  -  1)  449  and  U.b78  in  flutter  speed  index  anti 
in  frequency.  Near  the  transonic  flutter  dip.  the  computations 
differ  from  expenment  in  flutter  speed  index,  hut  agree  reason¬ 
ably  well  in  flutter  frequency  ratio.  Robinson  e'  al."  present 
Euler  computations  using  a  structured-grid  code  for  this  case, 
which  agrees  closely  with  that  presented  Other  results  lor  a 
supersonic  transport  configuration  are  given  elsewhere/' 
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Figure  4.7.1  Comparison  of  first  harmonic  components  of  the  pressure  distribution  for  the  F-5 
wing;  =  0.9,  qq  =  0.0  deg.  at  =0.109  deg.  k  =  0.274. 
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Figure  4.7.2  Spanwise  comparison  of  the  measured  and  calculated  mean  and  in-phase  com¬ 
ponent  pressure  distributions  for  the  F-5  fighter  wing;  =  0.95,  k,  =  0.132,  oq  =  0.0  deg, 
ai  «  0.523  deg. 
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Figure  4.7.4  Instantaneous  density  contour  lines  obtained  from  the  spatial  and  temporal  adaption 
procedure  for  the  NACA  0012  airfoil  pitching  harmonically  at  =  0.755,  oq  =  0.016  deg,  oi 
=  2.51  deg,  k  =  0.0814 
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Figure  4.7.5  Partial  view  of  the  surface  mesh  and  the  symmetry  plane  mesh  and  comparisons 
of  Euler  flutter  predictions  with  experimental  data  for  a  45  deg  swept-back  wing. 
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4^  DESIGN  APPLICATIONS 

Examples  of  design  applications  using  the  Euler  equations  are 
shown  below.  A  summary  of  aerodynamic  design  methods  is 
given  by  Sloof'  and  Dulikravich.'  Much  of  the  design  process 
of  aircraft  is  conducted  using  repealed  analyses  of  candidate 
geometries  constructed  through  the  background  knowledge  and 
experience  of  the  designer.  In  such  an  approach,  the  turn¬ 
around  for  analysis  must  be  rapid  and.  until  recently,  the  design 
of  aircraft  components  at  transonic  speeds  was  done  almost  ex¬ 
clusively  using  potential  methods  coupled  with  boundary-layer 
schemes.  Euler  methods  were  used  to  assess  component  inter¬ 
ference  problems  and  to  address  flows  at  higher  Mach  num¬ 
bers.  where  the  potential  equations  are  inadequate.  With  faster 
turnaround  of  the  Euler  and  Navier-Stokes  solvers,  these  meth¬ 
ods  are  being  used  more  frequently.'  The  parametric  approach 
is  shown  below  for  the  design  of  a  porous  airfoil  at  tran¬ 
sonic  speeds.  Of  automated  approaches,  there  are  two  general 
methods  that  are  being  used  currently:  1 1 )  global  optimization 
methods  in  which  a  number  of  trial  shapes  are  examined  to 
arrive  at  a  minimum  of  an  objective  function  and  (2)  inverse 
design  procedures  in  which  the  local  geometry  is  changed  in 
order  to  match  a  prescribed  variation  of  the  pressures.  The  op¬ 
timization  approach  is  shown  for  the  design  of  conical  wings 
and  low-drag  bodies;  the  inverse  approach  is  shown  for  the 
design  of  a  supercritical  airfoil  and  an  engine  nacelle. 


porous  surface  induces  a  separation  bubble  in  the  vicinity  of 
the  upper  surface  shock  and  an  oblique  compression  wave 
forms  which  decreases  the  strength  of  the  terminating  normal 
shock.  The  drag  rise  is  reduced  when  the  resulting  energy  loss 
associated  with  the  normal  shock  and  the  separated  boundary 
layer  is  less  than  that  for  the  nonporous  airfoil. 

Hartwich’  studied  computationally  the  effect  of  shock  vent¬ 
ing  for  the  NACA  0012  and  a  supercritical-type  section.  The 
surface  boundary  conditions  were  modeled  to  induce  a  normal 
velocity  determined  by  the  difference  between  the  surface  pres¬ 
sure  and  the  cavity  pressure.  In  general,  this  velocity  would  be 
determined  by  viscosity  and  the  porosity  of  the  surface,  but  the 
approximate  boundary  condition  and  the  Euler  equations  were 
used  in  lieu  of  viscous  solutions  because  of  the  uncertainty 
associated  with  current  turbulence  models.  The  porosity  level 
<f  was  varied  for  both  airfoil  sections.  A  typical  pressure  dis¬ 
tribution  for  the  porous  and  nonporous  NACA  0012  section  is 
shown.  The  lift  is  increased,  in  some  instances  by  65  percent. 
The  lift  and  wave  drag  indicate  that  an  order  of  magnitude 
reduction  in  wave  drag  at  constant  lift  has  been  attained  for 
overspeed  conditions  (low  lift  levels).  The  supercritical  section 
results  also  demonstrated  a  reduced  drag  at  constant  lift.  The 
extents  of  porous  areas  used  are  greater  than  those  considered 
previously:  the  results  demonstrate  a  potential  for  designing  a 
transonic  airfoil  for  reduced  drag  at  multiple  design  points. 


4.8.1  Airfoils 
Supercritical  Airfoil 

Drela''  developed  a  two-dimensional  mixed  inverse  procedure 
where  the  pressure  is  prescribed  over  a  portion  of  the  geometry. 
denoted  as  a  freewall  segment,  and  the  geometry  prescribed  on 
the  other.  The  procedure  is  an  extension  of  an  analysis  method 
which  uses  a  direct  solver  for  the  Euler  equations  coupled  to 
an  integral  boundary-layer  method.  An  example  of  this  ca¬ 
pability  is  shown  in  Fig.  4.8.1.  in  which  the  wave  drag  is 
reduced  for  a  transonic  airfoil  by  weakening  the  shock  wave 
in  the  flowfleld.  A  mixed  inverse  calculation  was  performed 
for  the  RAE  2822  Case  6  airfoil'  with  the  freewall  segment 
encompassing  nearly  the  entire  suction  surface.  Starting  with 
the  analysis  pressure  distribution,  a  smoothed-out  pressure  dis¬ 
tribution  was  .somewhat  arbitrarily  specified  over  the  freewall 
segment. 

The  mixed  inverse  calculation  was  started  from  the  analysis 
solution,  and  required  five  additional  Newton  iterations  to  con¬ 
verge  to  machine  zero.  The  boundary  layer  coupling  option 
was  retained  for  this  calculation.  The  resulting  pressure  distri¬ 
bution  from  the  inverse  output  differs  slightly  from  the  inverse 
input  because  the  geometry  is  constrained  to  be  continuous  at 
the  freewall  segment  endpoints.  Fig.  4.8. 1  shows  the  geome¬ 
try  comparison  between  the  original  and  modified  airfoils  and 
the  Mach  number  contours  for  the  original  and  modified  so¬ 
lutions.  The  shock  has  indeed  been  eliminated,  resulting  in  a 
substantial  drag  reduction. 

Porous  Transonic  Airfoil 

In  the  early  I980’s.  a  number  of  experimenul  and  compu¬ 
tational  studies  were  conducted  to  look  at  the  advantages  of 
delaying  the  drag  rise  of  airfoils  by  venting  the  shock  through 
a  porous  surface.^  as  shown  schematically  in  Fig.  4.8.2.  The 


4.8.2  Engine  Nacelles 

A  fast,  efficient  and  user-friendly  inverse  design  system  for 
three-dimensional  nacelles  is  in  use  at  General  Electric."  The 
system  allows  the  fan  cowl  designer  to  modify  either  all  or 
a  portion  of  the  three-dimensional  fan  cowl.  The  designer 
specifies  the  target  pressure  distribution  on  the  crown,  side, 
and  keel  cuts  of  (he  nacelle,  as  in  Fig.  4.8.3.  A  modification  of 
the  predictor/corrector  design  approach''  enables  the  geometry 
to  be  altered  based  on  the  difference  between  the  calculated 
and  target  pressures.  A  number  of  example  applications  for  the 
design  of  both  axisymmetric  and  three-dimensional  nacelles  is 
given  in  Ref.  8. 

The  design  method'*  uses  two  design  algorithms,  one  for  sub¬ 
sonic  flow  and  the  other  for  supersonic  flow.  The  supersonic 
algorithm  is  blended  with  the  subsonic  algorithm  to  design  re¬ 
gions  of  transonic  flow.  Both  algorithms  assume  that  is 
proportional  to  the  change  in  geometry.  The  subsonic  algo¬ 
rithm  is  based  on  the  assumption  that  changes  in  curvature  arc 
directly  proportional  to  changes  in  pressure  coefficient.  The 
relationship  used  to  express  the  change  in  curvature  as  a  func¬ 
tion  of  change  in  pressure  coefficient  is: 

-i-r')" 

where 

C  is  the  curvature 

C,,  is  the  pressure  coefficient 

A  =  -vIZ-l  for  the  upper/lowcr  surface 

B  =  input  constant  ranging  from  0.0  to  0.5 

The  change  in  curvature  is  converted  to  a  change  in  i  "  through 
a  relation  valid  for  small  changes  in  the  surface  slope. 
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Ar"  =  AC.-l(l  +  /)' 


where  r,  r'  and  r"  ate  the  surface  radius,  slope,  and  curvature, 
tespectively. 

The  supersonic  algorithm  is  based  on  supersonic  thin  airfoil 
theory.  Based  on  relations  between  the  pnessure  coefficients 
and  surface  slope  the  expression 

Ar'  =  A'AC, 

can  be  derived.'*  Differentiating  this  expression  gives  the  fol¬ 
lowing  relationship  between  r"  and  ACp. 


Ar"  =  A' 


The  value  for  the  constant  K  is  0.05  and  is  used  to  under  relax 
the  changes  in  the  geometry  during  each  design  iteration. 

The  required  change  in  curvature  is  thus  calculated  at  each 
point  along  the  fan  cowl.  To  ensure  geometrical  closure  at  the 
downstream  station,  the  procedure  of  Lin  et  ai.‘“  is  used.  A 
sine  function  is  added  to  the  target  pressure  with  the  maximum 
modification  at  the  center  of  the  design  region  and  zero  at 
the  ends.  The  amplitude  of  the  sine  function  is  iteratively 
determined  to  close  the  geometry  by  modifying  the  target 
pressure  distribution. 

The  results  for  the  three-dimensional  test  case  shown  in  Fig. 

4.8.3  correspond  to  a  design  range  starting  at  the  nacelle 
leading  .'ige  and  ending  10  inches  upstream  of  the  nacelle 
trailing  euge.  The  Mach  number  distributions  along  the  crown, 
side  and  keel  cuts  of  the  original  nacelle  as  well  as  the  desired 
target  Mach  number  distribution  are  shown.  The  target  Mach 
number  distribution  was  achieved  after  40  design  iterations;  the 
resulting  modified  geometry  is  shown  on  an  enlarged  vertical 
scale. 

4.8J  Supersonic  Conical  Wings 

A  procedure  for  the  design  of  wings  at  supersonic  speed  based 
on  a  numerical  optimization  technique"  coupled  with  a  solu¬ 
tion  scheme  for  the  Euler  equations  is  given  in  Ref.  12.  The 
wings  considered  can  be  either  conical  or  three-dimensional 
delta  wings  with  a  straight  leading  edge.  The  surface  is  given 
by  a  set  of  Legendre  polynomials.  The  coefficients  of  this  set 
are  the  design  parameters  in  the  optimization  task;  the  object 
function  is  the  lift-to-drag  ratio.  Results  of  the  optimization 
are  shown  for  conical  wings  at  an  onflow  Mach  number  of 
M  oo  =  4.8.  The  convergence  of  the  optimization  process  is 
monitored  as  a  function  of  the  number  of  numerical  L/D  com¬ 
putations  and  the  number  of  design  variables.  The  influence  of 
geometrical  and  aerodynamic  parameters  on  the  optimization 
result  is  examined  in  Fig.  4.8.4.  An  example  for  the  design 
of  a  three-dimensional  wing  is  given  in  Ref.  12. 

4.8.4  Low-Drag  Bodies 

The  optimization  code  COPES'^  was  combined  with  an  Euler 
.space-marching  method  by  H.  Rieger"  for  the  analysis  of 
two-  and  three-dimensional  bodies  in  supersonic  flow.  The 
fundamental  equations  to  be  solved  are  the  conservation  laws 
in  integral  form.  By  restriction  to  purely  supersonic  flows  the 


problem  becomes  hyperbolic.  By  use  of  the  balance  of  flux 
values  across  the  surfaces  of  finite  volumes,  all  flux  values  of 
one  finite  volume  layer  normal  to  the  stream  direction  can  be 
deduced  from  the  values  of  the  preceding  layers.  This  allows 
the  application  of  a  Runge-Kutta  integration  method  to  the  flux 
values  in  downstream  direction. 

Although  the  present  method  can  be  used  for  more  general 
three-dimensional  bodies,"  here  only  bodies  of  revolution 
are  considered.  These  are  of  special  interest  because  Miele" 
presents  some  optimized  shapes  derived  under  special  assump¬ 
tions  (linearized  potential  equation,  slender  body  simplifica¬ 
tion).  To  convert  the  contour  optimization  into  a  parameter 
optimization  problem,  the  radius  of  the  body  of  revolution  is 
represented  by  the  superposition  of  a  constant  and  Legendre 
polynomials.  The  coefficient  of  this  superposition  are  take  as 
design  variables.  Only  the  constant  and  the  last  Legendre  co¬ 
efficient  are  analytically  determined  in  order  to  get  a  pointed 
nose  and  a  desired  base  radius. 

To  demonstrate  the  efficiency  of  the  combined  code,  the  fol¬ 
lowing  optimization  problem  was  examined: 

design  obiective:  Find  a  closed  and  pointed  body  of  revolution 
with  minimum  wave  drag  coefficients  Co  (referred  to  actual 
cross  section  area). 

constraint:  Least  volume  V/c'  S  0.005. 

design  variables:  The  contour  is  approximated  by  superposi¬ 
tion  of  the  first  five  Legendre  polynomials.  The  first  four  coef¬ 
ficients  are  used  as  design  variables,  while  the  fifth  is  adapted 
for  the  base  radius  zero. 

constant  value:  M  =  3.0. 

start-up  design:  The  starting  contour  is  a  parabola  with  the 
thickness  2  tnwilc  =  0. 1  and  the  volume  V/c'  =  0.(X)4 1 9,  shown 
in  Fig.  4.8.5. 

For  this  starting  design  the  computational  grid  was  selected 
fine  enough  to  give  reasonable  accuracy  concerning  the  wave 
drag.  The  corresponding  pressure  ..'jlribution  is  shown  on  the 
left  side.  The  integrated  wave  drag  is  Co  =  0.07289.  In  order 
to  save  computation  time,  at  the  beginning  the  analysis  code 
was  run  with  a  coarser  grid  and  later  continued  with  the  fine 
grid  to  find  the  best  design.  Increasing  the  body  volume,  which 
is  too  small  at  the  beginning,  leads  to  a  growing  wave  drag. 

In  Fig.  4.8.5.  the  resulting  optimum  body  is  compared  to  the 
Sears-Haack  body  which  is  the  optimum  under  the  assumption 
of  a  linearized  potential  equation  and  slender  body  simplifica¬ 
tions.  For  M  =  3.0  there  are  some  differences.  For  M  =  1.5 
the  above  mentioned  assumptions  are  violated  less  and  so  the 
present  method  optimum  is  much  nearer  to  the  Sears-Haack 
body. 

As  the  Sears-Haack  body  has  a  vertical  tangent  and  therefore 
a  small  subsonic  flow  area  at  the  leading  and  trailing  edge, 
it  cannot  be  calculated  by  the  present  Euler  space-marching 
method.  At  M  =  3.0  some  modifications  were  possible  to 
get  the  drag  value  nevertheless.  It  is  considerably  higher  (3.6 
%)  than  for  the  best  design  found  even  with  the  restrictions 
implied  in  the  superposition  formula. 
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Rgure  4.8.1  Mixed  redesign  of  supercritical  airfoil. 
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Figure  4.8.3  Nacelle  design  using  the  Euler  equations. 
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Plate  4.2  Isomachlines  of  unstructured-grid  computation  of  the  Dassault  Falcon 
aircraft;  -  0.85,  a  »  3.0  deg. 
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distributions  over  a  complete  fighter  configuration. 


Plate  4.7  Details  of  aft  region  for  a  cojise  missile  configuration. 


Plate  4.12  Surface  pressure  contours  for  Euler 
computation  of  fan  stage  passage. 
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Concluding  Remarks 


Our  aim  has  been  to  give  a  survey  of  the  state  of  the  art  of 
Computational  Aerodynamics  Based  on  the  Euler 
Equations  as  of  1993.  Numerical  schemes,  algorithms,  grid 
generation,  physical  and  numerical  aspects,  as  well  as  a 
wide  range  of  applications  have  been  presented  from 
different  points  of  view. 

It  has  been  our  intention  that  the  AGARDograph  would 
provide  a  balanced  picture  covering  fundamental, 
technical/ numerical  as  well  as  engineering  application 
aspects.  For  this  reason  we  have  sought  for  (and  found!)  a 
team  of  authors  with  different  backgrounds  ranging  from 
Academia  through  Research  Establishments  to  Industry. 
We  think  the  authors  did  an  excellent  job  in  representing 
the  points  of  view  of  each  of  these  communities. 

We  believe  that,  as  reflected  in  Chapter  1,  the  physics  of 
inviscid  flow  and  the  mathematics  of  the  Euler  equations 
are  reasonably  well,  but  not  yet  fully,  understot^.  Our 
knowledge  on  the  existence,  uniqueness  and  behaviour  of 
the  mathematical  solutions  of  the  Euler  equations  is  not 
complete  and  the  related  question  of  how  the  Euler 
equations  model  flows  with  separation,  circulation  and 
vortices  is  still  subject  of  discussion.  It  is  suggested  that 
there  is  (still)  room  for  considering  such  problems  and 
issues  in  the  more  general  context  of  existence  and 
uniqueness  of  (steady)  solutions  of  the  Navier-Stokes 
equations  in  the  limit  of  vanishing  viscosity.  It  is  also 
suggested  that  the  choice  and  the  role  of  the  boundary 
conditions  and  their  numerical  implication  are  crucial  in 
this  context. 

With  respect  to  numerical  schemes  and  algorithms  the 
picture  emerging  from  chapters  2  and  3  is  the  following: 

-  the  great  majority  of  codes  is  based  on  finite  volume 
(cell-centered  or  cell-vertex)  formulations 

-  the  principle  division  between  codes  is  between  those 
using  (block-)$tructured  grids  and  those  with 
unstructured  grids.  The  main  trade-off  factors  are 
efficiency  of  grid  generation  and  efficiency  of  flow 
solver.  Although  unstructured  (adaptive)  grid  methods 
seem  to  gain  in  importance,  in  particular  for  complex 
geometries  and/or  for  complex  Rows,  block-structured 
grid  methods  are,  as  yet,  the  most  common 

-  most  "production-type”  codes  for  sub/transonic  flows 
use  central  difference  type  space  discretization.  A 
substantial  fraction  of  codes,  in  particular  those 
intended  for  supersonic  and  hypersonic  applications, 
use  some  form  of  upwind  discretization  technique 

-  Explicit  time  stepping  schemes  of  the  Runge-Kutta  type 
are  characteristic  for  most  codes,  in  particular  those 
with  central  difference  space  discretization.  However, 
implicit  features  in  the  form  of  residual  smoothing, 
have  been  added  in  many  cases.  Other  implicit  schemes 
are  also  represented. 

Convergence  acceleration  in  the  form  of  local  time 
stepping  is  a  feature  of  all  codes.  Several  if  not  many 
production-type  codes  also  use  multi-grid  (as  well  as 


implicit  residual  smoothing). 

It  is  the  editors  impression  that  in  several  cases 
improvements  in  solver  efficiency  should  be  possible. 
Further  research  into  the  possibilities  of  relatively 
novel  techniques  like  GMRES  and  Preconditioning 
(Chapter  2)  is  also  recommended. 

The  chapter  (4)  on  Applications  illustrates  that  by  now 
Euler  methods  are  recognized  and  used  in  practice  as 
engineering  and  research  tools  for  the  analysis  and  dirsign 
of  aerospace  vehicles  in  the  complete  range  of  speeds  from 
low  subMnic  to  high  supersonic  and  hypersonic.  Although 
different  groups  of  people  in  the  NATO  countries  have 
followed  different  strategies,  schemes  and  algorithms,  it 
seems  that  all  of  their  methods  can  provide  good  results 
for  either  specific  or  more  general  applications. 

The  big  limitation  of  Computational  Aerodynamics  Based 
on  the  Euler  Equations  is,  ofeourse,  in  the  absence  of 
modelling  of  viscous  effects  at  finite  Reynolds  number. 
Euler  methods  are  therefore  being  overtaken  rapidly  by 
methods  based  on  the  Reynolds-averaged  Navier-Stokes 
equations.  This  is  illustrated  by  the  fact  that  several  of  the 
codes  listed  in  Chapter  3  can  be  run  in  Euler  as  well  as  in 
Navier-Stokes  mode.  (It  also  leads  to  the  suggestion  that 
the  Fluid  Dynamics  Panel  of  AGARD  should  undertake  the 
publication  of  an  AGARDograph  on  Reynolds-averaged 
Navier-Stokes  methods  before  the  turn  of  the  century!). 

It  is  important  to  note  that  proper  functioning  in  Euler 
mode  is  a  prerequisite  for  Navier-Stokes  codes  because  of 
the  dominance  at  high  Reynolds  numbers  of  the  inviscid, 
advective  terms  in  the  greater  part  of  the  flow  Held.  Hence 
the  "Euler  technology”,  subject  of  this  AGARDograph,  is 
equally  important  for  Navier-Stokes  codes.  It  is,  in  spite  of 
the  current  shift  in  emphasis  from  Euler  to  Navier-Stokes, 
also  BSl  to  be  expected  that  Euler  e  will  vanish  from 
the  aerodynamicist’s  tool  box  in  due  se.  The  reason  is 
that  the  computational  effort  (an.,  probably  also  the 
manpower)  involved  with  Euler  computations  is 
significantly  smaller  than  for  Navier-Stokes.  This  makes 
Euler  methods  more  attractive  for  preliminary  design 
studies. 

It  is  in  the  nature  of  this  AGARD  publication  that  no 
information  is  contained  about  work  that  has  been  done  in 
Russia  or  other  non-NATO  countries.  We  probably  also 
missed  significant  work  from  people  within  the  NATO 
community  that  did  not  come  to  our  notice.  Ali  of  those, 
please  accept  our  apologies. 

Finally,  we  would  like  to  thank  again  ali  authors  and 
colleagues  from  Universities,  Research  Establishments,  and 
Industries,  who  contributed  and  helped  to  put  together  this 
AGARDograph. 

Joop  Slooff, 

Wolfgang  Schmidt 
Editors, 

Fluid  Dynamics  Panel 
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